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Abstract

Kemeny’s constant measures the efficiency of a Markov chain in traversing its states.
We investigate whether structure-preserving perturbations to the transition probabil-
ities of a reversible Markov chain can improve its connectivity while maintaining a
fixed stationary distribution. Although the minimum achievable value for Kemeny’s
constant can be estimated, the required perturbations may be infeasible. We reformu-
late the problem as an optimization task, focusing on solution existence and efficient
algorithms, with an emphasis on the problem of minimizing Kemeny’s constant under
sparsity constraints.
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1 Introduction

Kemeny’s constant [1] quantifies the expected number of steps required for a Markov
chain to transition from a starting state to a randomly selected destination state, where
the destination is sampled according to the stationary distribution of the Markov chain.
This constant serves as a comprehensive measure of the efficiency with which the
Markov chain explores its state space. Lower values of Kemeny’s constant indicate
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faster average transitions between states, enhancing the chain’s connectivity, while
higher values denote a reduction in communication speed. Kemeny’s constant has
found applications in diverse areas such as assessing the vulnerability of complex
networks via the random walks on their underlying graphs [2] and computing edge
centrality scores for network analysis [3], developing opinion dynamics models of
the evolution of credit scores of enterprises in a social network [4], and describing
epidemic dynamics on networks [5]. Recently, it has also been utilized to identify graph
partitionings that preserve the original graph’s time scales by maximizing Kemeny’s
constant within a specific partition structure [6].

This work addresses the question of whether it is possible to construct structured
perturbations of a Markov chain, specifically targeted modifications to its transition
probabilities, that enhance its connectivity by reducing Kemeny’s constant. In this
context, it is useful to consider perturbations which preserve the stationary distribu-
tion of the starting chain, i.e., preserving the long-term equilibrium behavior of the
system, even after modifying the transition probabilities. Similarly, prescribing the
structure, i.e., the nonzero pattern of the perturbed transition matrix, reflects practical
constraints, since only a limited number of transitions or physical connections can
actually be adjusted. Furthermore, requiring a perturbation of small norm can also be
motivated by implementation costs, since the norm may be interpreted as a measure
of the effort, energy expenditure, or resources needed to alter the original dynamics.
Thus, our objective is to obtain meaningful reductions in Kemeny’s constant through
perturbations that are both structurally feasible and quantitatively limited.

Optimizing a global measure of Markov chains is closely related to optimizing
global measures of complex networks. Examples include the total communicabil-
ity [7], studied in [8, 9]; the reduction of a graph’s controversy score [10]; the Estrada
index [11]—the trace of the matrix exponential of the adjacency matrix—analyzed
in [12]; and the related natural connectivity investigated in [13]. Following this path,
recently in [14] the authors assess the robustness associated with eigenvector centrality
via small modifications of complex networks, in [15] through properties of the Fiedler
and Perron eigenpairs, while target values of Katz and PageRank centrality measures
are reached via an Interior Point Method (IPM) approach in [16]; moreover, in [17]
the authors face the problem of assigning a probability distribution to a given Markov
chain. In this research framework, we also treat an application where the Markov
chain arises as a random walk on a complex network, with particular emphasis on net-
works representing national-scale power grids [18]; see also the analogous application
in [12].

For irreducible Markov chains with a fixed stationary distribution, estimations and
bounds for the minimal Kemeny’s constant exist [19-21]. However, achieving this
minimum typically requires modifications of the transition matrix that are not neces-
sarily small in magnitude. In particular, the matrices attaining the lower bound may
lie far from the original chain in terms of natural matrix norms, such as the Frobenius
norm, meaning that the corresponding perturbations can be too large to be regarded as
feasible in applications where only limited adjustments to the dynamics are allowed
or where the modification cost must remain controlled. The main contribution of
this paper is the construction of an algorithmic framework for efficiently determining
small-norm perturbations that reduce Kemeny’s constant of a given Markov chain,
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constrained by a given stationary probability vector and predefined sparsity pattern
[22, 23]. Nevertheless, the lack of smoothness and convexity of Kemeny’s constant
over the set of stochastic matrices with given stationary probability vector makes the
problem challenging [23]. To address the posed question, we reformulate the problem
as an optimization task over a specific subset of Markov chains, namely the reversible
ones with fixed stationary distribution [24, 25]. We then explore the existence of
solutions of this optimization problem from a theoretical point of view, and develop
efficient optimization algorithms, based on nonlinear programming via IPMs [26, 27],
and on Riemannian optimization. For the latter, we build a first-order Riemannian
geometry over the manifold of stochastic reversible matrices, with fixed stationary
probability vector and given nonzero pattern, which is not a straightforward general-
ization of the tools previously introduced in [25, 28]. Both proposed algorithms have
been implemented in MATLAB and tested in several numerical examples, and are
available on GitHub Cirdans-Home/optimize-kemeny.

1.1 Notation and background material

To set the stage for the following developments, we first introduce the notation and
review fundamental concepts related to discrete-state Markov chains and stochastic
matrices. For a more exhaustive exposition, we refer to [29] and [30, §8]. We will
denote by 1 the vector of all ones, by Dy the diagonal matrix with diagonal entries the
entries of the vector v, by tr(A) the trace of the matrix A, and by | A||F = tr(ATA)'2
the Frobenius norm.

A nonnegative matrix P is a real matrix with nonnegative entries and we denote
it by P > 0. A stochastic matrix is a nonnegative matrix P such that P1 = 1. A
stochastic matrix has spectral radius 1, and 1 is an eigenvalue. A probability vector is
a nonnegative vector v such that v’ 1 = 1.

Definition 1 A Markov chain on the space state {1, ..., n} is a stochastic process
{Xn}n>0 that satisfies the Markov property, namely

PXpy1 =ips1 | Xp =ip, Xp—1 = ip—1, .- Xo =10) = PXpy1 = ipy1 | Xp =1ip),

for all & and states i; € {1,...,n}, j = 0,...,h + 1, ie., the future state of the
process depends only on the present state and not on the sequence of past states. A
homogeneous Markov chain is also characterized by its transition probability matrix
P = [P;j]le R™" where P;j = P(X;41 = j | X = i) represents the probability
of transitioning from state i to state j, which is a stochastic matrix. A stationary
distribution, or stationary probability vector, for the Markov chain with transition
matrix P is any probability vector xl = 1, 2, ..., ] such that ' P=x". A
Markov chain is said to be irreducible if its transition matrix P is irreducible, meaning
that for every pair of indices i and j there exists an integer k > 0 such that (P¥); i > 0.

An irreducible Markov chain has a unique stationary distribution &, moreover
m; >0fori=1,...,n.
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Definition 2 An irreducible Markov chain with transition matrix P is said to be
reversible if the stationary distribution s is such that the detailed balance condition
holds:

7TiPij =T[ij,', Vi,j:l,...,n, (1)

ie, PT = Dy, PD, 1 'With an abuse of notation, the stochastic matrix P is also said
to be reversible.

For a reversible Markov chain, we have D,II/ZPTD,I,/2 = D,I,/QPD;I/Z, so P is

similar to a symmetric matrix. Consequently, its eigenvalues are real, lie in [—1, 1],
and 1 is a simple eigenvalue. Moreover, any probability vector & satisfying the detailed
balance condition (1) is a stationary distribution. Summing (1) over i for fixed j gives
YymiPij=Y,mwPji=m;Y,; Pji=mj;hence,mx ' P =x .

Definition 3 An irreducible Markov chain with transition matrix P is aperiodic if
ged{k >1:(PH;i>0)=1
for any state i.

Kemeny’s constant is a measure in Markov chain theory that represents the expected
time to reach a random state in a Markov chain, averaged over all possible target states
according to the stationary distribution, and it is the same for any starting state. To
formally define it, it is necessary to introduce the mean first-passage time 7;; from
state i to state j, which is recursively defined as:

T — 0, ifi =j,
Y 1+Zk;ﬁi Pir Ty, ifi £ j.

This quantity represents the expected number of steps to reach j for the first time
starting from i.

Definition 4 Let P be the transition matrix of an irreducible and aperiodic Markov
chain, and & be its stationary distribution. Kemeny’s constant IC(P) is given by
K(P) = 27:1 7;T;j. The value of X(P) is independent of the starting state i [31].

Remark 1 We stress that the assumption of aperiodicity in Definition 4 is not required
for the algebraic definition of Kemeny’s constant nor for its independence of the
initial state. However, we retain it here since, in the irreducible and aperiodic case,
the Markov chain is ergodic and admits convergence of (PT)k tolr ', as k — oo,
which provides a natural dynamical interpretation of Kemeny’s constant in terms of
long-run behaviour and mean access times.

