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Abstract

We develop a novel framework for modeling diffusion on complex networks by construct-
ing Laplacian-like operators based on walks around a graph. Our approach introduces a
parametric family of walk-based Laplacians that naturally incorporate memory effects by
excluding or downweighting backtracking trajectories, where walkers immediately revisit
nodes. The framework includes: (i) walk-based Laplacians that count all traversals in the
network; (ii) nonbacktracking variants that eliminate immediate reversals; and (iii) backtrack-
downweighted variants that provide a continuous interpolation between these two regimes.
We establish that these operators extend the definition of the standard Laplacian and also pre-
serve some of its properties. We present efficient algorithms using Krylov subspace methods
for computing them, ensuring applicability of our proposed framework to large networks.
Extensive numerical experiments on real-world networks validate the modeling flexibility
of our approach and demonstrate the computational efficiency of the proposed algorithms,
including GPU acceleration.

Keywords Complex network - Laplacian - Diffusion - Nonbacktracking walks - Memory
effects
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1 Introduction

Understanding diffusion and information spread in complex networks is fundamental in
numerous applications, ranging from epidemiology and social networks to transportation
systems and biological processes; see [39] and references therein. The graph Laplacian oper-
ator L is a widely used tool for modeling such phenomena, with its classical definition only
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incorporating nearest-neighbor interactions. Over the past decade, several new extensions
have been developed in order to capture longer-range interactions and incorporate memory
effects in the exploration of networks [39]. These extensions can be broadly classified into
two families; top-down approaches construct non-local diffusion operators through fractional
powers of the standard graph Laplacian (e.g., LY with y € (0, 1)) [7, 43, 44], enabling super-
diffusive and sub-diffusive behaviors; and bottom-up approaches which, on the other hand,
explicitly construct transition matrices based on the enumeration of specific path structures
[16, 19, 26, 28], offering greater interpretability and flexibility in modeling network explo-
ration. Both these approaches, however, have an extremely high computational cost; indeed,
fractional Laplacians require the explicit construction of matrix functions [34] whereas path-
based approaches demand costly all-pairs shortest-path computations [30, 46, 52].

The key innovation of this work is the development of a flexible bottom-up framework
built on walks rather than paths. This immediately yields computational advantages while
at the same time allowing fine control over diffusion dynamics through the incorporation
of memory effects. Our framework further encompasses a parametric family of Laplacian-
like operators that naturally exclude or downweight backtracking trajectories, ensuring that
walkers are penalised for immediately revisiting nodes they have just left. This enables us
to capture realistic exploratory behavior on networks and introducing memory effects in our
model.

Our approach unifies and extends several existing concepts. Further, it incorporates the
use of nonbacktracking walks, that have so far mainly been studied for centrality measures
[3,4, 31]. Their systematic application to diffusion operators and the incorporation of graded
backtrack-downweighting [5] are novel contributions.

The proposed framework retains the same interpretabiliy of previously introduced opera-
tors defined in terms of enumerating paths [16, 19, 26, 28]. However, the family of operators
we introduce offers several advantages when compared to those; (i) the operators naturally
incorporate memory through nonbacktracking and backtrack-downweighted formulations,
providing a parametric interpolation between standard diffusion to purely nonbacktracking
dynamics; (ii) the matrix functions appearing in our definitions do not need to be built, as
their action over a vector can be efficiently computed via Krylov subspace methods without
assembling dense matrices. This in turn ensures scalability and applicability of our framework
to large networks; and (iii) the diffusion equations induced by the new operators preserve
properties of the standard Laplacian, thus ensuring theoretical consistency.

The remainder of the paper is organized as follows. Section 2 presents notation and rele-
vant background on graph theory and the classical diffusion equation. Section 3 develops the
main framework, introducing k-walk Laplacians and their backtrack-downweighted variants,
establishing their mathematical properties and interpretations through their connection with
network centrality concepts. Section4 addresses computational challenges and proposes effi-
cient algorithms for the computation of matrix—vector products, trace estimation, and linear
system solutions tailored to these new operators. Section5 validates the approach through
numerical experiments on real-world networks, comparing diffusion behavior, computational
scaling, and the effect of backtrack-downweighting.

2 Background and Notation

One of the most common ways of representing complex networks is by means of graphs.
Formally, an unweighted graph is defined as an ordered pair of sets G = (V, E), where
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V ={1,2,...,n}is the set of nodes and E C V x V is the set of edges. Henceforth, the
edge (i, j) € E from node i to node j will be equivalently represented using the notation
i — j. Whenever E is a set (i.e., it does not contain repeated elements) that is symmetric
(e, (i, j) € E <= (j,i) € E) and antireflective (i.e., (i,7) ¢ E foralli € V), G will be
called simple. Throughout this work, we will only consider simple unweighted graphs.

We are interested in linear algebraic representations of graphs. Perhaps the most widely
used matrix representation of networks is the adjacency matrix.

Definition1 Let G = (V, E) be an unweighted graph with n nodes. Its adjacency matrix
A € R™" is entrywise defined as:
1if@,j)ekE
g =D Vi,j=1.2....n.
0 otherwise
When the underlying graph G is simple the adjacency matrix is symmetric with zeros on
the main diagonal.

The constructions that we will present in the next sections all build on the idea of walks
around a graph.

Definition 2 A walk of length k from i to j is a sequence of k + 1 nodes i1, i2, ..., ix+1 such
thatiy =i, ix41 = j,and (i, i¢4+1) € Eforall¢ = 1,2, ..., k. If iy # i, forall £ # «, then
the walk is called a path.

While edges describe immediate connections among nodes, the concept of walk can be used
to analyse long range interactions between pairs of nodes. This is showcased by the following
classical result.

Proposition 1 ([21, Ex. 34, Chapter 1]) Let A be the adjacency matrix of an unweighted
graph G = (V, E). Then, the number of walks of length k € N from node i to node j is given
by (A%);; foralli, j € V.

An immediately related concept is that of connectivity of a simple graph.

Definition 3 A simple graph is deemed connected if there exists a walk connecting all its
nodes and disconnected otherwise. Whenever G is disconnected, its maximal connected
subgraphs are referred to as its connected components.

In linear algebraic terms, a connected graph G will correspond to an irreducible adjacency
matrix A.

The idea of path, paired with Proposition 1, allows one to define a concept of distance
between nodes in connected graphs. More specifically, the geodesic or shortest path distance
between nodes i and j in a simple connected graph is defined as the length of the shortest
path connecting the two nodes, i.e.,

d(, j) = minfk € N| (4%);; > 0}.

Without loss of generality, from this point on we will assume that the graphs under con-
sideration are unweighted, simple, and connected. Whenever a graph is disconnected, our
theory can be independently applied to the individual connected components. We will also
assume the following notation; I € R"*" is the identity matrix, O € R"*" is the matrix
of all zeros, 0,1 € R" are the (column) vector of all zeros and all ones, respectively, e; is
the ith (column) vector of the standard basis of R”, and || - || denotes the Euclidean norm.
Further, o (M) and p(M) denote the spectrum and spectral radius of a matrix M € R"*",
respectively.
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2.1 The graph Laplacian and The Diffusion Equation

The (combinatorial) graph Laplacian is a fundamental matrix in graph theory and spectral
graph theory.

