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Abstract
This article presents a novel solution method for nonautonomous linear ordinary frac-
tional differential equations. The approach is based on reformulating the analytical
solution using the �-product, a generalization of the Volterra convolution, followed by
an appropriate discretization of the resulting expression. Additionally, we demonstrate
that, in certain cases, the �-formalism enables the derivation of closed-form solutions,
further highlighting the utility of this framework.

Keywords Fractional calculus (primary) · fractional ordinary and partial differential
equations · �-product

Mathematics Subject Classification 26A33 (primary) · 65L05 · 33C45

1 Introduction

We consider systems of Fractional Ordinary Differential Equations (FODE) of the
form

y(α)(t) = ˜f (t)y(t), y(0) = y0, t ∈ I = [0, T ] ⊆ R, 0 < α ≤ 1, (1.1)
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where f̃ (t) is a regular function of t , y(α)(t) denotes the Caputo fractional derivative
of order α [4], defined as

y(α)(t) = 1

Γ (n − α)

∫ t

0
(t − τ)n−α−1y(n)(τ ) dτ, n − 1 < α ≤ n, n ∈ N

with Γ (·) representing the Euler Gamma function [10, §5] , given by its integral
definition

Γ (z) =
∫ ∞

0
t z−1e−t dt, for �(z) > 0,

which extends meromorphically to the entire complex plane except at the negative
integers.

Equations of this type arise in a wide range of applications, including the modeling
of viscoelastic materials [2], suspension flows via hyperbolic models [5], and prob-
lems in Earth system dynamics [44]. They also appear in reformulations of quantum
mechanics using fractional calculus. In particular, the fractional Schrödinger equation
was introduced in [29] and further analyzed in [27]. An extension of the Feynman
path integral that incorporates Lévy flight paths was developed in [28], while a time-
fractional formulation that generalizes conventional quantummechanicswas proposed
in [30]. The unification of fractional mechanics with quantization procedures was
explored in [32], and the time-fractional Schrödinger equation–where the standard
first-order time derivative is replaced by a Caputo fractional derivative–was studied
in [35], leading to solutions with intrinsic nonlocal temporal behavior. Complement-
ing these theoretical developments, numerical methods for the fractional Schrödinger
equation were proposed in [12, 16], highlighting both the mathematical depth and
practical relevance of these fractional formulations.

The usual starting point to derive a method for solving (1.1) is through the refor-
mulation of it into its equivalent nonlinear Volterra integral equation form

y(t) = y0 + 1

Γ (α)

∫ t

0
(t − τ)α−1

˜f (τ )y(τ ) dτ

= y0 + RL
0 I

α
t

˜f (t)y(t),

(1.2)

where RL
a I

α
b · is the Riemann–Liouville fractional integral on the [a, b] interval; see,

e.g., [7, 15]. Most of these methods are, in their original formulation, of low order
which can typically be improved through extrapolation techniques, see, e.g., the dis-
cussion in [8]. In addition, the most used methods are of the finite difference type and
return the solution as a set of evaluations on a given grid, consider, e.g., fractional
predictor-corrector methods [9] and fractional linear multistep methods [14, 15, 31].
All these methods can be framed in the formula “first discretize and then solve”. In
fact, these generate a succession of approximate problems whose solution is a conver-
gent succession to the solution. The other possible approach, taking hold in different
contexts, is first to express a solution to the continuous problem and then to discretize
the latter to obtain the desired approximation. That is, “solve first and then discretize”;
consider, e.g., the use of operator-based Krylov methods for the solution of partial
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differential equations [19], or the computation of continuous semigroups with error
control [6]. This case also encompasses the construction of exponential integrators
based on the two-parameter Mittag–Leffler function [13]

Eα,β(x) =
∞
∑

k=0

xk

Γ (αk + β)
, (1.3)

which, in the special case β = 1, reduces to the standard notation Eα(x).
Our objective is to refer here to this second approach and to obtain an approximation

of the solution of (1.1) starting from its reformulation in terms of the so-called �-
product.

The paper is organized as follows. In Section 2,we provide a brief introduction to the
�-product formalism.We then explore its application in rewriting the solution of (1.1),
first for scalar equations in Section 3, and subsequently for systems of equations
in Section 4. In Section 5, we discuss the discretization procedure for the obtained
formulation. Section 6 presents numerical experiments on benchmark problems to
validate the approach. Finally, we conclude with a summary of findings and future
research directions in Section 7.

2 Algebraic treatment of differential calculus with �-products

The main novelty driving the analytical and numerical progresses in the treatment of
nonautonomous fractional differential equations is a product operation on bivariate
distributions, denoted �-product. We refer the reader to [21, 40] for a full exposition
of this product, which we here only briefly present.

Let I ⊂ R be a compact and denote C∞(I 2) be the set of bivariate functions which
are defined and smooth on an open neighborhood of I 2. The weak closure of this
set, denoted C∞(I 2), includes bivariate distribution-like objects such as δ(t − s), the
Dirac delta distribution, its derivative δ′(t − s) and more generally all of its derivatives
δ(i)(t − s), i ∈ N as well as the Heaviside Theta function Θ(t − s) = 1 if t ≥ s and 0
otherwise. Contrary to the familiar Schwartz distributions, elements of C∞(I 2) are not
linear forms but endomorphisms of C∞(I 2) and the �-product is their composition.
To get an intuitive understanding of these objects, a good analogy is given by finite
dimensional vector spaces: if smooth functions were column vectors, then Schwartz
distributions such as δ(x) would be row vectors, endomorphisms of C∞(I 2) would be
square matrices and the �-product would be the matrix product. Of particular interest
is the subset D ⊂ C∞(I 2) of endomorphisms of the form

d(t, s) = ˜d−1(t, s)Θ(t − s) +
N

∑

i=0

˜di (t, s)δ
(i)(t − s),

where all d̃i (t, s) ∈ C∞(I 2), i ≥ −1 are bivariate functions. We may succinctly state
thatD is the class of all distributions which are linear combination of Heaviside theta

123



F. Durastante et al.

functions and Dirac delta derivatives with coefficients in C∞(I 2). OnD the �-product
is defined as

(d�e)(t, s) :=
∫ ∞

−∞
d(t, σ )e(σ, s)dσ, d, e ∈ D. (2.1)

The unit for this product is 1� := δ(t − s). The set of �-invertible elements of D is
dense in D and forms a Fréchet-Lie group. The �-product reduces to a convolution
in the case where both d(t, s) and e(t, s) depend only on t − s and otherwise differs
from it. It also produces the Volterra composition, here denoted �V , [43]: if d(t, s) :=
d̃−1(t, s)Θ(t−s) and e(t, s) := ẽ−1(t, s)Θ(t−s), then d�e = d̃−1�V ẽ−1.Most of the
properties of the �-product are best understood as continuous analogs of those of the
matrix product (AB)i j = ∑

k AikBk j . In particular the �-product is non-commutative
but associative over D.

InD, �-powers such asΘ�n and (δ′)�n = δ(n) are well defined for n ∈ Z [40] (Here
and in what follows, we omit the t, s arguments of the distributions and functions
when they are clear from context). For instance, Θ�−1 = δ′ and

(δ′�−k)(t, s) = (Θ�k)(t, s) = (t − s)k−1

(k − 1)! Θ(t − s), k ∈ N. (2.2)

Furthermore �-multiplication by Θ produces integration

(Θ� f )(t, s) =
∫ t

−∞
f (σ, s)dσ,

while the Cauchy formula for repeated integration of a function f̃ ∈ C∞(I 2) is the
statement (Θ�k)� f̃ Θ = Θ�(Θ�(· · · Θ�(Θ� f̃ Θ) · · · )). These observations encour-
age us to define fractional integrals from positive fractional �-powers of Θ . Such
fractional powers are accessible from the usual series definition over integer powers:

Lemma 1 Let α ∈ R
+. Then the endomorphism of C∞(I 2),

Θ�α(t, s) :=
∞
∑

k=0

(

α

k

)

(

Θ − δ
)�k

,

is well defined on every I 2 ⊂ R
2 compact. Furthermore it evaluates to,

Θ�α(t, s) = (t − s)α−1

Γ (α)
Θ(t − s).