By using [1, Theorem 1], we obtain an expression of Kemeny’s constant which
allows its computation:

IC(P):tr((I—P+1hT)_1>—1, VheR" :h'1=1, )
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for I the identity matrix, and independently of the vector h.

In this paper, we will consider stochastic matrices in which only transitions between
selected states are permitted. To handle this setting, we introduce the following
notation.

Definition 5 Given an integer n > 1, a pattern S is a set of unordered pairs such that
{i,iyeSVi=1,...,n, andS C {{i,j} | 1<i,j<n}. 3)

The set S describes the admissible positions of nonzero entries in an n X n matrix.
We say that a matrix A € R"*" respects the pattern S if

{i,j}¢S = Ajj=A;=0.
The set of all matrices respecting the pattern is denoted by
R”"S) = {AeR™ | {i,jl¢S=A;=A;;=0}.
Moreover, we say that a matrix A € R"*" has the exact pattern S if
Ajj#0and Aj; #0 & i, j} €S.
The set of all such matrices is denoted by

REZA(S) = {AeR™ | Ajj#0andAj; #0 & {i,jle S}
Finally, we say that the pattern S is irreducible if any matrix A € R{% (S) is irre-
ducible.

Remark 2 The pattern S introduced in Definition 5 admits a natural graph-theoretic
interpretation. In particular, it defines an undirected graph on n vertices, where {i, j} €
S corresponds to an edge between nodes i and j, and the condition {i, i} € S for all
i corresponds to self-loops at every vertex. In this setting, matrices respecting the
pattern have nonzero entries only on the edges of the associated graph. Moreover,
the irreducibility of the pattern is equivalent to the connectivity of the underlying
undirected graph: a pattern S is irreducible if and only if the graph induced by S is
connected.

2 Formulating the optimization problems

The aim of this section is to formulate the problem of minimizing Kemeny’s constant
as an optimization problem.

It is worth recalling that, for an irreducible Markov chain with a prescribed station-
ary probability vector, we know the minimal value of Kemeny’s constant that can be
achieved and the form of the matrix that attains it.
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Theorem 1 ([19, Theorem 2.2]) Suppose that P is an irreducible stochastic matrix of
order n, and 1 is its stationary distribution, whose components can be assumed to be
ordered as my < mr < -+ - < 7y, without loss of generality. Then,

K(P) = (j = ;. “)
j=1

Let P,_1 be the leading (n — 1) x (n — 1) principal submatrix of P, and let 7,1
represent the leading (n — 1)-subvector of . Equality in (4) holds if and only if P,,—1
is nilpotent and | _ (I — P,_1)"'1 = Z'j’-zl(n — 7.

Note that Theorem 1 provides a lower bound for the value of Kemeny’s constant,
among the set of stochastic matrices with prescribed stationary probability vector .
As shown in [19], when n > 3, the transition matrices attaining the lower bound in
(4) are far from being reversible. This motivates studying reductions of Kemeny’s
constant starting from a prescribed stochastic matrix P, rather than seeking global
minimizers. Hence, rather than characterizing the matrices that globally minimize
Kemeny’s constant for a prescribed stationary distribution, we study how to modify a
given stochastic matrix P as little as possible while achieving a reduction in Kemeny’s
constant. This translates into optimizing Kemeny’s constant with a (possibly) small
perturbation matrix A of the original matrix P. Then, while the lower bound in The-
orem 1 provides a suitable tool for assessing the reliability of our results, we require
that the norm of the perturbation of P should be kept small. More specifically, we can
consider the following optimization problem

1
min (1 = (P+ &) + 1)~ ) + Al
AERYIXVI 2

st. Al=0, ' A=0, and P+ A >0.

(&)

This objective function combines an expression for Kemeny’s constant provided in (2),
with an additional term equal to half the square of the Frobenius norm of the pertur-
bation A. The latter term is included to penalize large modifications of the original
stochastic matrix P, since the norm of A can be interpreted as a measure of the effort,
energy expenditure, or resources required to implement the perturbation. Since the
starting matrix P is stochastic, the conditions A1 = 0 and P + A > 0 ensure that
P + A also remains stochastic. Moreover, the constraint 7 ' A = 0 guarantees that the
stationary distribution of the perturbed matrix P 4+ A remains equal to the prescribed
stationary distribution . Unfortunately, the function that maps a stochastic matrix to
its Kemeny’s constant, as used in the objective of (5), is non-convex [23, §3.1]. Note
that the objective function in (5) is a map from R"*" to R U {oo}, where the value co
can be reached by A for which the matrix P + A is reducible. Nevertheless, since the
function is lower semicontinuous, level-bounded (for each o € R, the set of feasible
points at which the objective functional does not exceed « is bounded) and proper
(there exists at least one feasible point at which it takes a finite value), we apply a
generalization of Weierstrass theorem [32, Theorem 1.9], and obtain that there exists
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a minimum of the objective function. As a result, even if a solution to (5) exists, it
may be generically difficult to numerically estimate it.

Nevertheless, we can construct a convex optimization problem when restricting our
analysis to reversible Markov chains (Definition 2), possibly with a fixed pattern, and
sharing the stationary distribution r; indeed, the restriction on the pattern reflects the
fact that, in many applications, only a prescribed set of transition probabilities can be
modified, e.g., the ones corresponding to the available or controllable connections in
the underlying network. More specifically, assume that P is a reversible stochastic
matrix, that s is its stationary distribution and that P € R"*"(P); Definition 5. We
start considering perturbations A to P such that A € R"*"(S), withS =P, P + A
is stochastic and reversible with pattern S = P, and = is its stationary distribution.
Note that P + A is stochastic, reversible, and such that nT(P +A) = x',ifand only
ifA1=0,P+A >0,and DA = AT D,.

Denote # = /%, where the square root is defined component wise. By choosing
h = & in (§) and by multiplying the matrix ((I —(P+A)+ lnT)_l) to the left by
D; and to the right by D;l, we can construct the following optimization problem:

in ¢ ((1 — D;(P + A)D:! +fu%T)‘1) + l||A||2
AR (S) | ™ i 2T
st. P+A >0, DuA=A"D;, A1=0.

(6)

Then, introducing the alternative variable X = P+ A, which s areversible stochas-
tic matrix with the same pattern S, the problem (6) becomes
A AT

1
min tr(I—DAXDTl—i—Jtn 1)—i——X—Pz,
comin (= DX Dy )7) + 31X - PIG

st. X>0, DX =X'Dy, X1=1.

N

A generalization of this problem can be taken considering the case when the pattern
imposed on the perturbation A does not coincide with the pattern P of the original
matrix P. To this purpose, given a reversible stochastic matrix P € R"*"(P) with
stationary distribution m, and given a pattern S, we introduce the feasible set

F={X eR™(SUP) : X;; = P;j for {i, j} € P\S. X1 =1, Dy X = X' Dy, X >0},

®)
and the associated optimization problem
1
intr (1 = DzXD;" + 22 )7") + JIX = Pl 9
;}g%r( #XDp  +mam ) )+ Sl I+ ©)

Observe that, since P is irreducible, then the pattern P is irreducible. Therefore, the
pattern SUP is also irreducible. In principle, amatrix X € F might be reducible—note
that since the matrix X is reversible, it is equal to a direct sum of two or more stochastic
matrices—but in that case, its Kemeny’s constant would be infinity, therefore such a
matrix cannot minimize the functional in (9).
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2.1 Feasibility and convexity of the optimization problem

We now prove that the formulation (9) of the problem is feasible, i.e., the set of con-
straints F is not empty. We start proving that, given a prescribed stationary distribution
st > 0, there exist reversible stochastic matrices in R**"*(S). The following propo-
sition presents conditions on the pattern S that are necessary to obtain the desired
result.

Proposition2 Let P be a reversible stochastic matrix, with stationary distribu-
tion w, such that P € R"™7"(S), where S is defined as in (3). Then, the set
{X € R™™(S) : X reversible, 1" X = nT} \ {P} is not empty.

Proof Let0 € Rand define X = P+6(P —1I), where I is the identity matrix. Clearly,
DX = XTD,, and, if P;; = 0,i # j, then X;; = 0, therefore X has the pattern of
P + 1. Moreover, by construction, X1 = 1. It remains to show that there exist values
of O such that X > 0. If {i, j} € S and i # j, the nonnegativity condition becomes

6 > —1.Ifi = j, wehave P;; > 0(1 — P;;),i.e.,0 < lf"l",l_l_.Therefore X > 0 for

any —1 < 6 < min; lf’},_. O
123

Remark 3 Observe that the same result can be achieved using a convexity argument.
Indeed, the matrix o P 4+ (1 — &)1 belongs to the set for any o € (0, 1).