Definition4 Let G = (V, E) be a simple graph with adjacency matrix A. We define the
Laplacian matrix as
L=D-—A,

where A is the adjacency matrix of G and D € R"*" is the degree matrix, a diagonal matrix
with D;; = (A1); foralli € V.

The graph Laplacian is a particular instance of a more general matrix construction that will
be useful throughout the paper; see Lemma 1 below. We first recall the following definitions
[12].

Definition 5 A matrix M € R"*" is called a Z-matrix if all its off-diagonal entries are
nonpositive, i.e., M;; < 0foralli # j.

Definition 6 A matrix M € R"*" is called an M-matrix if it is a Z-matrix and all its eigen-
values have nonnegative real parts, i.e.,

Re(A) >0 forall A € o(M).

We note in passing that several equivalent properties can be used to show that a given Z-matrix
is an M-matrix; see, e.g., [45, Theorem 2.5.3].

Lemma1l Let C € R™" be a symmetric nonnegative matrix. Then, the matrix M =
diag(C1) — C is a symmetric, singular M-matrix and, moreover, M1 = 0.

Proof Symmetry of M holds true by construction, since C = CT. Moreover, by construction,
since C > 0, the off-diagonal entries of M satisfty M;; = —C;; < O fori # j. Thus M
is a symmetric Z-matrix and o (M) C R. We now show that o (M) < [0, co), hence that
M is an M-matrix, by proving that M is positive semidefinite. To this end, consider any
vector x € R”". Exploiting the definition of M and symmetry of C, it can be shown that
2x' Mx = Z? j=1Cij(xi —x j)z, which is nonnegative. Thus M is positive semidefinite.
Finally, it is readily verified that M1 = (diag(C1) — C)1 = diag(C1)1 — C1 = 0. O

Taking C = A in Lemma 1 immediately gives that the combinatorial graph Laplacian L =
diag(A1l) — A is a singular M-matrix. For the purpose of this work, the relevance of L being
an M-matrix lies in its relation to the diffusion equation on a graph. Indeed, non-singular M-
matrices are inverse positive. As such, they ensure that the discrete diffusion model inherently
respects a maximum principle, physically guaranteeing that the evolution smoothly transports
quantities from high concentrations to low concentrations, without producing negative values
or spurious oscillation. For singular M-matrices this corresponds to a closed system where
mass (or thermal energy) is strictly conserved; the physical process will smooth out spatial
gradients into a uniform, non-zero equilibrium state preserving the initial total mass (or
thermal energy). Therefore, the evolution under an M-matrix dynamic mimics the behavior
of the continuous diffusion operator which satisfies the continuous maximum principle; we
refer the interested reader to [15] for a detailed discussion of the connection between the
continuous and discrete maximum principles.
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Given a row vector pg > 0 with pol = 1, the diffusion equation is

dp(r) *
—q = POL, 1[0, (D

p(0) = po,

which is solved, for all times ¢, by the probability distribution
P(1) = poexp(—rL).

This version of the diffusion equation is often referred to as Poissonian edge centric [39],
since the transition rate to a given node is determined by its degree; a walker tends to leave
high-degree nodes faster than low-degree ones.

Since the combinatorial Laplacian L is a singular M-matrix, its eigenvalues are all non-
negative. Hence, the negative sign in (1) ensures that the substance diffusing on the graph
flows from regions of higher concentration to lower concentration, mirroring the behavior
of heat diffusion in physical systems. The eigenvalues and eigenvectors of L significantly
influence the behavior of the diffusion process, particularly in characterizing the long-term
dynamics and equilibrium states of (1), which is readily shown to be collinear to 1. Indeed,
the interesting part of the diffusion phenomena is the transient phase.

3 Going for a Stroll: k-Walk Laplacians and their
Backtrack-Downweighted Version

The Laplacian matrix L is defined by only considering immediate connections between nodes
in the graph, and therefore it captures primarily local phenomena. Recent literature has shown
a growing interest in incorporating longer-range interactions within the definition of variants
of the Laplacian. The approaches to doing this can be broadly categorized into two groups;
a top-down approach, exemplified by the use of the fractional Laplacian LY with y € (0, 1),
which generalizes the discrete Laplacian L through the use of a matrix function [7, 44],
and a bottom-up approach, where the paths in the graph are utilized in the definition of new
measures [26, 28, 43]. In the following, we will construct a bottom-up approach that considers
walks instead of paths. This will allow us to define a parametric family of Laplacians that on
the one side capture a walker’s short-term memory, and on the other allow to perform long
jumps on the graph. These jumps will occur between two nodes i and j with a probability
depending not only on the length of the walks connecting i and j, but also on the number of
such walks.

We begin by recalling the construction of the k-path transformed Laplacian L, which was
introduced in [26, 28] as an alternative to the fractional powers of L. In [28] the authors
propose to build a sequence of Laplacians, each encoding information on paths occurring
between nodes of a specific length only, if any. If we let diam(G) = max{d(i, j)|i, j € V}
be the diameter of the graph, i.e., the length of the longest shortest path in G, then, for each
k = 1,2,...,diam(G) the associated k-path Laplacian L of G is defined entrywise as
follows;

N (i), ifi=j,
(Loij=1-1, itd(, j) =k, 2)
0, otherwise,

where N (i) = |{j € V | d(i, j) = k}| is the number of nodes at distance k from node i. For
k > diam(G), L = O. Clearly, this definition extends Definition 4 in the sense that these
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matrices retain the “idea" of how L is built (“degrees" on the diagonal and —1 in selected
off-diagonal entries).
The k-path transformed Laplacian, which is predominantly used in practice, is then defined
as;
[ee) diam(G) 1
L= nLly= Y utli. te {k—ﬂ,exp(—ﬂk)} : 3)
k=1 k=1 BeR,, keN
A striking limitation of this approach is that it requires computing and storing the distances
between any two nodes in the graph, a computationally expensive and memory-taxing pro-
cedure; see Sect. 4 for more details.

Because of this limitation, and because of how much simpler and cheaper it is to count
walks rather than paths, we seek to introduce the alternative definition of k-walk Laplacians
and of the associated k-walk transformed Laplacian; see Definitions 7 and 8 below. This
will be achieved by exploiting Proposition 1. From the modeling viewpoint, for any k € N
a walker will move from node i to node j on the graph with a weight that is proportional to
the number of walks of length k between the two.

Definition 7 For any k € N, the k-walk Laplacian is defined as
Ly = diag(A¥1) — A*. )

We point out that, differently from their path-based equivalents Ly, these matrices may be
dense even for sparse graphs. The sparsity (or otherwise) of ILx will depend on the connectivity
structure of the graph; for example, whenever A is primitive! there exists k > 0 such that
AF > 0. Still, the computation of Ly is much simpler and cheaper. In fact, in Sect.4 we will
show that these matrices do not need to be explicitly built, differently from L. The next step
in our construction is to use the information from all the ILj to build a matrix that accounts
for walks of any length k = 1, 2, ... in the graph. To ensure the convergence of the resulting
matrix and to align with the intuition behind the construction of walk-based centralities [29],
we present a definition that includes a monotonically non-increasing sequence of coefficients
{ck}k=0 to weight the contributions of walks of different lengths.