This endomorphism is �-invertible if and only if α ∈ N.

Proof Let α > 0, then consider the formal series definition of non-integer �-powers
of Θ from its integer powers,

Θ�α =
∞
∑

k=0

(

α

k

)

(

Θ − δ
)�k

. (2.3)
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Since δ is the �-identity, Θ and δ �-commute, δ�(k−m) = δ and Θ�0 = δ, it holds that

Θ�α(t, s) =
∞
∑

k=0

(

α

k

) k
∑

m=0

(

k

m

)

(−1)k−m Θ�m

=
∞
∑

k=0

k
∑

m=1

(

α

k

)(

k

m

)

(−1)k−m (t − s)m−1

(m − 1)! Θ(t − s)

+
∞
∑

k=0

(

α

k

)

(−1)kδ(t − s).

Note that the assumption α > 0 is necessary to guarantee existence of the δ term.
Evaluating the above expression gives,

Θ�α(t, s) =
∞
∑

k=0

(−1)k+1k

(

α

k

)

1F1(1 − k; 2; t − s)Θ(t − s),

= (t − s)α−1

Γ (α)
Θ(t − s).

Here 1F1(a, b, z) is a confluent hypergeometric function. Generalized hypergeometric
functions [10, §16.2] pFq are defined as the series:

pFq(a1, . . . , ap; b1, . . . , bq ; z) =
∞
∑

k=0

(a1)k(a2)k · · · (ap)k
(b1)k(b2)k · · · (bq)k

zk

k! , (2.4)

where (a)k := a(a+1) · · · (a+k−1) = Γ (a+k)/Γ (a) is the Pochhammer symbol.

We now turn to the �-invertibility of Θ�α . Should it be invertible, then its �-inverse
ought be the αth fractional �-power of δ′, (δ′)�α since this is true for all integers
α, see Eq. (2.2). Attempting to define (δ′)�α through a series in integer powers of δ′
similarly to Eq. (2.3) should lead to explicit forms for fractional derivatives of bivariate
functions. The series does not converge for any α ∈ R

+\N however, just as that of
Eq. (2.3) does not converge for α < 0. Both of these facts indicate that Θ�α is not �-
invertible for non-integer positive α values. In the following we will explicitly identify
an element of its kernel. 
�

While the endomorphism Θ�α is not �-invertible hindering the definition of frac-
tional derivatives, it nonetheless admits a pseudo-inverse for the �-product fromwhich
stem both the Riemann–Liouville and Caputo fractional derivatives:

Lemma 2 Let a ∈ R, α ∈ R
+ and consider the operators Dα and I defined through

their action on any f ∈ D as

(

I� f
)

(t, s) := lim
a→−1

∫ ∞

−∞
(t − σ)a

Γ (1 + a)
Θ(t − σ) f (σ, s)dσ, (2.5)
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(

Dα� f
)

(t, s) := lim
a→−1

∫ ∞

−∞
(t − σ)a−α

Γ (a − α + 1)
Θ(t − σ) f (σ, s)dσ. (2.6)

Then,

Dα�Θ�α = Θ�α�Dα = I ,

Dα�Θ�α+β = Θ�β, ∀β ∈ R
+,

I�Θ�α = Θ�α�I = Θ�α.

That is, Dα is the Drazin inverse [26] of Θ�α with respect to the �-product.

Remark 1 Consider α ∈ R
+\N and define

Xα(t, s) := (t − s)−α

Γ (1 − α)
Θ(t − s) − Γ (α)(t − s)1−α I (t, s),

Then we have Θ�α�Xα = 0. That is Im(Xα) ⊂ Ker(Θ�α) for α ∈ R
+\N. The

projector onto the kernel of Θ�α is then P := δ − Dα�Θ�α . All the results above
follow from direct calculations of the integrals. They offer an alternative point of view
on the traditional approach developed by Gel’fand and Shilov [18] (and see also [36]).

Considering the objects f ∈ C∞(I 2) for which the limit and integral of (2.6) can
be exchanged, the Drazin inverse Dα = (Θ�α)† is seen to act, by �-product, the same
way as

Θ�−α := (t − s)−1−α

Γ (−α)
Θ(t − s). (2.7)

The �-action of this is precisely what yields Riemann–Liouville integral with negative
fractional order: let ỹ ∈ C∞(I 2), then

(

Θ�−α�ỹΘ
)

(t, s) = RL
s I

−α
t [ỹ] Θ(t − s) =: RL

sD
α
t [ỹ] Θ(t − s), (2.8)

with RL
sDα

t [ỹ] the Riemann–Liouville derivative of ỹ(t) of order α. This provides an
algebraic explanation for the change α → −α postulated in the Riemann–Liouville
approach to fractional derivatives from fractional integrals. However, this strategy is
not algebraically valid in general, since the �-action ofΘ�−α does not always coincide
with that of Dα .

Remark 2 For α > 0, Θ�−α is not a genuine �-power of Θ since Θ has no �-inverse
when α > 0 is not an integer. Rather it should be understood as a convenient abuse
of notation to represent the action of the Drazin inverse Dα . In the following we will
also use the similar notation Θ�(1−α) := (t − s)−α/Γ (1 − α)Θ(t − s), which is not
a �-power of Θ whenever α > 1.

Let ỹ(α)(t) denote the Caputo derivative of order 0 < α < 1 with respect to t
of the smooth function ỹ(t). This quantity also has an immediate algebraic meaning.
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Indeed, since Θ�α = Θ�Θ�α−1 and δ′ = Θ�−1, it follows that Dα = Dα−1�δ
′. Thus

by Eq. (2.8),

RL
sD

α
t [ỹ] Θ = Dα�ỹΘ = Θ�(1−α)�δ′�ỹΘ.

Since δ′�ỹΘ = ỹ′Θ + ỹδ (see, e.g., [21]) then,

RL
sD

α
t [ỹ] Θ = RL

s I
1−α
t [ỹ′]

︸ ︷︷ ︸

ỹ(α)(t)

Θ + (t − s)−α

Γ (1 − α)
ỹ(s)Θ,

from which we recover the Caputo derivative of ỹ

ỹ(α)(t)Θ = RL
sD

α
t [ỹ] Θ − (t − s)−α

Γ (1 − α)
ỹ(s)Θ. (2.9)

Alternative presentations of the Caputo derivative that rely on ỹ(k) instead of ỹ′ are
similarly obtained via Dα = Dα−k�δ

(k).