More generally, by applying the Metropolis—Hastings adjustment [33], we can prove
that the set F defined in (8) is not empty.

Proposition 3 Given a stationary distribution t > 0 and an irreducible pattern S,
the set of reversible stochastic matrices X € R"*"(S), with pattern S as in (3) is not
empty.

Moreover, given a reversible stochastic matrix P € R"*"(P) with pattern P and
stationary distribution &, and given a pattern S, then the set F in (8) is not empty.

Proof For the first part of the proof, consider the matrix A associated with the pattern
S by

1, {i,j} €S,
A = 10
Y { 0, otherwise, (10)

and define the stochastic matrix Q = D;ll A, which, by construction, has the pattern
S.

Define the transition matrix X with the same pattern S by applying the Metropolis—
Hastings adjustment to Q: We set, for each i # j

. ;i Qji
Q~~.mm{1,’—}, Qi; #0,
Xij = Y 7 Qij Y
0, otherwise,
and define the diagonal by X;; = 1 — ) j#i Xij to ensure row-stochasticity. The

detailed balance condition (1) holds by the pattern symmetry of the matrix Q, and
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the construction preserves the pattern S by only modifying entries where Q;; >
0, and possibly the diagonal entries to enforce the condition on the sum over the
rows. Since the pattern S is irreducible, the associated undirected graph is connected.
By construction, the matrix X has strictly positive off-diagonal entries for all the
indices {i, j} € S (possibly after Metropolis adjustment and scaling), and no other
off-diagonal positive entries. Hence, the directed graph induced by the support of X
coincides with the connected graph associated with S; therefore, X is irreducible as
well.

For the second part of the proposition, we construct a reversible Markov chain whose
transition matrix belongs to  as follows: given a stochastic Q € R(:" (S)—possibly
built as Q = DgllA with A as in (10)—we set for i # j

. P;j, for {i, j} ¢S,
P=15. 05 mm{l fQﬂ}, for {i, j} € S,

where we choose § € [0, 1 — || P1|o ], for

P;;, for {i, j} ¢ S,

o _ P

d {0, for {i, j} € S. ()
We define the diagonal entries as X;; = 1 — ) i X, to ensure row-stochasticity.
The balance condition may be proved entrywise, for entries {i, j} € S, while it holds
automatically for entries {i, j} ¢ S, and irreducibility of X follows from irreducibility
of the pattern S. O

Remark 4 Observe that if the pattern S, in the hypotheses of the second part of the
Proposition 3, is such that IP°1]lsc = 1, then the set F in (8) consists only of
the matrix P, since § = 0. In such case, the optimization problem (9) becomes
meaningless. Moreover, the construction in Propositions 2 and 3 holds true for matrices
X e R(S).

The need for including the {i, i} pairs in the pattern S in Definition 5 is now clear.
Indeed, firstly we construct a stochastic matrix Q, with the desired pattern S, but with
a stationary distribution different from x. Secondly, we adjust the entries obtaining a
reversible matrix with both pattern S and stationary distribution x. To this end, the
presence of the diagonal entries and the possibility to adjust them was essential for
the construction of the matrix X. This condition is the same as that used in [17] for
assigning a target stationary distribution to a given Markov chain.

We now prove that the formulation (9) has a unique solution through a convexity
argument that follows the proof of the analogous result [22, Theorem 2]. The convexity
results for the problems (6) and (7) will then directly follow, by choosing S = P.

Proposition 4 Given a reversible stochastic matrix P € R"*"(P), with stationary
distribution 1, and given a pattern S, then the set F in (8) is convex. Furthermore,
the function f

]
X > f(X)= tr((I—D XD +7%“T)’1)+§||X—P||%,
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is convex over F.

Proof Let X1, X, € F, then for all & € [0, 1], by direct inspection, we have

OBX1+A=0)X)1=60X114+ (1 —0)X21 =1,
Dz (0X1 + (1 —0)X2) = (0X; + (1 —6)X2) " Dy,
P+0O0X1+(0-0)X)=0P+X))+ ({1 -6)(P+ Xp) =0,

hence the set is convex, since (0X; + (1 — 0)X2) € R"™"(S UP) and 0(X1);; +
(1 —6)(X2);j = Pi; for each entry in P \ S. For the convexity of the function, we

observe that W = I — Dz X D;l + ## " is a symmetric positive definite matrix by
construction.
Indeed, since the matrix D; X D;l is similar to X, we get that its spectral radius is

equal to 1. Moreover, since X € F, the matrix D; X D;l is symmetric. We get that

the eigenvalues of / — D3z X D;l are real and nonnegative. Since 7 is in the kernel of

the matrix I — D XDJ;1 and Wi =7 — D; X1+ #"®)% = (& ' #)%, we conclude

that W is symmetric positive definite.
The function tr ((I —D; X D;l + ﬁfrT)’]) is then the composition of the func-

tion ¥ +— tr(Y~') and an affine mapping from the convex set F to a subset of
symmetric positive definite matrix—the inverse preserves the sign of the eigenvalues—
hence it is convex [34, §3.2.2]. Then f(X) is convex as the sum of two convex
functions. m|

3 Formulation as constrained optimization

We solve the optimization problems (6) by formulating it as a constrained minimization
problem in the following general form:

min g(§) : R" — R,

§eR™

ot Aé = b, (equality constraints), (12)
1 <48, (bound constraints).

Here, g(8) represents the objective function to be minimized, A§ = b denotes the

set of linear equality constraints, and the additional lower bound constraints on § are

represented by 1, < 8.

To express A, b, and 1, in (12) in our case, we introduce two operations: vec(-) and
mat(-). The operator vec(-) takes a matrix of size n x n and stacks its columns into
a vector of size n?, while mat(-) reverses this operation, mapping a vector of size n>
back to a matrix of size n x n. These operations satisfy the property mat(vec(A)) = A
for any matrix A € R"*".

We can now reformulate the optimization problems on the matrix A as problems
involving the vector variable § = vec(A). As a constructive tool, we write the vector
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formulation for (6), choosing S = {{i, j} | 1 <i,j<n}:

1

min_ g(8) = tr ((1 — Dz (P +mat®)D;" + frfrT)_l> + o813 : R” S R,

ScR?? 2
_ 1'eI o _

s.t. Ad = |:I®D,, (D, ®I)T]8 =0=b, I, = —vec(P) <,

13)

where [ is the identity matrix, ® denotes the Kronecker product of two matrices, and
T is the permutation matrix, oftentimes called the orthogonal commutation matrix,
mapping the stacking vec(A ") into §.

IPMs are effective for problems of the form (12) [27]. They handle inequality
constraints via barrier functions, keeping iterates strictly feasible, and solve a sequence
of approximations to converge to the optimum. IPMs are particularly efficient for
large-scale problems, offering polynomial-time complexity and high accuracy. To
apply them to (13), we require the gradient of g(d), and generally its Hessian. It is
convenient to express these derivatives in matrix form, as summarized in the following
technical lemma.

Lemma5 Given the function  (X) = tr(2 — DyXDyw) "D+ 11X |2 : R — R,
for Q, Dy, Dy € R"™" and v, w € R", the entries of the gradient of ¥ (X) are given
by

Y (X) _
ax, =V e} (Q — DyXDy) ’e + Xij,

with e;, e; the jth and ith vector of the canonical basis of R". The entries of the
Hessian of ¥ (X) are expressed as

M =V;W;ivpW eT(Q — DyXD )_le eT(Q — DyXD )_2e<+
8Xij8th_ WiV WE\ €5 v w h € \4 w i
T -2 T —1,. I
+e] (2= DyXDy) ey ¢ (@2 — DX Dy) ;) + 8ind
with 8,5 the Kronecker delta, withr,s =1, ..., n.
2
Proof The formulae for a(;// ;X) and a;%? are derived from direct computation,
ij ij hk
exploiting the linearity and the cyclic property of the trace. O

Then, utilizing the expression of g(8) in (13), we have the following formulae for
the gradient and the Hessian.

Proposition 6 The gradient for g(8) in (13) is given by
& 1 AAT) 2
Vg@)=vec|IlO (I—D;,(P+mat(6))D7Ar +nm ) + 6,

or 11 the scaling matrix with entries l:I,~ = 7i/#;, and O the entrywise product.
g j j ry p
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The entries of the Hessian of the function g(8) are given by

A A ) . . -
Hy g =50 (o] Hy(A) ™ en ef Hy(A)2¢; + €] Hy(A) ey €] Hy(A) lei> + 8.