Definition 8 For any sequence {ci}x>0 that is monotonically non-increasing for k£ > 1, and
such that Z,?io ck AX is convergent, the k-walk transformed Laplacian LL(c) is defined as:

o o o
L(c) = diag (Z ckAk1> =Y aAt =" alk.
k=0 k=0 k=1

It is easy to verify that, for ¢ = (0, 1, 0,0, ...), we recover L(c) = L.

We note that, differently from the k-path transformed Laplacian £ in (3), the k-walk
transformed Laplacian LL(c) does not reduce to a finite sum. However, whenever the coef-
ficients {cx}x>0 in Definition 8 are chosen so that there exists a function f for which
Fx) =0 cxx* on an open set @ C C containing the spectrum of A [34, Definition 1.1],
then B

L(f) = diag(f (A1) — f(A). S

In the following, we will restrict ourselves to sequences of coefficients that allow for the
latter representation of the k-walk transfer Laplacian.

I An adjacency matrix is said to be primitive if it is irreducible and has only one eigenvalue of maximum
modulus; see, e.g., [36, Definition 8.5.0, Theorem 8.5.2].
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We postpone the discussion on the computational issues related to the evaluation of IL( f)
to Sect. 4. The remainder of this section is devoted to theoretical properties of L(f) and to
one generalization.

3.1 Analogies and Relationship with the Standard Laplacian

We begin by pointing out that we can refine the observation made in Sect.2.1 about the
properties of the diffusion equation (1), expressed through the Laplacian matrix L, and
highlight the connections between the classical construction and the framework introduced
here.

The following proposition summarizes classical results that we used in Sect.2 and that
we will show extend to IL( f).

Proposition 2 Foranunweighted, simple graph G = (V, E), the Laplacian matrix L satisfies
the following.

— L is symmetric;
- L1 =0; and
— L is an M-matrix.

We have already discussed within Sect.2.1 the relationship between the diffusion equation
and the fact that L is an M-matrix. The following result shows that, under suitable assumptions
on f,IL(f) is also an M-matrix, and thus it is possible to define a diffusion equation on the
graph extending (1) based on the idea of walks as

dp(®)

i = —p@®OL(f), tel0,r*],
p(0) = po.

(©)

Proposition3 Let G = (V, E) be a simple connected graph and let f be a function defined
on the spectrum of its adjacency matrix A € R""; ¢f. [34, Definition 1.1]. Then the k-walk
transformed Laplacian IL(f) in (5) is such that

— LL(f) is symmetric;
- L(/)H)1=0; and
— If f(A) =0, then L(f) is an M-matrix.

Proof The matrices f(A) and L(f) are symmetric by construction, since AT = A. The fact
that L(f)1 = 0 follows trivially from (5). Suppose now that f(A) > 0. Then, by Lemma 1,
L(f) is a singular M-matrix. m}

For the purposes of this work, Proposition 3 constrains our choice of f to those func-
tions that preserve nonnegativity. Characterizing these is a well studied problem and several
results are available in the literature; see, for example, [13, 23] and references therein. If we
restrict our attention to functions f that generate admissible centrality indices, such as those
belonging to class P as introduced in [9],2 then the induced L( f) is an M-matrix. Further-
more, selecting f € P allows us to naturally interpret the role of f(A) within (5) in terms
of centrality and to provide insight in the diffusion process modeled by IL( f). Indeed, recall

2 The class P contains all analytic functions that can be expressed as sums of power series with strictly positive
coefficients on some open neighborhood of 0.

@ Springer



24 Page8of26 Journal of Scientific Computing (2026) 109:24

that the vector of total communicability centralities [8] of nodes is defined, for a function f
defined on the spectrum of A, as:

t(f) = f(AL

When f(x) = x, it immediately follows that t(f) = (Al), and thus that L(f) = L.
However, for other choices of f € P, the introduced k-walk transformed Laplacian is simply
generalizing L by replacing degree centrality A1 with the total communicability t of nodes.
With this interpretation, we can deduce that the edge centric diffusion equation (6) induced
by L(f) is one where a walker tends to leave high total communicability nodes faster than
low total communicability ones. Clearly, when f(x) = x, (6) boils down to (1)

3.2 Backtrack-Downweighted k-Walk Transformed Laplacian

Asdescribed in the introduction, we are interested in defining a generalization of the Laplacian
operator that accounts for walks on graphs. This we have partially achieved already in the
previous section. Our next goal is to further generalize the definition in order to allow the
flexibility to downweight (or possibly eliminate) certain walks in our count.

Definition 9 Given a graph G = (V, E) without loops, a walk on G is said to be backtracking
if it contains at least one instance of the form i — j — i, for i, j € V, nonbacktracking
(NBT) otherwise.

We now introduce matrices pr(A) € R™ ", for k € N, which generalize to the NBT
setting the idea that powers of the adjacency matrix encode the number of walks of a certain
length in the graph; see Proposition 1. These matrices are entrywise defined as

(pk(A))ij = |{NBT walks of length k fromi to j}|, keN,i,jeV

and are symmetric by construction. It can be shown [14], [50, Lemma 1] that the matrices
i (A) satisfy a three terms recurrence. Setting po(A) = I, p1(A) = Aand p(A) = AZ—D,
where D is the degree matrix, for all ¥ > 3 it holds

pr(A) = A pr1(A) + (I — D) pr—2(A). @)

This result was generalized in [5], where backtracking was downweighted by a factor
0 =1 — u, with u € [0, 1], rather than completely eliminated.

Following [5], we will let gx (A) denote the backtrack-downweighted walk (BTDW) count
matrix, where, for brevity, the dependence on 1 is not made explicit. More precisely, (gx (A));;
is the weighted number of distinct walks of length k£ from node i to node j where the weights
are assigned according to the following; for each walk, i = ig, i1,i2,...,ix = j, every
occurrence of a backtracking step (iy = iyg42) incurs a downweighting by a factor 1 — u.
Then, it can be shown that, setting go(A) = I, g1(A) = A and ¢2(A) = A% — uD, the
BTDW matrices satisfy a three terms recurrence

qe+1(A) = Aqr(A) + i (nl — D) gr—1(A). (®)

Equation (8) specifies [5, Theorem 3.1] to the case of undirected graphs.

It is easily verified that for © = 0, the relation (8) reduces to the counting formula in
Proposition 1, while for 4 = 1 it recovers (7). We are now in the position to construct the
desired extension of the Laplacian matrix.
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3.2.1 Building the BTDW Laplacian

The definition of k-walk transformed Laplacian (5) we have put forward considers all traver-
sals on the graph, in contrast to the k-path transformed Laplacian (3), which only allows paths.
A middle ground between these two approaches, which specializes the walk count while not
becoming too computationally taxing, is to consider downweigthings of backtracking walks.

Definition 10 In the above notation, for u € [0, 1], the backtrack-downweighted (BTDW)
k-walk Laplacian is defined as

L, . = diag(g (A1) — gx (A).