3 Solution to nonautonomous fractional differential equations as
�-resolvents

Within the framework presented in Section 2, we obtain a new expression of the
solution of the fractional differential equation (1.1) by reformulating it explicitly as
an equation in two variables t > s, s being the time for the initial condition:

ỹ(α)(t, s)Θ(t − s) = f̃ (t) ỹ(t, s)Θ(t − s), ỹ(s, s) = ỹs . (3.1)

Theorem 1 Consider the homogeneous linear fractional differential equation (3.1)
with f̃ (t) a continuous function of t and α ∈ R

+. Then the solution exists and is
given by

ỹ(t, s)Θ = Θ�α�(δ − f̃ Θ�α)�−1 �Θ�(1−α) ỹs . (3.2)

Corollary 1 Let α ∈ R
+ and consider the inhomogeneous linear fractional differential

equation

ỹ(α)(t, s)Θ(t − s) = f̃ (t) ỹ(t, s)Θ(t − s) + g̃(t)Θ(t − s), ỹ(s, s) = ỹs (3.3)

with f̃ and g̃ two continuous functions of t . Then the solution exists and is given by

ỹ(t, s)Θ = Θ�α�(δ − f̃ Θ�α)�−1 �(Θ�(1−α) ỹs + g̃Θ). (3.4)

Proof We first establish the Theorem. Let Gα := Dα�ỹ Θ. By Eq. (2.9) this is

Gα = ỹ(α)(t)Θ + (t − s)−α

Γ (1 − α)
ỹ(s)Θ = ỹ(α)(t)Θ + Θ�(1−α) ỹs .
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Furthermore, by Lemma 2,

f̃ · ỹΘ = f̃ · (Θ�α�Gα) = ( f̃ · Θ�α)�Gα,

where the last equality follows from the observation that f̃ depends only on t , and “·”
is the standard product. Eq. (3.1) can now be recast as

Gα − Θ�(1−α) ỹs = f̃ Θ�α�Gα,

that is
(δ − f̃ Θ�α)�Gα = Θ�(1−α) ỹs,

and thus
Gα = (δ − f̃ Θ�α)�−1 �Θ�(1−α) ỹs .

Given that Gα = Dα�yΘ the solution is finally obtained as ỹΘ = Θ�α�Gα since
Θ�α�Dα = I by Lemma 2 and, for any smooth function ỹ, we have I�ỹΘ = ỹΘ .
This gives

ỹΘ = Θ�α�(δ − f̃ Θ�α)�−1 �Θ�(1−α) ỹs . (3.5)

We emphasize that this solution is valid in the nonautonomous situations where f̃
depends on t . Alternatively, since δ + (δ − f̃ Θ�α)�−1� f̃ Θ�α = (δ − f̃ Θ�α)�−1 and
Θ�α�Θ�(1−α) = Θ , (3.5) can be recast as

ỹΘ = Θ + Θ�α�(δ − f̃ Θ�α)�−1� f̃ Θ ỹs .

For the inhomogeneous equation (3.3), following the same steps as above we find that
Gα satisfies

(δ − f̃ Θ�α)�Gα = Θ�(1−α) ỹs + g̃(t)Θ.

Together with ỹΘ = Θ�α�Gα this gets the result of Corollary 1.

�

Remark 3 The solution (3.2) involves a �-resolvent, (δ − f̃ Θ�α)�−1, which is analyt-
ically available from the �-Neumann series

∑∞
k=0( f̃ Θ

�α)�k . This series is guaranteed
to converge for f̃ ∈ C∞(I 2) by standard arguments [20].

Example 1 Let f̃ (t) ≡ f be constant, α ∈ R
+ and consider the autonomous fractional

differential equation for t ≥ s,

ỹ(α)(t)Θ(t − s) = f ỹ(t)Θ(t − s).

Given that f Θ�α �-commutes with Θ�(1−α), the solution of (3.2) simplifies to

ỹ(t, s)Θ = Θ�(δ − f Θ�α)�−1 ỹs .
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Furthermore for k ≥ 1 an integer, ( f Θ�α)�k = f kΘ�kα , so the Neumann series for
the �-resolvent yields, as expected,

ỹ(t, s)Θ =
∞
∑

k=0

f kΘ�kα+1 ỹs =
∞
∑

k=0

f k
(t − s)αk

Γ (αk + 1)
ỹsΘ,

= Eα

(

f (t − s)α
)

ỹsΘ,

where Eα(·) designates the Mittag-Leffler function (1.3)

Example 2 Let α ∈ R
+ and consider the nonautonomous linear fractional differential

equation
ỹ(α)(t)Θ(t) = t ỹ(t)Θ(t), ỹ(0) = ỹ0.

Given that

(

Θ�α�(tΘ�α)�k�Θ�(1−α)
)

(t, 0) =
(α + 1)kΓ

(

k + 1
α+1 + 1

)

t (α+1)(k+1)

Γ
(

1
α+1 + 1

)

Γ (αk + k + α + 2)
,

exploiting the �-Neumann series representation of the �-resolvent appearing in the
formal solution (3.2) we find, for t ≥ 0,

ỹ(t) = ỹ0 + ỹ0

Γ
(

1 + 1
α+1

)

∞
∑

k=0

(α + 1)k Γ
(

k + 1
α+1 + 1

)

Γ (αk + k + α + 2)
t (α+1)(k+1).

Once α is given, this can be further expressed in closed-form via generalized hyper-
geometric functions. For example α = 1/2 leads to

ỹ(t) = ỹ0

[

4t3/2

3
√

π
2F2

(

1,
4

3
; 7
6
,
3

2
; t

3

3

)

+ 1F1

(

5

6
; 2
3
; t

3

3

)]

, (3.6)

and α = 1/3 to

ỹ(t) = ỹ0

[

2F2

(

7

12
,
11

12
; 1
2
,
3

4
; t

4

4

)

+ 63
√
3t8/3Γ

( 1
3

)

160π
3F3

(

1,
5

4
,
19

12
; 7
6
,
17

12
,
5

3
; t

4

4

)

(3.7)

+9
√
3t4/3Γ

( 2
3

)

8π
3F3

(

11

12
, 1,

5

4
; 5
6
,
13

12
,
4

3
; t

4

4

)

]

,

while α = 1 gives ỹ(t) = et
2/2 ỹ0. We further remark that the results are valid for any

α ∈ R
+, so for instance α = 2 correctly recovers

ỹ(t) = 0F1(2/3, t
3/9) = (ỹ0/2)Γ (2/3)

(

32/3 Ai(t) + 31/6 Bi(t)
)

,
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where Ai(·) and Bi(·) are the Airy functions [10, §9].
To advance our “solve-then-discretize” strategy numerically, we must introduce a

suitable discretization for (3.2) to obtain an approximate solution within a prescribed
tolerance (see Section 5). However, our primary interest lies in solving systems of
fractional differential equations. Therefore, before addressing the discretization pro-
cess, the following Section 4 outlines how the theoretical framework can be extended
to accommodate this case. Notably, this scenario arises when solving nonautonomous
linear partial differential equations with fractional time derivatives, where applying a
longitudinal method of lines–i.e., a semi-discretization of the spatial variables–leads
to the integration of a system of nonautonomous fractional differential equations.

4 Nonautonomous systems of linear FDEs

Let M(t),N(t) ∈ C∞(I )n×n be two matrix-valued functions that are smooth on an
open neighborhood of a compact time interval I . We consider, on I , the fractional
nonautonomous ordinary differential system

U(α)(t, s) = M(t)U(t, s) + N(t), U(s, s) = I, (4.1)

where theCaputo derivative on the left hand side is understood to be taken on each entry
of the solution matrix U. The main result of the first part is that the formal solution of a
nonautonomous linear fractional differential scalar equation with coefficient function
f̃ (t) involves the �-resolvent of f̃ Θ�α . In the matrix case, the definition of �-product
(2.1) generalizes by taking the usual matrix-matrix product inside the integral, i.e.,

(D�E)(t, s) :=
∫ ∞

−∞
D(t, σ )E(σ, s)dσ, D, E ∈ Dn×n .

Then, the algebraic proof of Theorem 1 remains completely valid leading to a similar
result, namely,

Corollary 2 Consider the fractional nonautonomous system 4.1. Then its solution is

U(t, s)Θ = (Θ�α I)�
(

I� − M(t)Θ�α
)�−1

�(Θ�(1−α) I + N(t)Θ), (4.2)

with I� = δI and I is the n × n identity matrix.