7 Ak
forp=i+(j—Dng=h+(k—Dnandi, j,h,k=1,...,n, 8y, the Kronecker
delta, and Hy(A) = Hg(mat(8)) defined by Hy(A) =1 — D; (P + A)D;1 +aR.

Proof The formulae follow by Lemma 5 setting @ = [ — D, P D;l +#7 ", Dy = D;
and Dy = D" O

The problem (6) can be solved directly in MATLAB using fmincon. Our GitHub
implementation provides exact expressions for the objective, gradient, and Hessian
(see Proposition 6). Since forming the Hessian may be costly, we accelerate the com-
putation by implementing core routines as mex files in C.

Since we are solving a constrained optimization problem, the optimality conditions
for the solutions can be investigated via the KKT conditions. Having proved that
the minimization problem in (9) is convex in Proposition 4, we get that the KKT
conditions are sufficient and necessary conditions for global optimality [34, Section
5.5.3]. Then, the minimizers of problem (9) coincide with its KKT points. The solutions
of the constrained problem are computed via MATLAB fmincon. It employs an IPM
solver via a primal-dual log-barrier method [35], which iteratively solves a sequence
of perturbed KKT systems and is guaranteed to converge to a KKT point of (9).

3.1 Adding the constraints on the pattern of the perturbation

Let us now consider the case where the pattern S chosen on the perturbation matrix A
is not necessarily equal to the pattern P of the starting matrix P. In this case, we can
represent the matrix A € R"*"(S) using a coordinate format, denoted as the triple
of vectors (r, ¢, §). These three vectors respectively contain the row indices, column
indices, and the possible nonzero entries and have size m = |S|. We then define the
function mat(r, ¢, §), which constructs the matrix from this coordinate representation.
Additionally, the function vec(r, ¢, A) returns only the entries indexed by r and c.

Formally, given the pattern S = {{r¢, ¢ }}x, we construct the vectorsr = (rq, ..., Fp),
¢ = (cy,...,Ccn) taking into account the symmetry of the resulting matrix. For any
matrix A € R"™"(S), we define vec(r,c, A) = § € R™, such that §y = A, ,,
for k = 1, ..., m. Conversely, given a vector § € R, we may construct the matrix
mat(r,c¢,8) = A € R"™(S), such that A, ,, = &, fork = 1,...,m, and zero
elsewhere.

We may then write the vector formulation in (13), with this modification, as:

-1 1
g(®) =tr <<I — D; (P + mat(r, c, §)) D;l +fr7%T) ) + 5||6||%7 :R" - R.

(14)
To complete the IPM formulation in (13), we construct a vector of inequality con-
straints 1, equal to I, = — vec(r, ¢, P), while to formulate the equality constraints,
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we define the matrix I' € Rmx”z, such that I'v = vec(r, ¢, mat(v)). Observe that the
matrix I" acts as a projector, restricting a generic vector in R to the entries corre-
sponding to the pattern S. Consequently, in the set of equality constraints, the matrix
A in (13) is replaced by A [F F]T, while the vector b becomes the zero vector of size
n® +n.

The expression of the gradient is then a direct consequence of the result in Propo-
sition 6.

Corollary 7 The gradient of the objective function in (14), with A = mat(r, ¢, §) a
matrix with pattern S is given by

A -2
V g(8) = vec (r, ¢, 1O (I — Dz (P + mat(r, c, 5))D;] + ﬁ'ﬁ'T) ) + 4,

for 11 the scaling matrix with entries ﬁij = %i/7;, and © the entrywise product.

The expression of the Hessian can then be obtained again as a corollary to
Proposition 6 by restricting the set of indices i, j, h, k from 1, ..., n only the val-
ues corresponding to the entries in the pattern S.

4 A Riemannian optimization based approach

As we have anticipated, beyond the constrained approach of Sect.3, problem (7)
can also be addressed via Riemannian optimization. We refer the reader to [36, 37]
for introductory books on the topic. We therefore examine the feasible set and its
manifold structure. Assume the initial stochastic matrix P is reversible with stationary
distribution 7r and pattern P asin (3). We first set S = P and consider variable matrices
X € RN (S) with strictly positive entries on {i, j} € S. Note that P € R"*"(P)
may contain zeros on P, unlike X. More precisely, we are choosing the non-empty
feasible set (Remark 4):

M= {X € R"X" (S) : X stochastic and reversible, Dy X = X D,,}
and set as a variable X = P + A. We may then rewrite (7) as

1
min tr( I—D.XD-' +#nT *‘) ZIX = P2,
min tr (7 = DXD;" + 22 )7") + S1X =PI}

where we recall that # = m /2. Following the idea proposed in [25], we introduce the
set

My = {X e REAS) : X = XT, Xt =7, X;; > 0for (i, j}e S}, (15)

exact
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whose construction is justified by a change of variable and a manipulation of the
balance condition (1):

Dy(P+A)=(P+A) Dy < D (P+A)D;' =P +A)T
XeM, XTeM,

< D, (P+A)D:'=D-'"(P+A)" D;,
—_—— T T e —_—
XeM XTeM

and the stochasticity condition leads to X7 = D; (P + A)1 = &, with X € M.
By this change, the original minimization problem on M can be reformulated as
minye Aq, f(X), thatis an optimization problem over the set (15),

where the functional f(X) is defined as

fX)=tr ((1 - X+ fu%T)—l) + %HD;IXD,; — P|3. (16)

The set M is a manifold of symmetrized reversible stochastic matrices satis-
fying the linear constraints imposed by S; see [25, §3]. By Proposition 2 or the
Metropolis—Hastings construction in Proposition 3 (see also Remark 4), this manifold
is non-empty, ensuring the existence of feasible points and enabling a manifold-based
optimization strategy [37]. To this end, we derive the differential and Riemannian struc-
ture of My in (15). We rely on standard notions (tangent space, retraction) as in [36,
§3,85], and restrict attention to first-order geometry—eschewing the Riemannian Hes-
sian and Levi—Civita connection. The resulting framework supports gradient-based
methods, which we will see are sufficient for our purposes.

Unlike the IPM previously described, Riemannian optimizers work directly on the
manifold, creating a sequence of iterates that belong to the feasible set M by con-
struction. In this setting, the appropriate notion of optimality is not given by the KKT
conditions, but rather by the first-order optimality condition on the manifold, namely
the vanishing of the Riemannian gradient. In particular, the Riemannian conjugate gra-
dient method is guaranteed to produce a sequence whose accumulation points satisfy
this condition [37, Theorem 4.3.1].

The structure of the tangent space is inherited from [25, Lemma 3.2], by adding
the constraint on the pattern S.

Corollary 8 The tangent space at a point X € My is
TeMy = {ex € R™(S) : x = ] xt = 0} am

To obtain a Riemannian manifold we need to endow the tangent space (17) with an
inner product. Note that in this setting, the choice of the Fisher metric made in [25], or
in [28] for the multinomial manifold, does not define an inner product on the tangent
space, due to the presence of zero entries in the matrices. To circumvent this limitation,
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we consider a variant of this metric, defined as follows: for £x, nx € Tx My

oy = Y SO _ (6 0 x0nf). (18)

X..
Xij#0 L

where we denote by @ the following operation: given A € R"*"(S), B € R (S),
we define

Ay )
(A@B); = B B 70
0, for B;; = 0.

This choice represents an inner product on the tangent space; indeed, by direct com-
putation it can be shown that (18) is bi-linear, symmetric and positive definite on
TxMy.

Lemma9 The function (18) is an inner product on the tangent space Tx My in (17).

Hence, this choice of inner product (18) defines a metric on the tangent space. We

only need to check that this is a Riemannian metric [36, Definition 3.52], that is for all
smooth vectors fields V, W on M, the function X — (V(X), W(X))y is smooth—
where a smooth vector field on the manifold M, is a smoothmap V : My — 7 M,
such that V(X) € Ty My, for every X € M. This holds observing that the inner
product is a composition of smooth functions, since X € RL7" (S).
Remark 5 1t is worth noticing that the manifold M, in (15) is not a submanifold
of the manifold {X € R"™": X = X", X#& =&, X > 0}, studied in [25]. Indeed,
the elements in the manifold M do not satisfy the entry-wise positivity constraints.
Therefore, the computation of the main tools needed for the Riemannian optimization
procedure may not be obtained as a direct derivation from the formulae in [25].

4.1 Selecting a different pattern from the original matrix

Analogously to the constrained approach of Sect.3.1, we define a Riemannian opti-
mizer for the same setting. Given areversible matrix P with pattern P, we now consider
perturbations A with a (possibly different) pattern S, reflecting situations in which
only selected entries of P may be modified.