There are two substantial differences between the k-path and the BTWD k-walk Lapla-
cians, besides the type of traversals being considered. The first difference is that there exist
both a maximal and a minimal k-path Laplacian. Specifically, Ly is the zero matrix for every
k > diam(G), while Ly , is non-zero for every k, as long as u # 1 or G is not a tree.
The second difference is that, in the construction of Ly ,, we consider weighted “adjacency
matrices" g (A) that account for BTDW walks, whereas the “adjacency matrices" appearing
in the construction of the k-path Laplacian are unweighted, as their entries [27, Equation
3.1] equal one if at least one path of the given length exists between the corresponding two
nodes.

To build BTDW k-walk transfer Laplacian, we need to characterize the convergence of the
series Z/fozo ckqr (A) and the function it converges to. To this end, we define for any integer
s >0,

[ =" esrt, ©)
k=0

and prove a version of [4, Theorem 5.4] for the undirected case.

Proposition 4 Assume that the series (9) for s = 0 has finite or infinite radius of convergence
R, and let 1 € [0, 1]. Then

$(A.0) =) crgi(A)
k=0

converges for p(Z) < R, where p(Z) is the spectral radius of

o I
Z= [u(ul - D) A]' (19
Furthermore,
_ q1(A) _ q1(A)
(A, ) =[0 1] f2(Z) [qz(A)] +c1A+col =1 0] f1(Z) [qz(A)] + col.
Proof We begin by expanding the defining series
$(A.©) =Y cqe(A) =col + 1A+ Y crqi(A). (11)

k=0 k=2

It is easy to verify by induction that

7k [611(A)] _ [%H(A)]
@A) | Lae2(4) |
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This, together with (11), yields:

Y ckar(A) =) crragqiia(A) = [0 1] ( > Ck+22k> [QI Eﬁ;] ’
k=2 k=0 k=0 ”

and thus the first expression for ¢ (A, ¢) is readily recovered using (9) with s = 2. A similar
derivation allows to obtain the second expression in our statement. Finally, since fy has
radius of convergence R, analytic functional calculus gives that f>(Z) converges whenever
p(Z) < R, which establishes both convergence and the closed-form expressions. O

Corollary 1 For the case u = 1 the identity in Proposition 4 reduces to:
— A
$(A.0) = ;Ockpkm) =[1 0] 12 [Az N D} +col.

Remark 1 If R < oo and p(Z) > R in either Proposition 4 or Corollary 1, one can introduce
a parameter 0 < o < 1 to rescale the series in (9) as fs(« x). Such « will thus need to be
chosen so that ¢p(Z) < R.

We now mirror the construction in Definition 8 and introduce an operator that includes
BTDW walks of all possible lengths.

Definition 11 For any sequence {c }r>0 that is monotonically non-increasing for k > 1 and
such that Z,?io ek ZF is convergent, and for any u € [0, 1] we define the BTDW k-walk
transformed Laplacian as

Ly (c) = diag | > " crqe(A1 | =Y cxqu(A) = D ekl (12)
k=1

k>0 k>0

The following result, which is the analogue of Proposition 3 for L, (c), describes the
characterization we need in order to formulate a diffusion equation employing the newly
introduced operator.

Proposition5 Let G = (V, E) be a simple connected graph and let f;, s = 0,1, be a
function defined on the spectrum of Z € R**2" for Z as in Proposition 4. Then the BTDW
k-walk transformed Laplacian L, (¢), u € (0, 1], in (12) is such that

— L,(¢) is symmetric;
— Lu(e)1 =0, and
— Ifp(A,¢) = 0, then L, (¢) is an M-matrix.

Proof Symmetry holds true by construction. Moreover, L, (¢)1 = diag(¢(A, c)1)1 —
¢ (A, ¢)1 = 0, which proves the second claim. Finally, suppose that ¢ (A, ¢) > 0. By taking
C = ¢(A, ¢) in Lemma 1, it immediately follows that I, (¢) = diag(¢ (A, ¢)1) — ¢ (A, ¢) is
a singular M-matrix. O

We point out that any function f = fy € P ensures nonnegativity of ¢ (A, ¢) since

[8011 8521] £:(2) [‘“ Ej\‘;] = 3 chragr(4) 2 0
92 =

where §; ; is the Kronecker delta. The added value of selecting f € P is that any of these
functions would allow the interpretation of IL, (¢) in terms of centralities [3]. Henceforth, for
all ¢ obtained from f € P we will write L, (f) to denote L, (¢).
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By means of Definition 11 we can extend the diffusion equation (6) to
dp(®)

5 = POL.(). 1el0, "],
p(0) = po.

w e [0,1], (13)

which reduces exactly to (6) for © = 0. In fact, it is easy to see that, when © = 0 and
backtracking is not downweighted, Lo(c) = L(c) and moreover Proposition 5 reduces to
Proposition 3. For 1 = 1 we getinstead the NBT version of the k-walk transformed Laplacian.
In the following, we provide two explicit examples of NBT Laplacians built using the two
matrix functions most widely used in network science applications; the resolvent and the
exponential.
The resolvent NBT k-walk transformed Laplacian. We first consider the case of the resolvent,
when ¢ = (1, «, a?, .. ) with ¢p(Z) < 1, which is a function in the P class. Then, by
Corollary 1,

d(A, )l —aA—a’(I —D)]=(1—-a?)l. (14)

Setting A(e) = I —aA — a@2(I — D), the corresponding NBT k-walk transformed Laplacian
is

Li ((1 —ax)™") = (1 — &?) (diag (A@)~'1) — A@) ™), 15)
which correspond to the matrix having on the diagonal the NBT Katz centrality vector [3].

Remark 2 The matrix A(«) is the deformed graph Laplacian which has been used to inves-
tigate consensus problems leveraging the spectral theory of quadratic eigenvalue problems
[40]; furthermore, for undirected graphs, its inverse A(a) ™! is known as the Bethe Hessian
[48] and has been employed in spectral clustering tasks.

In general, A(x) is symmetric but indefinite [40, p. 3050]. However, by choosing «
appropriately, positive definiteness can be recovered; in particular, one may select o so
that 4 («) becomes an M-matrix. The proposition below characterizes such choices of «,
summarizing results from [31].

Proposition 6 Let G be a connected simple graph with average degree > 2. Then, for every
0 < a < 1/p(Z), the deformed graph Laplacian A(w) is an M-matrix.

Remark 3 The hypothesis of a connected simple graph having average degree at least two
rewrites as 2m > 2n, where m is the number of undirected edges in the graph. Since normally
m =~ log(n) in real-life networks, this hypothesis is always satisfied in practice.

Remark 4 Eq.14 and Proposition 6 readily extend to the general case of u € [0, 1], by
adapting the results in [5, Theorems 4.1 and 6.1] and employing again Lemma 1 to prove the
property of being an M-matrix.

The exponential NBT k-walk transformed Laplacian. Another example of choosing the spe-
cific weights for (12) is that of the exponential fo(x) = e* in (9), which corresponds to
o0
1 v et —1
A=Y S T S,

k=1

i.e., to the first p-function from the theory of exponential integrators [35]

1
po(x) =¢", @sx) = /e“*“xa“‘de, s=1,2,..., yeC.