The crucial advantage of this formal solution is that the �-resolvent (I� −M(t)Θ�α)�−1

at its core is amenable to powerful algebraic and combinatorial techniques, such as
the path-sum theorem exploiting the structure inherent to the coefficient matrix M(t)
[20, 22, 23].

In its most general form, the method of path-sums stems from a fundamental prop-
erty of walks on graphs: the existence and uniqueness of their factorization into simple
paths and simple cycles, walkswhich do not visit any vertexmore than once. This prop-
erty entails that the formal series of all walks between any two vertices of a graph can be
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Fig. 1 Graph G for the
application of the path-sum
theorem to Eq. (4.3)

1 2

(1�t)� �

1�

�t�

�

�

reduced to a fraction over its simple cycles. This, in turn, implies that entries of resol-
vents can be represented as fractions over the simple cycles of an underlying graph. For
instance, in the case of interest here note that (I�−M(t)Θ�α)�−1 = ∑

k≥0(M(t)Θ�α)�k .
Seeing (M(t)Θ�α)�k as the powers of an adjacency matrix, the Neumann series for the
resolvent becomes a series of walks. Consequently, (I� −M(t)Θ�α)�−1

i j must admit an
exact representation as a fraction over the simple cycles of a graph G whose adjacency
matrix is M(t)Θ�α . The approach is exactly the same as that presented in [20] for the
nonautonomous, integer-order α = 1 differential equations, so we refer the reader
to this work for more details. Here, we shall only present path-sums for fractional
systems through an example.

Example 3 Consider the following system of coupled linear fractional differential
equations

U(α)(t) =
(

1 + t −t
1 0

)

U(t), U(0) = I. (4.3)

This is an instance of (4.1) with s = 0. Observe that in the ordinary case α =
1, the differential system being nonautononous, the solution U is the time-ordered

exponential of M(t) =
(

1 + t −t
1 0

)

, which is already difficult to obtain analytically.

Returning to full generality α ∈ R
+, let G := (I� − M(t)Θ�α)�−1. According to

Eq. (4.2) the solution of this fractional differential system is then

U = (Θ�α I)�G�(Θ�(1−α) I).

We obtain G, and thence U, with the path-sum theorem. To that end we begin by
constructing the graph G with adjacency M(t)Θ�α; see Figure 1.
The quantity G11 is expressed in terms of simple cycles from 1 to 1 on this graph,

G11 =
(

1� −
Loop 1←1

︷ ︸︸ ︷

(1 + t)Θ�α − (−tΘ�α) � (1Θ�α)
︸ ︷︷ ︸

Backtrack 1←2←1

)�−1
.

This simplifies to G11 = (

1� − Θ�α)�−1�(1� − tΘ�α)�−1. Each of these resolvents
is accessible via its �-Neumann series (see Examples 1 and 2). We find (details in
Appendix A)

U11(t) = 1

Γ
(

1
α+1

)

∞
∑

k,m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m)α + 1)
tα(k+m)+k .
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While we could not find a closed-form expression for the above result in terms of
Mittag Leffler or fractional trigonometric functions, we can recast it as an infinite
series of such functions,

U11(t) = 1

Γ
(

1
α+1

)

∞
∑

k=0

(α + 1)k Γ
(

k + 1

α + 1

)

t (α+1)k Eα, αk+k+1
(

tα
)

.

Proceeding similarly for other matrix elements of U, we obtain (see Appendix A),

U21 = 1

Γ
(

1
α+1

)

∞
∑

k,m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m + 1)α + 1)
tα(k+m+1)+k,

= 1

Γ
(

1
α+1

)

∞
∑

k=0

(α + 1)kΓ
(

k + 1

α + 1

)

tα+(α+1)k Eα, α+αk+k+1
(

tα
)

U12 = − 1

Γ
(

1
α+1

)

∞
∑

k=1

∞
∑

m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m)α + 1)
tα(k+m)+k,

= −U11 + Eα

(

tα
)

,

U22 = 1 − 1

Γ
(

1
α+1

)

∞
∑

k=1

∞
∑

m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m + 1)α + 1)
tα(k+m+1)+k,

= −U21 + Eα

(

tα
)

.

This solves the nonautonomous fractional differential system of (4.3).

5 Numerical solution

We aim to translate the solution expression (3.2) into something amenable to com-
putation. For this task we can adapt a technique from the ODE setting [39]. Let us
consider a sequence of the Legendre polynomials {Pk}k , rescaled and shifted so that
they are orthonormal over the bounded interval I = [0, T ] on which we have defined
the FODE (1.1), that is

∫

I
Pk(τ )P�(τ )dτ = δk,� =

{

0, if k �= �

1, if k = �
.

In this way, {Pk}k is a basis for the space of smooth functions over I . Hence, we can
expand any distributions of the form f (t, s) = ˜f (t, s)Θ(t − s) (which are piecewise
smooth) as follows
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f (t, s) =
∞
∑

k,�=0

fk,� Pk(t)P�(s), t �= s, t, s ∈ I , where

fk,� =
∫∫

I×I
f (τ, σ )Pk(τ )P�(σ ) dτ dσ.

For a given positive integer m, the expansion above can be truncated and expressed in
matrix format

fm(t, s) =
m−1
∑

k=0

m−1
∑

�=0

fk,� Pk(t)P�(s) = φm(t)�Fm φm(s), (5.1)

where the coefficient matrix Fm and the basis vector φm(t) are defined as

Fm :=

⎡

⎢

⎢

⎢

⎣

f0,0 f0,1 . . . f0,m−1
f1,0 f1,1 . . . f1,m−1
...

...
...

fm−1,0 fm−1,1 . . . fm−1,m−1

⎤

⎥

⎥

⎥

⎦

, φm(t) :=

⎡

⎢

⎢

⎢

⎣

P0(t)
P1(t)

...

Pm−1(t)

⎤

⎥

⎥

⎥

⎦

. (5.2)

Let us define Dt as the subring of the �-ring (D, �,+) generated by the identity
distribution δ and all distributions of the kind f (t, s) = f̃ (t)Θ(t − s). Moreover, let
f , g, q ∈ Dt be such that q = f �g, and let F,G,Q be the respective infinite coefficient
matrices (m → ∞). As shown in [37, 39], it follows that

Q = FG, (5.3)

meaning that the matrix product of the (infinite) matrices F,G is well-defined and
captures the �-product operation.

In numerical computations, it is necessary to use the truncated coefficient matrices
(5.2), with m < ∞. In this case, the matrix Qm := FmGm provides only an approx-
imation of Q. The quality of this approximation depends on the (numerical) band of
the involved matrices; a discussion of the truncation errors can be found in [39].

In [37], we showed that Dt can be mapped onto a subalgebra of the usual matrix
algebra. As a result, additional matrix algebra operations are also well-defined and
alignwith corresponding �-operations.Most importantly, the �-inverse is mapped onto
the usual inverse of a matrix. By analytic continuation, for ρ, α ∈ R

+, the expression
in Lemma 1 can be generalized to

Θ�α(t, s) := ρα
∞
∑

k=0

(

α

k

)(

Θ

ρ
− δ

)�k

.

Then, the truncated series

S j (t, s) := ρα

j
∑

k=0

(

α

k

)(

Θ

ρ
− δ

)�k

,
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Table 1 Left: �-algebra
operations and related objects.
Right: Corresponding matrix
algebra operations and objects
( f , g, p are distributions from
Dt , and F,G, P are the
corresponding coefficient
matrices (5.2)) for m → ∞.