The objective (16) remains unchanged, but the manifold M, must be adapted
to accommodate sub-patterns of P. This leads to a feasible set whose entries are
partly fixed and must remain so throughout optimization, by imposing an additional
constraint on the matrices D; (P + A)D;l.

Indeed, the detailed balance condition (1) leads to the construction of the symmetric
matrices X = D; (P + A)D;l, where P + A is areversible matrix. In this section, we
are interested in modifying selected entries, namely the ones belonging to the pattern
S, and leaving the rest unchanged.
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Letus consider a pair {i, j} ¢ S.Then, the corresponding (P 4 A);; must be chosen
to be equal to P;;. In the symmetrized version X obtained via the scaling by Dy, this

can be obtained fixing X;; = [D;,(P + A)D;l] , that is choosing X;; = %P,j.
ij i
Observe that the symmetry of X is satisfied, since, for {i, j} ¢ S, we have that
X,‘j = }:—;P,‘j = g—;];—{Pji = %Pj,‘ = Xj,', where we used again (l)
Remark 6 In this section, we assume that the matrix P° built as in (11) is such that
I P°1)loo < 1; see also Remark 4.

Therefore, the optimization problem has as minimizing functional f(X) in (16)
and as non-empty feasible set (see Remark 4) the following one:

Mpp ={X e RELPUS) : X = XT, Xit =7, X;j > 0if (i, j} €S,

exact

A

i (19)
Xij=—P;if {i, j}¢S}.
T

Since the starting matrix P is reversible, we automatically get that X;; = X; for
each {i, j} ¢ S. Having solved the optimization for X, we then recover the reversible
stochastic matrix P + A and the perturbation A by inverting the change of variables.

We observe that the set (19) is a manifold. Firstly, we have that the set

A

~ T
M= {X ERZXE&(’PUS) . X:XT,XI% =7%,X,-j = ﬁ—lPij if {l,]} ¢S}

J

is an embedded manifold. Indeed, we may construct the local defining function 4 [36,
Definition 3.10], as follows:

h0) = (K000, A0, 19 0)

where 71 (X) collects the symmetric constraints X j; — X;;, fori < j, h®(X) the
ones in the fixed eigenvector 7, that are Zj Xijmj—n;,fori =1,...,n,and R (X)

fixes X;; — %P,»j, for {i, j} ¢ S. Secondly, we observe that
J

Mp g =MnN Z o j e,'e;!— + Z Bp.g epe;]r o >0, BpgeR
{i.jleS {p.q}¢S

is an open set of M. This implies that M p 5 is a manifold.

Similarly to the manifold M, in (15), the manifold M p , is not a submanifold
of the one presented in [25], since the entrywise positivity constraint is not satisfied.
Hence, in the following, we need to derive the main optimization tools via direct
computation, which do not straightforwardly derive from the ones in [25].
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Remark 7 Observe that the set F defined in (8) is strictly connected with the manifold
Mp . Indeed, it can be seen that, for matrices X € RL3" (P U S), the mapping

exact
L: X D;IX D transforms elements in M p  into elements in F. Nevertheless, it

is worth noticing that we restrict the feasible set to matrices in Rl (PUS), rather than
R™"(PUS). This choice guarantees to work on an open manifold without boundary,
which is particularly convenient for the development of Riemannian optimization
methods.

Experimentally, this construction can be mitigated by progressively modifying the
set S of nonzero elements, in the numerical solution of the optimization problem, and
adjusting the pattern accordingly. To this end, we propose an experimental strategy

described in the subsequent Sect.4.3.

4.2 Main tools for the Riemannian manifold

As anticipated, we may minimize the functional in (16), optimizing over a suitable
manifold. In particular, we observe that the manifolds My in (15) and M p 5 in (19)
coincide if P = &, since this implies X;; = O for {i, j} ¢ S. Therefore, we may
construct and implement the main tools for the Riemannian optimization procedure
by focusing on the manifold M p , and taking M, as its special case.

We start the construction with the characterization of the tangent space of the
manifold Mp 5.

Lemma 10 The tangent space Tx Mp n at X € Mp 5 is the set

TaMpx =[x e R™(S) 1 by = ] 6x7t = 0]

Proof Consider a smooth curve X (1) € M p 5, with X(0) = X, for sufficiently small
values of . Then, we have

X=X = X0 =X0T, XD =& = X =0,
Xij(t) = ;—;PU, Vi, V{i,j} ¢S = X;j(1) =0, V{i,j} ¢S.

This implies that Ty Mp » C {&x € R"™(S) : &x = &y, &xAt = 0}.
On the other hand, given W in the set at the right hand side, the curve y (1) = X+t W
belongs to M p  for sufficiently small values of . Since y(0) = X and y'(0) = W,

we have the inclusion 7y Mp , 2 {Ex e R™"(S) : &x = E;, Exm = O}. O

Observe that the tangent space only takes into account the set of admissible direc-
tions X (), for sufficiently small values of 7. Therefore, since the ent'ries X;j(t) are
constantly equal for every ¢ and for {i, j} ¢ &, the first derivative X;;(¢) does not
reflect any changes outside the set of indices S. Moreover, using this result, we get
that the tangent space 7x M p_ 5 does not depend on the point X, but only on the chosen
pattern and the stationary distribution.

As asanity check, we observe that the tangent space 7y M p 5 is equal to the tangent
space 7x M. Then, we can endow it with the same inner product employed for the
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manifold (15), that is: given &x, nx € TxMp x

(Ex. nx) x = Z (Sx)ij(nx)ij_

X. .
Xij7#0 Y

The characterization of the tangent space can be used in constructing the projection
Iy : R"™" > Tx M p 5, by characterizing TXM# - the orthogonal complement of
the tangent space in R**"(S). In this setting, we may prove the following.

Lemma 11 The orthogonal complement TXLM p.x to the tangent space Tx Mp  can
be expressed as

T¢EMp o = {g,% eR™M ;g = (ou“zT + ﬁaT) OXO S)} . Q0
where a € R" and the matrix § € R"*" is defined as

(1, forfi,jyeS,
Sij = {o, for i, j} ¢ S. @b
Proof Firstly, we prove the inclusion 2. Given §y € TxMp  and Z = (ou'iT +
7a’) O (X O S), we get

(@i’ +reHoXes)
Ex. Zix =) =

Xij#0 Xij
_ Z (éx)ijd)i(ﬁjxijsij n Z (Sx)ijﬁ)i(djxijSij
Xij#0 H Xij#0 H
= ExONT+7 ExOu =0 ExF+7 Exa=0,
NN

=0 =0

where we used the fact that £x is symmetric and has pattern S. Moreover, we observe
that any matrix (ou'ET + J'iaT> O (X © §) is symmetric and has pattern S, and then

it is contained in R"*"*(S). The inclusion holds since the two sets have the same
dimension, as vector spaces. Indeed, the set at the right hand side in (20) is a vector
space of dimension |S| —n. The dimension of the orthogonal complement of 7y M p 5
in R"*"(S) is given by dim(R"*"(S)) — dim(7xMp ) = |S| — n. m]

The expression for the elements in 7y M p , leads to the possibility to define a
projection from the embedding space R"”*" to the tangent space of the manifold. This
step will be employed in the construction of the Riemannian gradient of a function
defined on M p , given its Euclidean counterpart.
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The projection ITy from the embedding space to the tangent space can be written as

z+zHos

5 — (@ +Re¢HOX0OYS),

My : R™" > Ty Mp 5 with Z

where S is defined as in (21) and the vector & can be derived as the solution of

Z+ZHos. . . .
%n = ((om'T —|—]1'OtT) OXo S)) .

Manipulating the previous expression, using computations similar to the one pro-
posed in [28, Theorem 8] and [25, Lemma 3.3], we get that the vector « is the solution
of the linear system

-

Proposition 12 The matrix (diag((X OSr)+ Dz (X O S)D;,)) in (22) is invertible
forany X € Mp 5, and S as in (21).

Proof Assume by contradiction that there exists a nonzero vector v € R” such that
diag((X © S)m)v + Dz (X © §)D;zv =0 < (diag((X © S)Jz))_1 Dz (X ©8)D;zv = —v,
by observing that the matrix diag((X © S)m) is invertible since (X © S);; # O,

(XS >0,andw > 0.
As an intermediate step, we observe that

. X7):
| diag(Xm) ™ Dy XDjloo = max —-— = min < pxy=1, (23)
I<i<n (Xm);  I<isn @m;

where the first equality follows by the nonnegativity of the matrix, and by noting that
(diag(X n))~! D;XD;1 = (diag(X 7))~ m; while the last inequality follows from
the Collatz—Wielandt formula [30, §8].