(s =DlJo
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These functions are entire and as such admit an infinite radius of convergence. The resulting
exponential NBT k-walk transformed Laplacian is thus given by

Li(p)) = diag ([1 0]¢1(2) [Azld_ d]) ~[1 0]ew(2) [Azf D], (16)
whered = A1 = D1.

4 Computational Considerations

In this section we detail different computational features of the newly introduced Laplacian
operators IL, (¢), making a direct comparison with their path-based counterpart £ from [26,
28]. We also describe the algorithms implemented to perform the numerical experiments in
the next Sect.5.

The construction of k-path Laplacians Ly in (2) requires the computation of the geodesic
distance d(-, -) for every pair of nodes in the underlying network. This is one of the major
disadvantages related to their use. In a directed weighted graph with positive or negative edge
weights and no negative cycles this can be solved with the Floyd—Warshall algorithm [30,
46, 52] that has a worst-case performance of ® (n3). If the graph is also sparse then the cost
can be brought down to O (n? log(n) + 2mn) with Johnson’s algorithm [37], where m is the
number of edges in the graph. Both require storage of n> elements. It is also important to
observe that, even in situations where only matrix—vector products involving £ are needed,
the computational cost is not reduced. Indeed, one still requires the computation of the
entire distance matrix. The newly introduced Laplacians L, ( f), for u € [0, 1] and f € P,
on the other hand, allow the implementation and use of significantly lower computational
cost algorithms. Furthermore, even though the matrices are dense, they do not need to be
stored. Therefore, they share the same advantages as top-down approaches based on the
computation of matrix—vector products with the standard Laplacian matrix [7, 10]. Below
we briefly address some strategies for tackling these computations efficiently.

4.1 Walk-Based Laplacians

If we compare the expression for £ (3) with the one for L, ( /) (12), we can observe that, from
a computational standpoint, the latter allows to compute matrix—vector products without ever
assembling the whole matrix L, ( f). Krylov methods [32, 42] provide an efficient approach
for approximating objects of the form f(A)v, as we need to do for (12). In the simplest case
of a polynomial method, given a matrix A € R"*" and a vector v € R”", we first construct the
Krylov subspace of order k, defined as K. (A, v) = span{v, Av, Alv, ..., Ak’lv}, by gener-

ating an orthonormal basis {q;, q2, . . ., qx} for it using either the Arnoldi (for A # AT, [47,
Algorithm 6.1]) or Lanczos (for A = AT, [47, Algorithm 6.15]) process. The basis is stored
in a rectangular matrix Q; = [q1, q2, ..., qx] which is then used to form the Hessenberg

(resp., tridiagonal for A = AT), matrix H, = QkTA Or € R**k The matrix Hy represents
the projection of A onto Kt (A, v). With this, one can then cheaply compute,® the matrix
function f(Hy), since k < n, and then approximate f(A)v as f(A)v = ||v| Q f(Hy)eq,
where we have used the fact that QZV = ||v|le;. Krylov subspace methods provide accurate
approximations to f(A)v without the need to directly compute f(A) for large and sparse

3 The computation of f(Hy) can be performed, e.g., via the Schur-Parlett method [34, §6.4] or, for particular
choices of f, by means of specialized methods. We refer the interested reader to [34] for more details.
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matrices, an operation that would normally require 0(n?) storage and o) computation.
In some cases it may be convenient to move from polynomial methods to rational ones [24,
32]. In such instances, the cost to augment the dimension of the Krylov space increases,
since we must move from the simple computation of matrix—vector products to the solution
of a linear system at each space-expansion step. However, this usually has the advantage of
significantly reducing the dimension of the space to be generated. Moreover, these methods
leverage linear cost algorithms for the efficient solution of sparse linear systems; see Sect. 4.4
below.

4.1.1 Simulating Discrete-Time Diffusion

Using the same procedure, we can also compute the action of the probability transition matrix
P of a Markov chain associated with the Laplacians in Definition 11 for u € [0, 11* as

P=1-D"'Ly(f). D=dagLy(f). a7

Constructing the diagonal matrix ID only requires a single evaluation of the underlying matrix
function; afterward, the same routine used to apply the chosen walk-based Laplacian may be
reused efficiently.

Remark 5 This is not the case for the fractional Laplacian LY, for y € (0, 1) [7, 10, 44] or
for the k-path transformed Laplacian £ (3). For the former, computing the diagonal matrix
D, = diag(L”1) needed to define P =1—-D,, —1LY requires n matrix function evaluations;
for the latter, one has to actually compute the whole matrix £, i.e., compute the distance matrix
associated with the graph.

The matrix P in (17) describes a random walk on the graph in which the transition
probability between nodes is inversely weighted with the total communicability measure
induced by the selected function f € P. The evolution of a probability distribution then
takes the form

Pk+1 = Pk P, given po with pol = 1.

We emphasize that, while the distributions p(¢) in (1), (6), and (13) evolve continuously
under a Laplacian operator, the discrete-time Markov chain defined by P can be interpreted
as the natural discrete analogue of the continuous diffusion equations.

4.1.2 Limitations Due to Floating Point Arithmetic

For both Definitions 8 and 11, a note of caution is required regarding the magnitude of the
entries of the matrices considered. When the function f exhibits rapid growth with respect to
its argument, e.g., when f is the exponential function, the entries of L, (f), u € [0, 1] may
grow so large to approach the overflow threshold of double-precision arithmetic. This effect
is particularly evident on the diagonal elements, as it was previously observed in [2]. In such
cases, although Propositions 3 and 5 remain valid, the resulting matrices may be numerically
undefined or lead to severe ill-conditioning in floating-point computation. A practical remedy
to this issue is to rescale the spectrum by introducing an “inverse temperature” within the
function; for example, instead of using f(x) = exp(x), one may consider f(x) = exp(Bx)
with 8 o< 1/p(A).

4 Recall that, when = 0 we recover Definition 8.
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4.2 The Resolvent NBT k-Walk Transformed Laplacian: L ((1 — ax)™ "

Computation with the resolvent NBT k-walk transformed Laplacian requires the evaluation
of matrix—vector products with L; (f) from (15), where f(x) = (1 — ax)~! for suitable
values of o > 0. Each of these amounts to solving a linear system defined in terms of the
deformed Laplacian A(w). If « is selected within the bounds from Proposition 6, then this
solution can be computed using the Conjugate Gradient algorithm. In general, this method
requires a suitable preconditioner to ensure fast convergence. Since A («) is an M-matrix, we
can utilise Algebraic MultiGrid methods (AMG), which are known to be especially effective
for such operators. This is because their spectral behavior and smoothing properties align well
with the coarse space construction and relaxation strategies used in AMG. For our task, we
evaluate the usage of an AMG from the PSCToolkit library [22]. Specifically, we employ
an aggregation-based multigrid with the decoupled Van€k, Mandel, and Brezina aggregation
[51] in a V-cycle, using one sweep of £1-Jacobi as smoother [6] and 30 smoother sweeps
as coarse grid solver. We will show in Sect.5 that this choice is computationally efficient
and that it can also be used to perform the computation transparently on one or more GPU
accelerators.