�-operations/objects matrix operations/objects

p = f �g P = FG

p = f + g P = F + G

1� = δ I, identity matrix

f −� F−1, inverse

(1� − f )−� (I − F)−1, resolvent

Θ H

is in Dt . Therefore, denoting with Hm , the coefficient matrix of Θ , it holds

S j (t, s) = ρα

j
∑

k=0

(

α

k

)(

Θ

ρ
− δ

)�k

≈ ραφm(t)�
⎛

⎝

j
∑

k=0

(

α

k

) (

Hm

ρ
− Im

)k
⎞

⎠ φm(s),

for t, s ∈ I , t �= s. Note that for ρ large enough, this last matrix series is always
convergent for j → ∞, obtaining

Θα(t, s) ≈ φm(t)�(Hm)αφm(s).

In Table 1 we summarize the other main results on the matrix representation of the
�-algebra.

Let us approximate the solution ỹ(t, s) of (3.2) by combining the operations in
Table 1, the truncated matrices (5.2), and the expression of Theorem 1. First, we
consider the truncated matrix Ym , i.e., the coefficient matrix of the solution:

ỹ(t, s) ≈ ỹm(t, s) := φm(t)�Ymφm(s).

Then, we build the coefficient matrix Fm of the distribution ˜f (t)Θ�α . Finally, the
solution (3.2) rewrites, as in Theorem 1

ỹ(t, s) ≈ φm(t)�Ymφm(s) ≈ φm(t)�Hα
m(Im − Fm)−1H1−α

m φm(s),

where Im is the identity matrix of size m. As explained in [39], because of the Gibbs
phenomenon, the solution is computable only for s = 0, which is exactly the time
of the initial conditions; hence we can compute the solution of Equation (1.1). In a
two-step formulation, this amounts to

{

Solve: (Im − Fm)x = H1−α
m φm(0),

Approximate: y(t) ≈ φm(t)�Hα
mx, ∀ t ∈ I .

(5.4)
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Table 2 Left: �-algebra
operations and related objects.
Right: Corresponding matrix
algebra operations and objects
(A, B,C are from Dn×n

t , and
A,B,C are the corresponding
block coefficient matrices, for
m → ∞.)

�-operations/objects matrix operations/objects

C = A�B C = AB

C = A + B C = A + B

I� = δ(t − s)In I, identity matrix

A−� A−1, inverse

(I� − A)−� (I − A)−1, resolvent

The elements of the vector Hα
mx approximate the Legendre coefficients of the function

y(t). As shown in [39] for the case α = 1 (ODE), the truncation error of Hm and Fm
is amplified in Hα

mx . However, it tends to accumulate towards the last elements of the
vector Hα

mx . Therefore, it can be eliminated by setting those elements to zero. While
the analysis of the truncation error accumulation is beyond the scope of this paper, the
numerical experiments in Section 6 (in particular in Section 6.1.1) confirm that this
also happens for 0 < α < 1. Therefore, it is possible to reduce the truncation error
accumulation by erasing the last elements of Hα

mx .
Following the same ideas presented in the ODE case in [38], for the FODE system

treated in Corollary 2, we can also derive a linear algebra expression. First we extend
the operations and objects of Table 1 to the case ofDn×n

t . As done in [37], letM(t, s) =
[ fi j (t, s)]ni, j=1 be an n × n matrix with elements fi j (t) ∈ Dn×n

t . We can map each

element fi j into the corresponding (truncated) coefficient matrix F(i, j)
m . Then, we get

the following nm × nm matrix composed of the m × m blocks

Am :=

⎡

⎢

⎢

⎢

⎢

⎣

F(1,1)
m . . . F(1,n)

m

...
. . .

...

F(n,1)
m . . . F(n,n)

m

⎤

⎥

⎥

⎥

⎥

⎦

. (5.5)

Now, givenA(t, s), B(t, s),C(t, s) ∈ Dn×n
t so thatC(t, s) = A(t, s)�B(t, s),wedenote

with A,B,C the respective coefficient matrices (5.5) for m → ∞. Then, we have
C = AB. Therefore, Table 1 generalizes to Table 2.

Then, the approximated solution of Equation (4.1) on the interva I is given by
transforming the expression in Corollary 2 into the matrix formula:

U(t, s) ≈ (In ⊗ φm(t)�Hα
m)(Inm − Mm)−1(In ⊗ H1−α

m + Nm)(In ⊗ φm(s)),

withMm and Nm the (block) coefficient matrix of, respectively,M(t)Θ�α and N(t)Θ ,
and ⊗ the Kronecker product.

Now, let us consider the following non-autonomous homogeneous FODE

ũ(α)(t) = M(t)ũ(t), ũ(0) = u0, t ≥ 0, (5.6)
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where u0, u(t) are now vectors. Then, under the same regularity assumption of the
previous case, the FODE solution is approximated by the formula

ũ(t) ≈ (In ⊗ φm(t)�Hα
m)(Inm − Mm)−1(u0 ⊗ H1−α

m φm(0)). (5.7)

Essentially, the solution ũ(t) is accessible by solving the linear system

(Inm − Mm)x = u0 ⊗ H1−α
m φm(0). (5.8)

Finally, the coefficient matrices Hm can be computed using the method described
in [39]. Then (Hm)α can be obtained by established methods for the computa-
tion of matrix functions [24, 25]. In our case, we used the Schur decomposition
Hm = USUH and the command Sˆalpha in MATLAB R2024b or the command
expm(logm(S)*alpha) for MATLAB versions before the R2021b one. Note that
we have chosen this approach because m is not a large matrix; moreover, note that the
Schur decomposition of Hm can be computed and stored once for all. If the number
of coefficients m becomes large enough that the direct method with computational
cost O(m3) is no longer scalable, an iterative approach can be employed to perform
the matrix-vector product operations involving the matrices Hα

m and H1−α
m ; see, e.g.,

[1, 34]. Computing the coefficient matrix of a distribution of the kind f̃ (t)Θ�α , it is
slightly more convoluted, we give the details in Appendix B.

Overall, the method can be summarized as follows:

Algorithm 1 (�-method) The solution of the system of FODEs (5.6) is obtained by the
following procedure.
1: Compute the coefficient matrixMm.
2: Solve the linear system (5.8).
3: Compute the vector y = (In ⊗ φm(t)�Hα

m)x.
4: Set to zero the last elements of y.
5: The solution at time t ∈ I is given by φm(t)�y.
Note that y contains the approximated Legendre coefficients of the truncated expansion
of the solution.

Generally speaking, the most costly part of the method is item 2., the solution of the
linear system. For certain large, sparse (or structured) matrices, the solution can be
more efficiently computed by a Krylov subspace approach.

5.1 Matrix equation formulation and Krylov subspace approach

First, assume that the systemof FODEs (5.6) is autonomous, i.e.,M(t) ≡ M is constant.
Then the block coefficient matrix is Mm = M ⊗ Hα

m . As a consequence, the linear
system (5.8) can be transformed into the matrix equation

X − Hα
mXM

� = φ(α,0)
m u�

0 , (5.9)
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with x = vec(X) the vectorization of X, that is, the m × n matrix X is transformed into
the mn vector x by stacking the X columns, and

φ(α,0)
m = H(1−α)

m φm(0).

We refer, e.g., to [42] for more details on matrix equations and their connection with
linear systems. If M is a large and sparse (or structured) matrix, then, following [42],
we can useArnoldi’s algorithm [41, Alg. 6.1, p.160] to build an orthogonal basis V j for
the Krylov subspace K j (M̄, u0), with M̄ the conjugate of M. Then, by approximating
the solution as X ≈ YVH

j , and considering the upper Hessenberg matrix R j = VH
j M̄V j

we get the reduced-size matrix equation

Y − Hα
mYR

H
j = φ(α,0)

m e�
1 ‖u0‖2, (5.10)

with e1, the first vector of the canonical basis. This latter equation is of much smaller
size, hence it can be solved by a direct approach, in our case, by means of the Schur
decomposition [42].