From (23), we get that X& > & entrywise. Since X irreducible and nonnegative,
with p(X) = 1, from [30, Example 8.3.1] we getthat X& = &, whichis a contradiction
since 7 is the unique eigenvector associated with p(X) and & > 7 entrywise, hence
it cannot be a multiple of 7 due to the fact that # = 7 /2.

Moreover, since the infinity norm of the matrix (diag((X © S$Hm))~! Dz (X©S)D;
can be bounded from above as

| (diag((X ® S)7t))71 DA(X O S)Djlloo = max w < max M
s 7 oo = B8, (X oom); 192, (X0 Sy,
_ (Xo9Hm)i . (X7);

T ii<n (DpX®);  1<i<n (D7 X7®);
= || (diag(X®)) ™! D3 X Dj oo,
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we get that p ((diag((X o Sm)~! D; (X © S)D,;) < 1, which concludes the proof.
O

In order to employ first order Riemannian optimizers, such as the conjugate
gradient [38] or Barzilai-Borwein method [39], we need the computation of the Rie-
mannian gradient [36, Definition 3.58] of the function f(X) in (16). Denote by grad f
and Grad f the Riemannian and Euclidean gradient [36, eq. (3.19)] of the function
f i Mp gz — R, respectively. By definition of Euclidean gradient, we get that

(Grad f(X), &) =Df(X)[€], V& e R™,

where (-, -) denotes the Frobenius inner product. The definition of the Riemannian
metric in (18) and the formula for the orthogonal complement of the tangent space
Tx M p » lead to the expression

(Grad f(X), §x) = (Ilx(Grad f(X) © X), £x)x = Df(X)[éx],

for each §x € Tx M p . From which we get that the Riemannian gradient grad f (X)
is equal to [Tx (Grad f(X) © X).

The last tool we need for employing first order methods on a manifold is the
possibility to perform a retraction from the tangent space to the manifold [36, Defini-
tion 3.47]. In the following, we construct a first-order retraction of a point £x in the
tangent space onto the manifold M p ;. As an intermediate step, we need the follow-
ing lemma, which describes the possibility to balance a symmetric matrix. The proof
relies on a modified version of Sinkorn—Knopp [25, 40, 41], and the condition in [42,
Theorem 2.1].

Lemma 13 Let P € R"*" be a reversible stochastic matrix with stationary distribution
wt, and S a pattern for which P® in (11) is such that | P°1||so < 1. Then, for any
nonnegative symmetric matrix A € R""(S), A # 0 with total support—i.e., such
that all its nonzero elements lie on a diagonal with positive elements —there exists a
diagongl matrix D with positive diagonal entries such that DADt = 1t — B, with
B = P’x.

Proof Note that the vector at the right hand side has entries different from zero. .

Then, applying a modified version of the Sinkorn—Knopp to the matrix A =
D; ADj,asin[25, Lemma 3.7], we obtain two diagonal matrices D1, D; with positive
elements on the diagonals such that

DIADy1 = D (= —B) and 1" DjAD, = (& — B) ' D;. (24)
From the previous relation, using that A= D;AD;, we get
DiADyt =7 —Band ' D1AD, = (& — B) .

Since A is symmetric, taking the transpose in (24), it also holds

D)AD\wt =7 — B and 7 DyAD| = @-B".
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Then, we conclude the proof choosing D = %(Dl + D»). O

Then, given a nonnegative and symmetric matrix A, with a prescribed pattern S,
we find a diagonal scaling D such that the matrix P + D AD belongs to the manifold

Mp x, where ﬁij = Pij%, for {i, j} ¢ S and FN’,-]- = 0 elsewhere. Indeed, we may
J

check that Pi+DAD# = B+7m — B = &, and consequently, ftT(ﬁ—}— DAD) = al,
since P is symmetric.

Remark 8 Observe that when dealing with matrices in M, where the sparsity pattern
is the one inherited by the original matrix, we have 8 = 0 in the previous Lemma.

A first-order retraction Ry : TxMp +— Mp , onto the manifold can be
constructed via the result [37, Proposition 4.1.2]. In this framework, this means con-
structing a diffeomorphism ¢ such that

¢: Mpx xR > Sp, with (P +S,d) — P + DgSDq,

where R” = {x € R : x > 0}andSp = {15+S:SGR
e S}.
Recall that each element of the manifold M p ; can be written as a sum of the

matrix with elements P; j = Pijz- and a matrix § > 0 in RL"(S). Note that

T

X1 (8), Sij > 0 for {i, j}

I
exact

dim(Mp ) = dim(Sp) — n, moreover R” and S p are manifolds.

The function ¢ is a diffeomorphism. Indeed, observe that its inverse ¢ ~! can be
derived employing Lemma 13 and the subsequent remark. Then, a retraction Ry :
TxMpr +— Mp g can be constructed as Rx(§x) = 11 (d)’l(X + Sx)), where
71 : Mp gz xRL > Sp is the projection onto the first component. Observe that since
X=P+ S, we have that the first order retraction Ry is the identity, for X 4+ &x > 0.
Indeed, we have that (P + S + éx) = (X + &x) = &, and (P + S + £x) =
X +&)=X+&x)".

In order to employ a Riemannian optimization scheme for the functional f(X)
in (16), we need as an additional step the computation of the Euclidean gradient of
f(X), which will then be projected in order to find its Riemannian counterpart. In
the following, we denote by f the smooth extension of f defined on Mp 5 to the
embedded space R"*".

Lemma 14 Let f : R > R be in the form
A AT ] | R 2
FX) =t ((1 — X+ a7 ) +31D7'XD; = Pl
then the Euclidean gradient Grad f(X) is

-1 -1 A AT 2\
Grad f(X) = D;'X Dy — D; PD;,—i—((I—X—I—nn ) )
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K=1119 K =10.42
o4 3 o4 3
o5 2 o5 2
o5 ®1 g o1
o7 10912 o7 *t0—e12
g *9 g *9
®11 ®11

Fig. 1 Example of the Braess paradox, for the Markov chains associated with the two graphs. In the right
panel, the edge between nodes 11 and 12 is removed, which decreases Kemeny’s constant from 11.19 to
10.42. This illustrates an instance of pendent twins, as described in [44]

Proof The derivative for the term ||D];1 XDj; — P||2F can be found in [25, Proposi-
tion 3.9]. For the second term, we observe that tr ((I — X+ ftiiT)_l) = h(g(X)),
withh(Y) =tr(Y)and g(X) = (I — X + ## ")~ from which we may conclude that

A AT =1 A AT\2 -7 nxn
Dtr((I—X+7tn) )[V]: V,((I—X+7tn)) , for V e R"*",
Then, we conclude that:

Df(X)[V]= <v, D;'XDy — D;'PD; + ((1 - X+ frﬁT)z)_T>,

T
and the gradient is Grad f(X) = D;' XDy — D;] PD; + ((I —X+ ftftT)z) .0

4.3 Adaptive choice of the pattern

The Riemannian construction we have described is based on the modified Fisher metric
in (18). Unlike the classical case, which requires all matrix entries to be nonzero, the
proposed modification permits us to designate a set of entries that remain unaffected
by the optimization and can therefore be fixed to zero—subject to the conditions stated
in Propositions 2 and 3. At first glance, this flexibility might appear sufficient for the
task of reducing Kemeny’s constant: enhancing the communicability and reachability
among the chain states (i.e., the nodes of the underlying network) seemingly requires
only the addition or reinforcement of connections. However, this intuition is misleading
because of the so-called Braess paradox [43]; see the example in Fig. 1.

The Braess paradox [43, 45] describes the counterintuitive phenomenon whereby
adding an edge or increasing the capacity of a network can worsen overall performance.
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In the setting of Markov chains, a similar effect can occur: adding or strengthening
transitions does not necessarily decrease Kemeny’s constant, and in fact can lead to
its increase. This arises because network performance is not determined solely by
local improvements in connectivity, but by the global balance of flows and transition
probabilities.

The Riemannian formulation suggests solving (9) directly over the manifold M p ,
where the optimizer is unique. Computationally, edges associated with the Braess
paradox naturally shrink to zero; to prevent numerical issues in evaluating (18) when
entries fall below machine precision, we adopt an adaptive pattern-selection strategy.
Given a stochastic matrix P with stationary distribution & and pattern S, we first
optimize over M p . using the full pattern. Whenever an entry of the current iterate
X drops below machine precision u#, we remove its location from S and continue
optimization on the reduced pattern S\ {{i, j} | X;; < u, i # j}. Since the minimizer
of (9) is unique, this pruning cannot introduce spurious solutions. The full procedure
is summarized in Algorithm 1.