4.3 Exponential NBT k-walk Transformed Laplacian: I (exp)

The computation of matrix—vector products with the NBT k-walk framework Laplacian
L (f) from (16) requires the evaluation of ¢; (x). As previously mentioned, this is a common
task when using exponential integrators for the numerical approximation of ODEs [35]. As
it generally happens for the computation of matrix functions, the available algorithms are
divided between the ones working on small-dimensional matrices [1, 49] and those based
on Krylov-type methods [18, 42]. Here, we use the algorithm described and implemented in
[42], which exploits a polynomial Krylov method.

4.4 Average Return Probability and its Randomized Estimates

The efficiency of a continuous time random walk can be studied by considering the return
probabilities, i.e., the probability [ P(¢)];, ; of having started from node j at time 0 and being
back in j at time ¢ following any of the evolution equations

dp(r) .
T —-p1)L, te][0,r"],

p(0) = po,

for some matrix £. If the initial decay of return probabilities occurs rapidly, the information
swiftly traverses from the initial node to the entire network. Conversely, a gradual decay
implies that the information can only propagate through the network at a slower pace. The
desirability of either scenario depends on the specific phenomenon we aim to describe. The
average return probability for the evolution equations above is then defined as

NI E . _
po() = — 3 [Pl = — 1w (exp(—1L)) (18)

i=1
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Algorithm 1 XNYSTRACE- EXP: randomized average return probability estimate

Require: Laplacian matrix {L, L, (f), L(f)} > £ € R"*", number M of matvecs, times ¢ € [0, t*].
Ensure: Estimate p(t) ~ %tr (exp(—t£)), and error estimate ¢(r) ~ |p(t) — %tr (exp(—t£))| forall t €

[0, £*].
1: Draw iid isotropic 1, ..., @y € R"
2: 2« [0 ... oy

exp(—x) on the interval [0, t*p(£)]. > Use AAA [41]
4: Build the basis Vj_1 of lef‘fk(L, 2, gi) and the block upper Hessenberg matrix pencil (Hy, Ki).
> matvecs/solve

3: Approximate the spectral radius p(£) of £, and build the poles {& j}];.Hl of rational approximation of

5: fort € [0, t*] do > Can be a parfor
PP |

6:  Y(t) < %Vk exp (—tHlek ) VkTQ > Use the reduced pencil

7. p(t),e(t) < XNYSTRACE (Y (1), R)

8: end for

This quantity allows us to make a global statement on the system’s effectiveness in diffusing
the information, thus assessing its overall efficiency. In our experiments we will consider
L£e (L, L,L,(f)}; see Sect.5 below.

The computation of the average return probabilities in (18) requires the evaluation of
the trace of a matrix exponential for different values of ¢, nominally, until the quantity has
changed from the initial value 1 to the final value 1/n. In general, computing the trace of a
matrix function exactly costs O (n*) computation and O (n%) storage. We have to consider
the entire matrix exp(—¢£) in order to compute its trace, even if only temporarily. We note,
however, that we can be satisfied with an approximation to pg(t), since our goal is purely
descriptive and we only need it to be able to compare the different network exploration
strategies described in Sect.3. Two convenient sets of tools for this task are represented by
quadrature-based estimators [20] and stochastic trace estimators [38, Section 4].

Here, we focus on the latter, and adapt XNYSTRACE from [25] to our setting, as outlined
in Alg. 1. Since we need to compute the matrix exponential for a range of parameters ¢t €
[0, #*], two distinct regions of approximation arise; one dominated by the larger eigenvalues
and another where accuracy on the smaller eigenvalues is essential. For the first region, a
polynomial Krylov method would suffice; however, its accuracy diminishes when focusing
on the smaller eigenvalues. To address this, we use a Block Rational Krylov method. Recall
that this method defines a linear space of block vectors of size n x M, constructed with
respect to the matrix L € R"*" and a starting block vector of maximal rank:

Q=[w,w,..., 0] c R"M  rank(Q) = M.

To define the block rational Krylov space, we require a sequence of poles &1, &, ..., &,
which are complex numbers or infinity, all distinct from the eigenvalues of £. The block
rational Krylov space of order k + 1, associated with £, 2, &;, is defined as

k
ook (£, Q. ) =1 (£ {Z & szc,-} , (19)
i=0

where {C i}i‘{:o are matrices of size M x M, and

k
n@= ] -
§700
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is the common denominator of the rational matrix-valued functions associated with the block
rational Krylov space. The construction of the basis vectors requires the solution of linear
systems with matrix pu;£ — v I, and py and v, € C obtained from the poles, in the case of
Laplacians of the type (5) and (12). However, we only have access to routines that allow us to
perform the matrix—vector product (Sect. 4.1). This means that we cannot use a direct solution,
but we can rely again on the use of a Krylov-type method for the solution of linear systems
fixed to achieve a lower tolerance than that which we require for the entire approximation,
e.g., we can use the GMRES method. To generate an orthogonal block basis for this space,
we then employ the block rational Arnoldi method [24], which produces

Vk+1 = [V], e ,Vk+1] (S (Cnx(kJrl)M, vV, € CnXM,

satisfying the block rational Arnoldi decomposition:
LVt 1Kk = Vir1 Hy,

where (Hy, K ) is an unreduced block upper Hessenberg matrix pencil of size (k+1)M x kM.
The block vectors in Vi1 span the space leﬁk (£, 2, r).

To estimate the average return probabilities, we first sample M independent identically dis-
tributed isotropic vectors {®; }i"i 1» and then construct the Krylov subspaces Q,E]fr"i'k (£, 2,rr).
This involves computing the basis Vi1 and the unreduced block upper Hessenberg matrix

pencil (Hg, K¢). For each ¢ € [0, t*], we then compute
1 Aol T
Y@ = ~Viexp (- ) v,
n

where the matrix-exponential is now efficiently computed on the reduced pencil—excluding
the last block row of size M —('ﬁlk, IACk). To complete the description, we need to determine
the poles {£; }’/‘.=l for the construction of (19). Since we aim for an approximation of the
matrix exponential that is accurate for all values of ¢ € [0, t*], we select the poles using the
AAA algorithm for rational approximation [41]. The support points for the approximation are
sampled from the interval [0, t*p (£)].

Finally, we run the trace estimator XNYSTRACE on the matrix Y (¢) and the block of vectors
Q for all + € [0, t*]. This step can be parallelized in shared memory, as the estimates are
independent and only require sharing the Krylov subspace basis and the sampling vectors 2.

5 Numerical Experiments

In this section we analyze the walk-based diffusion proposals introduced in Sects. 3 and 3.2.1
both from the modelling and computational point of view. Specifically, in Sects.5.1 and 5.2
we investigate the network-exploration properties of the different strategies, while in Sect. 5.3
we analyze the computational challenges posed by the models.

The tests are run on the graphs reported in Table 1 from the SuiteSparse Matrix
Collection [17]. The code to reproduce the experiments is available on the GitHub
repository Cirdans-Home/walk-laplacian.