Consider now a non-autonomous system of FODEs where M(t) = K + L f̃ (t),
where K, L are constant matrices and f̃ (t) is a scalar function. Then, following the
same procedure as above, we obtain the matrix equation

X − Hα
mXK

� − FmXL� = φ(α,0)
m u�

0 , (5.11)

where Fm is the coefficient matrix of f̃ Θ�α . In this situation, it is generally no longer
possible to apply the Krylov subspace approach described above. However, it is often
observed that equations such as this, where the right-hand side is a rank 1 matrix, have
a solution X with a numerically low rank (e.g., in [38]). This is exploited to devise a
cheaper Krylov-based solver as described in Appendix C It is worth noting that, in
general, reformulating the solution of fractional differential equations—particularly
in the multidimensional case, or when spatial and temporal discretizations are treated
simultaneously—as a suitable matrix equation is a topic that has been extensively
studied in the literature [3, 33]. A key advantage of the present case is that the matrix
Hα
m is typically low-dimensional and possesses a structure that can be effectively

exploited.

6 Numerical examples

This section presents a series of numerical experiments designed to validate the solu-
tion formulation described in Section 3. It also outlines a framework for comparing
the proposed approach with existing integrators in terms of both accuracy and com-
putational cost, employing the techniques discussed in Section 5.

We begin our analysis in Section 6.1 by evaluating the numerical solution of scalar
problems. In particular, we consider an autonomous problem whose solution is given
by theMittag-Leffler function (Example 1) and two closed-form solutions correspond-
ing to scalar nonautonomous systems (Example 2). In Section 6.2, we extend our
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study to the numerical solution of the fractional Schrödinger equation, addressing both
the autonomous case–where the associated Hamiltonian implies a time-independent
potential–and the nonautonomous case, in which the potential is time-dependent.

The experiments were carried out on a Linux-based system equipped with an Intel®

Core™ i9-14900HX processor (24 cores, 48 threads, up to 5.8GHz), 64GB of RAM,
and runningMATLAB version 24.2.0.2740171 (R2024b Update 1) for the scalar test
cases. The numerical solution of the fractional Schrödinger equationwas executed on a
single node of the Toeplitz cluster, located in the green data center of the University of
Pisa. This node is equipped with dual Intel® Xeon® E5-2650 v4 processors (24 cores,
48 threads, 2.20GHz), 264GB of RAM, and it runsMATLAB version 9.10.0.1602886
(R2021a). To compute Legendre basis expansion we employ the Chebfun package
[11] (v5.7.0). The code to reproduce the following example is available in the Git
repository hosted on GitHub Cirdans-Home/starfractional.

6.1 Scalar problems with closed form solutions

To validate the solution procedure introduced, we consider a fundamental test case:
recovering the solution of the scalar fractional differential equation (1.1) for a constant
λ ∈ R. Specifically, we aim to reconstruct the solution of the linear homogeneous
fractional ordinary differential equation with the Caputo fractional derivative of order
α ∈ (0, 1) on the interval [0, 2] discussed in Example 1, and given by:

f (t, ỹ) = F ỹ(t), F ∈ R.

The solution to this equation is expressed as:

ỹ(t) = ỹ0Eα(Ftα),

where Eα(z) is the Mittag-Leffler function (1.3). To validate the solution obtained
using the �-method, we compare the computed results with those obtained using the
MATLAB function ml whose implementation is described in [13, 17].

Fig. 2 contains the solution computed with the �-approach for ỹ0 = 1, F = −1 and
α = 0.7, in particular, panel 2ashows the Legendre basis coefficients corresponding to
the application of the discrete equivalent of the �-resolvent to the Legendre coefficient
expansion of the basis function. In the experiment, we observe the behavior described
in Section 5,where the final coefficients are affected by truncation error due to the finite
number of basis functions used in the series expansion. To reconstruct the solution,
we select a subset of coefficients in the Legendre basis that are not impacted by
truncation–specifically, k = 140–thereby obtaining the relative error shown in the third
panel, Fig 2b. This relative error is consistent with the expected order of magnitude
corresponding to the truncated coefficients.

The other test case we want to consider is the one based on Example 2 where we
consider a nonautonomous FDE with source term

f (t, y) = t y(t), t ≥ 0,
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Fig. 2 Numerical solution with the �-Lanczos approach on the autonomous scalar test equation from
Example 1 and comparison with the true solution expressed in term of the Mittag-Leffler function ( ỹ0 = 1,
F = −1, α = 0.7 and M = 200 basis function used)

on the interval [0, 2], by exploiting the �-formalism we have obtained an expression
of the solution in terms of generalized hypergeometric functions (2.4) that we can
then use to validate what was obtained through the solution procedure described in
Section 5. Specifically, we select ỹ0 =1 and α = 1/2 to recover the solution (3.6), and
ỹ0 = 1 and α = 1/3 to recover the solution (3.7).

The results are presented in Figure 3, where we observe a behavior similar to that of
the autonomous case. In particular, as predicted by the theory, it is necessary to consider
a number of Legendre coefficients smaller than the computed total, M = 100, due to
truncation error—we retain k = 70 coefficients for both cases. Furthermore, the error
behavior remains robust across different values of the fractional derivative order.

Another notable phenomenon observed in both cases (Figs. 2 and 3), in agreement
with the general theory of FDEs, is that the region with the highest error is near the
initial condition. This aligns with the well-established fact that the solution of a frac-
tional differential equation exhibits the least regularity near the integration boundary.
In this region,we are approximating a functionwith limited regularity using a truncated
polynomial-type series expansion, which is inherently analytic, leading to a localized
increase in error. A potential direction for future research is to explore alternative basis
functions beyond Legendre polynomials, specifically non-polynomial bases that can
more effectively capture the loss of regularity in the solution.

Having completed this construction, we can focus on solving more challenging
fractional ODE systems in the next Section 6.2.

6.1.1 Truncation error and parameter robustness

We briefly test the behavior of the �-product approach with respect to parameters m
(the number of polynomial terms in the expansion (5.1)), k ≤ m − 1 (the cutoff used
to eliminate coefficients affected by the truncation error), the value of the fractional
derivative α, and the length of the integration interval [0, T ] for varying T .
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Fig. 3 Numerical solution with the �-Lanczos approach on the autonomous scalar test equation from
Example 2 and comparison with the true solution expressed in term of the generalized Hypergeometric
function (ỹ0 = 1, α = 1/2–first row–ỹ0 = 1, α = 1/3; M = 100 basis function used)

Let us consider again the test case introduced in Example 2, for which an explicit
solution (3.6) is available for α = 0.5 on the interval [0, 2]. This setting allows us to
assess the accuracy of the method in terms of the relative error as the number of terms
m in the series expansion increases.

The results are reported in Fig. 4, wherem ranges from 200 to 4000 with increments
of 200. As the solution lacks regularity at t = 0, its expansion in Legendre polynomials
is expected to exhibit only algebraic convergence with respect to m.

In Fig. 5a we consider the solution of Eq. (1.1) with f̃ (t) = −t and y0 = 1.We vary
α ∈ [0.1, 0.9] to investigate the robustness of the method with respect to the fractional
order. We always employm = 103 and compute the best value of k against a reference
solution obtained through the Fractional-BDF2 (FBDF2) method implemented in the
flmm code [14, 15] with step h = 10−5 (the expected accuracy is of the order 10−10).

We observe that the error decreases with growing α. This corresponds to the well-
known regularity behavior of the solution with respect to the value of α: lower values
of α always correspond to a solution with lower regularity; hence, we typically need
more terms in the polynomial expansion to achieve a better approximation.