Algorithm 1 Adaptive selection of the pattern

Input: Reversible stochastic matrix P, stationary distribution 7 of P, prescribed pattern S
Output: Reversible stochastic matrix P which minimizes the functional (16)
Construct the manifold M p 5 as in (19)
Set tolerance on the norm of the gradient tol= 1073
while tol> 10712 do
Compute solution X to problem (16), with inner tolerance tol
Choose the pattern S < S '\ {{i,j} } Xij Suni# j}
Choose X as starting guess for the optimization
Decrease the tolerance tol < 1077 - tol
end while
Compute the solution as P = D;IX Dj;

This approach mirrors optimization on fixed-rank matrix manifolds, where the
chosen rank may initially be suboptimal and is adjusted adaptively, as in [46]. Here,
varying rank is replaced by varying sparsity patterns: instead of moving between
manifolds of different rank, we traverse manifolds of the form (19), each defined by a
distinct nonzero structure. For solving (16), any first-order Riemannian method may
be used. In Sect. 5, we employ the Riemannian Conjugate Gradient (CG) method [38]
and the Barzilai-Borwein (BB) line-search Riemannian Gradient method [39].

As an illustrative example, we consider a 10 x 10 with a pattern S, with cardinal-
ity 54. Running the experiment in Algorithm 1, we remove from the pattern a few
elements, as shown in Fig. 2.

The Fig. 2a panel reports the initial pattern, while the Fig. 2b and ¢ panels report
the elements that were adaptively selected for elimination from the pattern by the
Algorithm 1 for two different tolerance values of 10~3 and 1079.

While the idea underlying the adaptive pattern selection may appear straightfor-
ward, its introduction was useful to mitigate the numerical errors arising from entries
of small magnitude. Avoiding working with such entries is always desirable, in this
setting, this concern becomes particularly critical in the optimizer steps that require
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Fig. 2 Example of application of Algorithm 1 on a 10 x 10 reversible sparse matrix. We plot in l and
the entries removed when tol= 10~ and tol= 1079, respectively

the retraction Ry, described in Sect.4.2. Specifically, in the implementation of the
retraction, we adopt a slightly different first-order retraction, that is

Rx(6x) =P (X Oexp(éx @ X)), Véx € TxMpx,

where the exponential exp(-) is performed entrywise and P : R**"(S) — Mp
represents the application of the modified Sinkhorn theorem proposed in Lemma 13.
This modification does not alter the theoretical results, while improving the quality of
the numerical output, as previously observed in [25, 28, 47].
In the illustrative example presented in Fig. 2, the removed entries (denoted as ll and
) have a magnitude of 1073°, making any entry-wise division by them numerically
unsafe. Then, adapting the pattern obtained by removing such entries enhances the
robustness of the algorithm, without introducing spurious solutions.

5 Numerical examples

The implementation of the Riemannian optimizer relies on Manopt [48] (v.8.0),
and it includes an implementation of the first order geometry for the manifolds M
in (15) and Mp 5 in (19). The constrained version of the optimizer relies on the
fmincon MATLAB function [35]. The semidefinite programming approach dis-
cussed for comparison in Sect. 5.2 is implemented using the CVX library [49, 50]. The
code to replicate the experiments is available on the GitHub repository https://www.
github.com/Cirdans-Home/optimize-kemeny. Numerical experiments have been run
on MATLAB R2022b, on a laptop with 16 GB of RAM and an Intel Core i17-10750H
CPU (2.59 GHz).

5.1 Comparing the constrained and the Riemannian approaches

Our comparison addresses three settings: (i) nearly reducible Markov chains [51],
(ii) synthetic tests (including a scalability study as the state space grows), and (iii)
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Table 1 Results for the nearly

reducible matrix P Riemannian Constrained
K(X) 1.4746 x 102 1.0928 x 102
1X1 = 1|00 6.6613 x 10710 5.2637 x 1072
e "X =7 T oo 2.0816 x 10~17 1.8301 x 1073
1Dz X — X" D lloo 4.9500 x 10~18 1.8559 x 1073
I1X—Plp 3.2895 1.9479 x 10!
Time (s) 2.6 35.94

reversible chains arising from power networks [ 18]. The quality of the computed matrix
X is evaluated using | X1 — 1]|oo, |7 "X — " |l0o, and || Dz X — X T Dy || 0o, Which
measure, respectively, stochasticity, stationarity, and reversibility. We also report the
Frobenius norm of the perturbation, running time (in seconds), and the change in
Kemeny’s constant.

Example 1 Consider areversible stochastic matrix P associated with anearly reducible
Markov chain, obtained by constructing a P as a stochastic matrix with random entries
on the two blocks on the main diagonal and then adding extra small transition probabil-
ities to the extra-diagonal blocks to make it irreducible. In this example, we consider
a 50 x 50 test matrix P, with two diagonal blocks of size 25 x 25 each, and two
additional entries in positions P; so and Psp ;. To make it reversible, the Metropolis—
Hasting modification described in Proposition 3 is applied. We run both the constrained
and the Riemannian optimizers on P. Given & the stationary probability vector of P,
the solution we look for is a stochastic matrix X with the same pattern of P and such
that Dz X = X ' Dy.

Kemeny’s constant associated with the original stochastic matrix P is 2.2147 x 109.
We test both the constrained and the Riemannian optimizers, comparing the quality
of the solution. In Table 1, we report the different evaluation metrics. We observe that
both approaches succeed in substantially reducing Kemeny’s constant. Nevertheless,
it is worth noticing that, for this example, the Riemannian optimizer, based on the
Riemannian CG, is faster than the constrained one, without losing accuracy on the
quality of the solution X.

Example 2 To compare the solvers, we consider a series of randomly generated prob-
lems. After choosing a dimension n, we construct a test reversible stochastic matrix
with a specified pattern P and choosing S = P for the modification pattern. Our
implementation of a first order geometry for the manifold (15) is contained in the
function N = multinomialsparsesymmetricfixedfactory(pv,S).

In particular, for each choice of the size n € {10, 20, 30, 40, 50, 60}, we generate
25 test cases, ordered with respect to the dimension n, and compare three solvers:
the constrained one, the Riemannian approach using as optimizer the Riemannian
CG [38], and the Riemannian approach employing BB line search rule [39]. In the
subsequent figures, on the x-axis the test cases are numbered, 25 for each dimension,
for the dimensions n € {10, 20, 30, 40, 50, 60}.
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Fig.4 Detailed comparison of the relative distance for each test problem
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Fig. 5 Comparison with respect to the computational time, and with respect to the metric || Dy X —
X" Drlloc

From Figs.3 and 4, we observe that the solution X computed via the con-
strained approach and the Riemannian one—for both choices of the inner Riemannian
optimizer—produce the same reduction of the Kemeny’s constant and relative distance
IX=Plle/| P

The main difference between the constrained version of the approach and the
Riemannian one consists in the quality of the produced solution, as it can be seen
from Figs. 5(Right) and 6. Our implementation of the constrained optimizer employs
fmincon function in MATLAB, which appears to suffer in this set of test problems.
Moreover, a second difference may be found in the computational time employed by
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Fig.6 Comparison with respect to the metrics ||7[TX - nTHoo and || X1 — 1|00

the three methods, as displayed in Fig. S(Left). Indeed, while the constrained approach
seems faster for small sized stochastic matrices, the Riemannian versions are faster
for large sized test cases.

Example 3 In an analogous way to the procedure in Example 2, we compare the
three solvers on a set of randomly generated reversible stochastic matrices, where
we choose a pattern S different from the pattern P of the original reversible
matrix P. The comparison has been carried out with respect to the minimiza-
tion of Kemeny’s constant (Fig. 7), the relative distance (Fig. 8), to the elapsed
time in Fig. 9 (Left) and the metrics in Fig. 9 (Right) and Fig. 10. The test
set can be generated using the implementation of the manifold Mp 5, stored in
N=multinomialsymmetricfixedentriesfactory (pv,S,calP),avail-
able on Github.

For each choice of the size in n € {10, 20, 30, 40, 50, 60}, we generate 25 test
matrices and order them with respect to the dimension. In each figure, on the x-axis
the test cases are numbered, following this order.

Similarly to the results in Example 2, the Riemannian solvers have a compara-
ble behaviour, while the constrained optimizer seems to suffer when the dimension
increases, leading to a loss in the accuracy of the produced solutions and a higher com-
putational time. However, for lower dimensions, the constrained procedure provides
a valuable alternative to the Riemannian optimizer. Observe that both Riemannian
solvers do not suffer when dealing with matrices of higher dimensions and, more
importantly, the quality of the produced solution does not depend on the size of the
matrices involved.