The numerical experiments were conducted on the Toeplitz cluster at the Green Datacenter
of the University of Pisa. We employ the gpu nodes that are each equipped with a total of
256 CPUs, specifically AMD EPYC 7763 64-Core Processors 3.5GHz, with each processor
providing 2 threads per core and 64 cores per socket, across 2 sockets. For the modeling and
descriptive experiments in Sects. 5.1 and 5.2 we employed MATLABv.9.10.0.1602886
(R2021a) . The experiments in Sect. 5.3 exploit the PSCToolki t library, and the availabe
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Table 1 Summary of networks in

our dataset. For each we report Network name " r@

the size (n = |V) and the 1 Arenas/PGPgiantcompo 10680 41.03

spectral radius of the matrix Z for . .

1t = 1; see Proposition 4 2 Pajek/USpowerGrid 4941 6.23
3 DIMACS10/belgium_osm 1441295 2.58
4 SNAP/ca-CondMat 21363 35.86
5 SNAP/ca-HepPh 11204 243.75
6 Pajek/dictionary28 24831 16.07
7 Belcastro/human_genel 21853 3335.86
8 Belcastro/human_gene?2 14020 2999.83
9 SNAP/roadNet-CA 1957027 332
10 SNAP/roadNet-PA 1087562 3.11
11 SNAP/roadNet-TX 1351137 3.56
12 Gleich/usroads-48 126146 2.76

NVIDIA A40 GPUs (memory capacity of 4.6TB and a maximum power usage of 300W).
For the latter, the NVIDIA driver v.535.274.02 and CUDA v.2 .2 are used to manage
these GPUs. The system software stack includes GCCv.12.2.0,0penBLASv.0.3.26,
PSBLAS v.3.9.0, AMG4PSBLAS v.1.2.0.

5.1 Descriptive Examples

To describe the effect of the different formulations of the Laplacian L, (f) for u € [0, 1]
and f € P, we consider the toy network G5 g. Networks Gy ,,, forl, m = 1,2, ... consist of
a path with [ = 2k + 1 vertices and of m additional leaves all connected to the central node
in the path. With this notation, the toy network considered is:

Gsg =

s

The cluster of nodes in the centre acts as a “trap” for a walker. An interesting dynamic
would be one for which the steady state probability of having arrived at the end of the path
is significant compared with that of having arrived at any other node. We report our results
in Fig. 1. We observe how the standard Laplacian L concentrates most of the mass of its
steady state at node 3, the center of the trap. The same behavior is observed for all the other
variants, except for the NBT k-path transformed Laplacian L (exp). This fits well with the
model interpretation. Indeed, if a walker moves from node 3, it is not possible to revisit it as
backtracking is eliminated.

As a second example, consider an unlabeled tree generated uniformly at random using
Wilf’s algorithm [53]. To build it we use the implementation of the algorithm available in the
Python NetworkX (v.3.3) library [33] via a MATLAB interface. We construct a tree with
n = 100 nodes and consider the probability matrices associated with the standard Laplacian
L, the exponential k-walk transformed Laplacian LL(exp), the k-path transformed Laplacian
L with 1y, = exp(—pk) in (2), and exponential NBT k-walk transformed Laplacian L (exp).
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Fig. 1 Stationary distribution for the Markov chain induced by the different Laplacian. On the left panel, we
have the probability mass at the target node at the end of the path, on the right one we report the different
distributions. LL(res) is used to denote L((1 — ax)_l) fora = 1/2p(A)

With the associated probability matrices we simulate the connected Markov chain starting
from the root node; see Sect.4.1.1. In Fig. 3a we report the evolution of the chain after 20,
40, and 80 steps showing which nodes of the tree are explored by the different strategies. In
all cases other than the classical Laplacian L, the results demonstrate the non-locality of the
discrete diffusion process. The k-path transformed Laplacian (£) with exponential weights
(tx = exp(—k)) and the exponential NBT k-walk transformed based Laplacian (IL; (exp)) are
the ones that explore more nodes in the tree. To investigate the asymptotic behavior of the
different chains we can also look at the gap between the eigenvalue of maximum modulus
(1) and the one immediately below it, i.e., the spectral gap. From Fig. 3b we observe that
the two Laplacians that explore the tree more widely have a larger gap compared to others
(Fig.2).

5.2 Average Return Probabilities

In this section, we perform two types of experiments. For the smaller networks in Table 1,
we compute the average return probabilities (exactly) in order to investigate the behavior of
different diffusion models. We then evaluate the performance of the randomized procedure
in Alg. 1.

In Fig. 3 the graphs are separated based on the network considered. We plot the average
return probability (18) versus time on a logarithmic scale, comparing six different Lapla-
cian formulations: the classical Laplacian L, the NBT variant based on Katz centrality
Ly ((1 - le)_l), the exponential NBT k-walk transformed Laplacian 1L (exp), the Katz
centrality k-walk Laplacian LL ((1 - ax)_l), the exponential k-walk transformed Laplacian
L(exp), and two k-path transformed Laplacians £ with different weight functions: # = 1/k
and f; = exp(—k). The average return probabilities are computed exactly, i.e., through the
eigenvalue decomposition of the relevant Laplacian matrix.

The behavior observed is consistent across all considered networks. Notably, for exponen-
tial k-walk transformed Laplacians, the NBT variant LLj (exp) exhibits a return probability
that decays more slowly than L(exp), confirming that removing backtracking walks decel-
erates the exploration process. In all cases except the one shown in Fig. 3b for the network
SNAP/ca-CondMat, the fastest convergence is achieved by the £ transformed with weights
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(a) Exploration history of the different Markov chains on a tree graph with n = 100 nodes.We
used orange to color the starting node and yellow to color the nodes visited in the exploration.

L, t = exp(—k) L(exp)
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(b) Depiction of the spectral gap and eigenvalues for the probability matrices
induced by the k-path exponentially transformed Laplacian £, the exponential
k-walk transformed Laplacian L(exp) and its NBT counterpart L (exp).

Fig. 2 Example of discrete-time diffusion on an unlabeled tree graph for Markov chains obtained through
different formulations of the Laplacian
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Fig. 3 Average return probabilities (18) computed for matrices from Table 1 for which the computation of
the path-based Laplacian was feasible for the dimension. Each subfigure displays results across six different
Laplacian formulations on logarithmic time scales

tr = 1/k, corresponding to 8 = 1 in (3). In all cases, £ transformed with 7, = exp(—k) has
slower convergence than L, (exp), with © =0, 1.

Another noteworthy finding is the behavior of the the k-walk transformed Laplacians
L, - ax)~!) for = 0, 1. Both these result in a slower transition to the steady state
compared to the classical Laplacian L.

In Fig. 4 we report the average return probability for the BTDW k-walk Laplacian L, (exp)
as u varies in [0, 1]. The plot highlights the interpolation effect between the case © = 0,
where the construction coincides with the k-walk transformed Laplacian L(exp), and the
case ;0 = 1, which results in the NBT variant IL; (exp).