In Fig. 5b, we consider the same test problem with α = 0.5 while expanding
the integration interval [0, T ]. Specifically, we select ten consecutive values of T
uniformly spaced between 2 and 10. Correspondingly, for each value of T , we increase
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Fig. 4 Error with respect to the exact solution for the test case in Example 2 with respect to the number of
terms m in the series expansion

Fig. 5 Robustness of the solution with respect to different parameters defining the method (expansion terms
m and truncation parameter k) and the one defining the problem (order of the fractional derivative α, and
length of the time interval T )

m by choosing ten uniformly spaced values in the rangem ∈ [103, 4×103]. Again, we
compute the best value of k against the FBDF2 reference solution with step h = 10−5.

For all intervals [0, T ], the method preserves an error comparable to that observed
on [0, 2], namely of order 10−9. As the integration interval increases, larger values of
(k,m), as well as higher truncation levels and more terms in the series expansion, are
required to maintain this level of accuracy. This example suggests that the required m
value is linearly scaling with the size of the interval.
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Fig. 6 Domain, mesh and pattern of the stiffness matrix for the FEM discretization of the (6.1) equation on
a square domain with a maximum size of the element of hmax = 0.3

6.2 Time-Fractional Schrödinger equation

The time-fractional Schrödinger equation [27–30] is a generalization of the classical
Schrödinger equation, incorporating a fractional time derivative tomodel systemswith
anomalous diffusion and memory effects. Specifically, the time derivative is replaced
by the Caputo derivative of order α ∈ (0, 1], allowing for a more flexible description
of non-local dynamics in quantum systems. The equation for a continuous medium
typically takes the form:

iα�αψ(α)(x, t) = − �
2

2m̂
Δψ(x, t) + V (x, t)ψ(x, t), (6.1)

where ψ(x, t) is the wave function, V (x, t) is the potential, � is the reduced Planck’s
constant, m̂ is the particle mass, and �α is a scaling coefficient with physical dimension
erg.secα; we refer back to [30] and [35] for details on the interpretation.

To formulate the FDE as a system–whether autonomous or not–we employ a semi-
discretization of the spatial variables using the finite elementmethod. In all subsequent
examples, we consider a square domain Ω discretized with a triangular mesh, as
illustrated in Fig. 6a. We utilize quadratic Lagrangian elements, meaning that each
triangular element has nodes at its vertices and edge midpoints. Dirichlet bound-
ary conditions are enforced using either the stiff-spring method, which penalizes the
degrees of freedom associated with the boundary conditions for the time-independent
case, or the subspace method for the time-dependent potential–i.e., the corresponding
degrees of freedom are removed from the equation.

With this approach, we obtain a system of FDEs of the form

{

MNψ (α)(t) = KN (t)ψ(t), t ∈ (0, T ],
ψ(0) = ψ0,

which can then be solved using the procedure based on the solution formulation pre-
sented in (3.4); The structure of the two mass matrices, MN and KN (t), is depicted
in Fig. 6b. For the chosen problem formulation, the time-dependent terms in K (t)
appears as a single time-dependent function multiplying a matrix.
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Fig. 7 Solution of the test problem in Section 6.2.1 for α = 0.8 and employing the Fractional Linear
Multistep Method based on BDF2 formula with Δt = 10−2

Table 3 Solution of the discretized Schrodinger with time-independent potential and α = 0.5. The max-
imum size of the mesh triangles is set to 0.3. The reference solution, with respect to which both absolute
and relative error are computed, is obtained with the Fractional BDF2 approach implemented in the flmm2
routine and Δt = 10−5

�-approach Fractional BDF2 (via flmm2)
m k Abs.Err. Rel.Err. rk(X) T (s) Δt T (s) Abs.Err. Rel.Err.

100 34 3.45e-03 9.17e-04 19 1.78 10−1 0.79 1.19e-02 3.16e-03

500 116 2.84e-04 7.55e-05 23 6.18 10−2 4.61 2.46e-04 6.54e-05

1000 196 9.94e-05 2.65e-05 24 17.27 10−3 44.41 4.07e-06 1.08e-06

1500 268 4.91e-05 1.31e-05 24 33.50 10−4 436.16 5.12e-08 1.36e-08

2000 332 2.85e-05 7.57e-06 24 60.30

6.2.1 Time-independent potential

As a first numerical experiment, we consider the test case from [16], which involves a
variation of (6.1) defined on a two-dimensional square domainΩ = [−2, 2]×[−2, 2].
The potential V (x) is set to zero within the interior of the subdomain Ωp = [−1, 1]×
[−1, 1] and is constant outside, specifically V (x) = 0 for x ∈ int(Ωp) and V (x) = 10
for x ∈ cl(Ω/Ωp). The initial wavefunction at time t = 0 is chosen to be of Gaussian

type, given by ψ(0, x) = e−|x |2/2. For simplicity, all constants are normalized as
� = �α = m̂ = 1.

Figure 7 illustrates a solution to the problem for α = 0.8 at T = 5.
In Table 3, we compare the solution obtained using the �-approach, as described in

Theorem 1, with the solution computed via the FBDF2 method implemented in the
flmm code [14, 15].

To provide a reference solution, we employ the FBDF2 method with a fine time
step Δt = 10−5. To mitigate the computational cost and memory usage associated
with FBDF2, we restrict the final time to T = 1, as with any fractional linear multistep
method, the entire integration history must be stored. For the �-approach, we vary the
number of Legendre expansion coefficients m from 100 to 2000. In contrast, for the
FBDF2 method, we decrease the time step Δt from 10−1 to 10−4.

As in previous examples, we denote by k the number of retained coefficients.
Comparing the runtimes of the two methods, we observe that the �-approach has a
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Table 4 Solution of the discretized Schrodinger with time-independent potential and α = 0.5. The max-
imum size of the mesh triangles is set to 0.1. The reference solution, with respect to which both absolute
and relative error are computed, is obtained with the Fractional BDF2 approach implemented in the flmm2
routine and Δt = 10−5

�-approach Fractional BDF2 (via flmm2)
m k Abs.Err. Rel.Err. rk(X) T (s) Δt T (s) Abs.Err. Rel.Err.

100 34 3.05e-02 2.72e-03 13 27.39 10−1 101.37 3.69e-02 3.29e-03

500 116 6.03e-04 5.38e-05 21 141.23 10−2 559.08 7.62e-04 6.80e-05

1000 196 1.93e-04 1.72e-05 23 297.29 10−3 5108.31 1.26e-05 1.12e-06

1500 266 1.02e-04 9.07e-06 23 482.68 10−4 50651.23 1.59e-07 1.42e-08

2000 330 6.50e-05 5.80e-06 24 666.72

comparable running time for comparable accuracies, while aiming for higher accuracy
with the FBDF2 approach is significantly more expensive. Additionally, it offers the
advantage that the final solution is compactly represented by only k coefficients, rather
than a dense matrix of size proportional to the number of spatial degrees of freedom
and 1/Δt. In this case, nevertheless the time-stepping is still more efficient for this small
case. When we refine the spatial mesh setting the maximum size of the mesh triangle
to 0.1, as reported in Table 4, we observe a clear advantage with respect to the flmm2
approach.

This is due both to the increased cost in the solution of the linear systems inside
the time-stepping procedure and to the increase in memory consumption for the sum
of the integration queue. For both levels of refinement presented in Tables 3 and 4,
corresponding to the finite element discretization, we observe that the rank of the
matrix X in equation (5.9) is substantially lower than the number of coefficients m in
the chosen basis expansion. This observation indicates that the solution of the reduced
system (5.10) can be obtained to the desired tolerance with a relatively small value of
j , which corresponds to the rank of X. Consequently, the procedure is computationally
efficient from this perspective.