Example 4 We consider a set of the power grid networks of several countries taken from
the dataset Power grid,! which provides the adjacency matrices of the networks;
see [18] for a description of the extraction procedure for these data. We select 5 power
networks, reducing the problem to their largest connected component when needed.
For each reduced network with adjacency matrix A, we may then construct a random

! The dataset is available at https://github.com/ComplexNetTSP/Power_grids/tree/v1.0.0.
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Table 2 Structural properties and original Kemeny’s constants for the networks in Power grid

Network Size nnz(P) Density IC(P) Bound (4)

Austria 147 336 1.55% 1.1896 x 103 9.3027 x 10!
Belgium 90 218 2.69% 5.2136 x 102 5.7234 x 10!
Denmark 63 136 3.42% 6.6786 x 102 3.8342 x 10!
Netherlands 84 190 2.69% 5.2300 x 102 5.2191 x 10!
Switzerland 310 736 0.76% 1.9366 x 10* 1.9748 x 102

Table 3 Performance comparison for Markov chains associated with networks in Power grid

Constrained Riemannian
Network  C(X) H DxX — X! Dy Hoo Time(s) K(X) H DiX — X' Dy HOO Time(s)
Austria 1.1550 x 103 1.6067 x 107> 161.80 1.1535 x 10% 5.6379 x 1018 17.91
Belgium  4.9493 x 102 1.3619 x 1070 38.62  4.9482 x 102 3.4694 x 10~18 6.12
Denmark  6.5814 x 102 1.6731 x 107 936  6.4610 x 102 9.5410 x 10~!8 4.59
Netherlands 5.0549 x 102 2.0134 x 10~ 21.19  5.0549 x 102 9.5410 x 10~18 5.50
Switzerland 1.3900 x 104 1.9053 x 107 40.16  2.6217 x 103 2.3852 x 10~!8 102.98

walk as in Definition 1, scaling the entries as: P = Dy ! A, withd = Al. The matrix P

is irreducible and, furthermore, the stationary vector for P is ¥ = ﬁ. We observe
i di

that the transition matrix P is reversible with respect to .

We may then apply the constrained optimizer and the Riemannian optimizer based
on the Riemannian-CG on the reversible matrix P, choosing as pattern the one of P.

In Table 3, we provide the results for the final matrix X, obtained via both the
constrained and the Riemannian optimizer, comparing its Kemeny’s constant, the
reversibility error | Dy X — X " Dy ||oo and the elapsed time in seconds. Moreover, in
Table 2 we summarize the features of the considered test cases, reporting for each the
matrix size n, the number of nonzero elements, the density (computed as the percentage
of nonzero entries out of n2), along with its original Kemeny’s constant AC(P) and the
bound in (4). All quantities refer to the largest connected component, which is the
one used in the experiments—we remark that the power network associated with the
Switzerland is irreducible. While the reduction of Kemeny’s constant is comparable,
the Riemannian optimizer satisfies the reversibility constraints with better accuracy.

In Fig. 11 (left), we plot the original power graph of Switzerland. The application
of one of the two optimizers produces a new Markov chain, with the same station-
ary probability vector . In this setting, it is possible to track the modifications to
the original graph, constructing the new adjacency matrix as A = DgX. In Fig. 11
(right), we plot the final graph obtained via the Riemannian optimizer, highlighting
the edges whose weight increases (blue) and the ones whose weight decreases after
the minimization procedure (green).
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Fig. 11 Power network of Switzerland (on the left). Edges whose weights increased after optimizing
Kemeny’s constant are shown in blue, while those whose weights decreased are shown in green (on the
right)

5.2 Comparison with the semidefinite programming approach

Minimization of Kemeny’s constant has also been investigated in the context of
stochastic surveillance strategies based on Markov chains [22, 23]. The perspective
adopted in that setting differs substantially from ours. In particular, the problem con-
sidered in [22, 23] consists of determining, for a prescribed sparsity pattern of the
transition matrix and a given stationary distribution, the realization of the transition
probabilities that minimizes the Kemeny constant.

By contrast, in our framework the objective is to determine a low-norm, fixed-
pattern perturbation of an existing Markov chain that achieves a reduction of the
Kemeny constant while preserving stochasticity and structural constraints.

The realization problem considered in [22, 23] can be reformulated, in our notation,
as the following semidefinite programming (SDP) problem:

min tr(X)
X,P

s

>0,

R
subject to |:1 Dy PD;" +7nn Ii|

1 X
P1=1, (25)
miPj=mjPji, {i,j} €S,

0<P; <1, [i,jles,

P;j=0, {i,j}¢8,

where the pattern S encodes the admissible transitions of the Markov chain, and we
have used the notation M > 0 to state that M is positive semidefinite. The linear matrix
inequality in (25) guarantees reversibility and allows the minimization of the Kemeny
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constant through the trace objective tr(X). The resulting optimization problem is
convex and can therefore be efficiently solved using standard SDP solvers. To showcase
the difference with our implementation, the problem (25) has been formulated and
solved in MATLAB using the CVX package [49, 50].

Example 5 For the numerical experiments, we considered the same construction used
for the synthetic test cases in Example 2 with reversible Markov chains of dimension
n = 30. A random stationary distribution was generated by sampling positive entries
and normalizing them so that they define a probability vector. Starting from this distri-
bution, we constructed random sparse transition matrices compatible with a prescribed
graph topology. The sparsity pattern was obtained from arandomly generated symmet-
ric adjacency matrix with self-loops, ensuring that the resulting Markov chain remained
connected and admissible. A symmetric matrix having the prescribed stationary dis-
tribution as invariant eigenvector was then generated using the manifold construction
implemented in the routinemultinomialsparsesymmetricfixedfactory.
This matrix was converted into a reversible stochastic matrix satisfying detailed bal-
ance with respect to the chosen stationary distribution. Finally, the Kemeny constant
associated with the generated Markov chain was computed and used as the baseline
reference value in the subsequent optimization experiments.

Starting from an initial reversible Markov chain with Kemeny constant equal to
33.485261, the proposed Riemannian optimization approach produced a perturbed
chain with Kemeny constant 30.366179 in 1.192 x 10~! s. The obtained perturbation
remained relatively close to the original chain, with relative distance 4.179491 x 10~
Moreover, the constraints defining reversibility, stochasticity, and stationarity were all
satisfied up to machine precision, yielding residuals 1.06 x 10717,2.22 x 10716, and
1.39 x 10~ respectively.

Next, the standard Euclidean constrained optimization framework produced a local
minimum with a Kemeny constant of 30.366190, which is nearly identical to the value
achieved by the Riemannian approach with an execution time 1.2672s. However, the
constraints were satisfied to a lower degree of precision compared to the manifold-
based framework, yielding residuals of 1.17 x 10711,3.00 x 1074, and 2.18 x 10712
for the reversibility, stochasticity, and stationarity conditions, respectively.

Finally, the SDP-based formulation achieved a slightly lower Kemeny constant,
equal to 30.28066, but required a significantly larger modification of the original
chain, with relative distance 1.086508. The computational cost was also higher, with
execution time 2.3623 s, more than one order of magnitude larger than that of the
Riemannian method. The resulting matrix still satisfied the stochasticity, stationarity,
and reversibility constraints to high numerical accuracy, with residuals 4.51 x 10712,
2.31 x 10713, and 1.15 x 10~7, respectively.

Overall, the experiments indicate that the SDP approach is slightly more effec-
tive in directly minimizing the Kemeny constant, whereas the proposed Riemannian
framework achieves a comparable reduction while preserving significantly greater
proximity to the original Markov chain.
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6 Conclusions

In this work, we investigated the problem of perturbing the entries of the transition
matrix of a homogeneous, discrete-time Markov chain in order to reduce its Kemeny’s
constant, thus improving its circulation properties. While the general formulation of
this problem is inherently non-convex and does not admit systematic solution meth-
ods, we identified a tractable special case by imposing reversibility of the underlying
Markov chain. This additional structure renders the minimization of the Kemeny’s
constant a convex problem, making it amenable to the use of optimization techniques.

We proposed two complementary approaches: one based on constrained optimiza-
tion via an IPM, and the other on Riemannian optimization. Both were analyzed
theoretically and translated into algorithms exploiting the problem’s structure. Numer-
ical experiments show that while the IPM handles sparse cases and naturally zeroed
pattern elements effectively, it may struggle to satisfy machine-precision constraints,
particularly reversibility and preservation of the stationary distribution. In contrast,
the Riemannian approach is more robust in maintaining these structural properties.

Several directions remain for future work, including connections to related opti-
mization problems in spectral graph theory and stochastic processes, as well as the
development of a second-order geometry on the proposed manifolds to enable faster
methods.
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