We observe that suppressing backtracking walks slows down the overall exploration of
the network, resulting in a higher average return probability compared to the case where
all walks are counted, as in L(exp). In other words, penalizing or removing immediate
reversals limits the walker’s ability to escape its local neighborhood, thereby reducing the
effective diffusion rate across the graph. This highlights how the parameter p controls the
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Fig.4 Average return probabilities (18) computed for the Gleich/usroads48 and the L, (exp) Laplacian
for 0 < pu < 1 showing the effect of down-weighting more and more the NBT walks. The dashed line
represents the average return probability of standard Laplacian L
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(a) L and M = 4. (b) L1((1 — az)™1), @ = /14p(2) and M = 3.

Fig. 5 Randomized approximation of the average return probabilities (18) with the XNYSTRACE- EXP algo-
rithm (Alg. 1) on network Newman/karate and M sample vectors. The dashed lines in the left panels of
Fig. 5a and 5b depicts the error estimate obtained from Alg. 1. In the right panels we overlap the estimate
obtained from the XNYSTRACE- EXPin Alg. | and the exact value computed from the eigenvalue decomposition

balance between local confinement and global exploration; smaller values promote faster
spreading by allowing repeated edge traversals, while larger values enforce a more deliberate
progression through the network.

5.2.1 Randomized Average Return Probability Estimates

In this section we test the idea of approximating the average return probability (18) via the
stochastic estimator XNYSTRACE- EXP, as described in Sect. 4.4. For the construction of the
block rational Krylov space in Alg. 1 we use the RKToolbox [11].

In Fig. 5a and 5b we report the results obtained for the estimation of the average probability
of return using the algorithm on a small-sized network, Newman/karate with n = 32
nodes, for which we can compute it exactly and compare the results. Due to the small
dimension, we use few sampling vectors in the two cases, M = 4 and M = 3 respectively.
As can be observed, the agreement between the stochastic estimate and the correct value is
good enough and in any case adequate to describe the behavior of the two diffusion models.

As a second example, consider two complex networks from Table 1, for which exact
computation of the average return probability is infeasible due to memory limitations
(SNAP/roadNet-PA and SNAP/roadNet-CA, with n = 1087562 and n = 1957027
nodes, respectively). We select M = 30 sampling vectors and apply Algorithm 1 over the
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(a) SNAP/roadNet-PA (b) SNAP/roadNet-CA

Fig. 6 Randomized approximation of the average return probabilities (18) with the XNYSTRACE- EXP algo-
rithm (Alg. 1). Each experiment is run 10 times, with curves plotted using the same color and stroke thickness
per repetition

interval [0, *] = [0, 100] with n, = 90 equally spaced nodes. The estimation is repeated ten
times, with each repetition plotted in Fig. 6 using consistent stroke and color across curves.

Asin the previous case, we focus on the standard Laplacian L as a reference, along with the
resolvent NBT k-walk transformed Laplacian L ((1 —ax)™ 1). For this, we set @ = 1/1+p(2).
The GMRES algorithm used in the rational Krylov subspace method is configured to achieve
a tolerance of 107°.

The results in Fig.s 6a and 6b for networs SNAP/ roadNet-PA and SNAP/roadNet-CA
can be compared to those in Fig. 3d for the Gleich/usroads48 network. Both networks
represent road systems, suggesting a similar reciprocal behavior between the standard and
NBT Laplacians, which is observed within the error margin due to randomization. For both
networks, the AAA algorithm yields a rational approximation with 13 poles, and the internal
GMRES method converges to the required tolerance with iteration counts between 6 and 12,
depending on the pole.

5.3 Matrix-Vector Products with Resolvent k-Walk Transformed Laplacian

Here, we conduct tests on the solution of linear systems involving the matrix A(«) across
several examples of real-world networks. For each network, we restrict our analysis to its
largest connected component. The parameter « is selected as four equally spaced, logarith-
mically scaled values between 10~3 and 10~ "2, scaled according to the dominant eigenvalue
of the matrix Z in Proposition 4. The Conjugate Gradient algorithm, preconditioned with
the AMG method from Sect.4.2, is employed with a relative tolerance of ¢ = 1072, To
minimize the construction time of the multigrid hierarchy, OpenMP parallelization is used
with 64 threads. Results are displayed in Fig. 7, where we display the time required to apply
a matrix—vector product with L, ((1 — ax)™ 1), with o selected as described above.

For each of the twelve networks in Table 1, both CPU and GPU execution times vary only
marginally as « changes. This indicates that the matrix structure induced by the resolvent
operator does not significantly affect algorithmic stability or solver convergence. In practice,
solving the resolvent-regularized system is nearly as efficient as performing a small number
of standard sparse matrix—vector multiplications with the original graph Laplacian L. This
demonstrates the effectiveness of the AMG preconditioning strategy [22] and the scalability
of the approach across a wide range of graph sizes and topologies. The GPU implemen-
tation achieves speedups exceeding one order of magnitude for several cases, particularly
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Fig.7 The two heatmaps show the time required to apply a matrix—vector product with I, ((1 — ax)~ ). Four

equally spaced values of « logarithmically scaled between 1073 and 10~ "/2, based on the dominant eigenvalue
of matrix Z (see Proposition 4). Rows correspond to the twelve complex networks detailed in Table 1

on larger and denser networks such as roadNet-CAa, roadNet-PA, human_gene2,
and usroads-48. Even in instances where acceleration is less dramatic, GPU solve times
remain comparable to or are faster than CPU computation. This confirms that reformulat-
ing the sparse operator into the CSRG format allows efficient utilization of parallel devices.
Networks with higher edge counts benefit most, as the available parallelism enables large
batches of row operations to proceed concurrently.

Overall, the experiments demonstrate that applying the resolvent-based k-walk trans-
formed Laplacian is computationally practical at scale. The combination of AMG pre-
conditioning and CSRG-based GPU kernels yields substantial performance gains without
sacrificing numerical robustness, making the method well suited for large network analysis
tasks where repeated linear solves are required.

6 Conclusions and Outlook

In this paper, we introduced a novel framework for constructing diffusion operators on com-
plex networks, extending the traditional Laplacian operator through the use of graph-based
walks. This approach enables a flexible and nuanced interpretation of network centrality;
while the classical Laplacian operator aligns with degree centrality, our generalized con-
struction leverages a generic total communicabiltiy centrality, facilitating the use of diverse
matrix function-based centrality measures to shape the diffusion dynamics. In our framework
we have treated also the inclusion of backtrack-downweighted and nonbacktracking walks,
which incorporate memory into the diffusion process thus enhancing its descriptive power.
We proposed and analyzed efficient computational strategies for these operators, along
with methods to compute key quantities such as the average return probability of the diffusion
process. Demonstrating applicability on real-world networks, we showed how our approach
differs from existing path-based diffusion operators, highlighting the distinctive properties
and flexibility of this new class of operators. Our framework offers a valuable tool for adapting
diffusion dynamics across various network contexts. Future work will focus on new directions
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in network analysis and modeling, such as the possibility to consider and generalize the
discrete version of differential equations beyond diffusion (e.g., wave equation or Schrodinger
equation). From a computational viewpoint, we also plan to integrate the tools contained in
the PSCToolkit library to be able to generate and treat these problems in a systematic
way for large networks on distributed machines equipped with hardware accelerators such
as GPUs.
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