6.2.2 Time-dependent potential

For this case we consider the problem (6.1) with a potential V (x, t) that actually
depends on time in order to use the representation of the solution described in Corol-
lary 2. Specifically, we consider the same spatial domain of Section 6.2.1 and modify
the potential as

V2(x, t) = V1(x, y) + 1

2

(

1 + 0.1 sin(5π2t)
)

,

for V (x) the potential which is set to zero within the interior of the subdomain Ωp =
[−1, 1] × [−1, 1] and is constant outside, specifically V (x) = 0 for x ∈ int(Ωp) and
V (x) = 10 for x ∈ cl(Ω/Ωp).

The effectiveness of the �-approach in handling time-dependent potentials is fur-
ther examined on both coarse and fine spatial meshes, with results summarized in
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Table 5 Solution of the discretized Schrodinger with time-dependent potential and α = 0.3. The maximum
size of the mesh triangles is set to 0.3. The reference solution, with respect to which both absolute and
relative error are computed, is obtained with the Fractional BDF2 approach implemented in the flmm2
routine and Δt = 10−5

�-approach Fractional BDF2 (via flmm2)
m k Abs.Err. Rel.Err. rk(X) T (s) Δt T (s) Abs.Err. Rel.Err.

100 30 6.98e-03 2.08e-03 16 2.53 10−1 2.81 1.12e-02 3.33e-03

500 92 1.54e-03 4.58e-04 18 3.73 10−2 11.70 6.78e-04 2.02e-04

1000 154 7.51e-04 2.24e-04 19 5.59 10−3 103.52 2.29e-05 6.81e-06

2000 256 3.63e-04 1.08e-04 19 22.58 10−4 1014.80 9.13e-07 2.72e-07

2500 302 2.88e-04 8.57e-05 19 36.00

3000 346 2.38e-04 7.10e-05 19 56.12

3500 388 2.04e-04 6.06e-05 19 75.18

Table 6 Solution of the discretized Schrodinger with time-dependent potential and α = 0.3. The maximum
size of the mesh triangles is set to 0.1. The reference solution, with respect to which both absolute and
relative error are computed, is obtained with the Fractional BDF2 approach implemented in the flmm2
routine and Δt = 10−5

�-approach Fractional BDF2 (via flmm2)
m k Abs.Err. Rel.Err. rk(X) T (s) Δt T (s) Abs.Err. Rel.Err.

100 30 2.16e-02 2.20e-03 13 61.75 10−1 502.99 3.31e-02 3.37e-03

500 92 4.80e-03 4.88e-04 15 65.92 10−2 1358.86 2.04e-03 2.08e-04

1000 154 2.42e-03 2.46e-04 16 67.84 10−3 9713.20 7.46e-05 7.59e-06

1500 206 1.63e-03 1.66e-04 16 64.54 10−4 94326.94 3.44e-06 3.50e-07

2000 256 1.25e-03 1.27e-04 17 61.48

2500 300 1.02e-03 1.04e-04 17 75.42

3000 344 8.70e-04 8.85e-05 17 116.13

3500 384 7.64e-04 7.77e-05 18 133.50

Tables 5 and 6. The fractional order is fixed at α = 0.3 in all cases. On the coarser
mesh with a maximum triangle size of hmax = 0.3, the �-approach achieves relative
errors decreasing from 2.08×10−3 to 8.57×10−5 as the number of basis functionsm
increases from 100 to 2500. The rank of the solution matrix X remains stable, growing
slowly from 16 to 19, while computational time increases moderately from approxi-
mately 2.5 seconds to 36 seconds. In contrast, the FBDF2method implemented via the
flmm2 routine requires over 1000 seconds to reach a relative error of 2.72×10−7 for
Δt = 10−4, showing that comparable or superior accuracy can be obtainedwith signif-
icantly lower computational effort using the �-approach. For example, with m = 500,
the �-approach attains a relative error of 4.58 × 10−4 in only 3.73 seconds, while
FBDF2 with Δt = 10−3 needs 11.7 seconds to achieve 2.04 × 10−4.

On the finer mesh with hmax = 0.1, the performance trends persist. The �-approach
produces relative errors ranging from 2.20×10−3 to 1.04×10−4 asm increases from
100 to 2500, with the numerical rank of X remaining around 13–16 for m ≤ 1500. At

123



F. Durastante et al.

m = 2000, the �-approach achieves a relative error of 1.27 × 10−4 within approxi-
mately 62 seconds, whereas FBDF2 at amoderate comparable accuracy of 4.88×10−4

requires nearly 23 minutes withΔt = 10−2, and a similar behavior is also observed in
the time ratio when the error is of the order of 10−5. These results emphasize the effi-
ciency and scalability of the proposed method. The computational advantage becomes
increasingly pronounced as the spatial mesh is refined. Moreover, the ability to main-
tain a low-rank representation throughout the simulation demonstrates the method’s
effectiveness in capturing the essential dynamics of time-fractional Schrödinger equa-
tions with non-autonomous potentials.

7 Conclusions

In this work, we have developed a novel algebraic framework based on the �-product
for the solution of linear nonautonomous fractional differential equations FDEs. By
reformulating the Caputo FDE in terms of two-variable distributions, we derived a
compact representation of the solution as a �-resolvent. This reformulation together
with the path-sum combinatorics technique allowed us to express as series in gener-
alized hypergeometric and Mittag–Leffler functions as the solution of some systems
of nonautonomous FDEs.

To render the approach computationally viable, we proposed a “solve-then-
discretize” strategy: all distributions are expanded in a truncated Legendre basis and
�-operations aremapped tofinitematrix algebra, reducing the problem to a single linear
system. Numerical experiments on scalar autonomous and nonautonomous examples,
as well as on the time-fractional Schrödinger equation, demonstrate that the �-method
attains competitive accuracy and efficiency compared to classical fractional linear
multistep methods, while offering a sparse spectral representation of the solution; in
particular, for moderate spatial discretizations the �-approach outperforms FBDF2 in
both runtime and memory usage, and its Krylov–Schur variant scales favorably for
large systems.

Several avenues for future research emerge naturally: a rigorous error analysis of
the Legendre truncation and adaptive strategies for selecting the basis size and cutoff
could enhance robustness; alternative non-polynomial bases, such as fractional or
multiscalewavelets,maybetter capture solution regularity near t = 0; the development
of tailored preconditioners and low-rank iterative methods for the block-structured
matrix equations would enable large-scale space–time fractional PDE applications.
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A. Appendix: path-sum expressions for system 4.3

We have shown in the main text that G11 = (

1� − Θ�α)�−1�(1� − tΘ�α)�−1. Given
the results of Examples 1 and 2 we have

(1� − tΘ�α)�−1�Θ�(1−α) = 1

Γ
(

1
α+1

)

∞
∑

k=0

Γ
(

k − α
α+1

)

Γ (k + kα − α)
(α + 1)k−1 tα(k−1)+k,

Θ�α�(1� − Θ�α)�−1 = (t − s)α−1Eα,α

(

(t − s)α
)

,

where Eα,β(x) is the generalized Mittag-Leffler function (1.3). Recall that U11 =
Θ�α�G11�Θ

�(1−α). Combining this with the above leads to the expression for U11
given in the main text.

We proceed similarly for U22 = Θ�α�G22�Θ
�(1−α), starting with the path-

formulation of G22 in terms of simple cycles on the graph G,

G22 =
(

1� − (1Θ�α)�(1� −
Loop 1←1

︷ ︸︸ ︷

(1 + t)Θ�α )�−1�(−tΘ�α

︸ ︷︷ ︸

Backtrack 2←1←2

)
)�−1

.

Evaluating now the �-Neumann series for the inner and outer resolvents leads to

U22 = 1 − 1

Γ
(

1
α+1

)

∞
∑

k=1

∞
∑

m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m + 1)α + 1)
tα(k+m+1)+k .
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The path-sum formulation for off-diagonal terms involves the simple paths of G, for
example

G21 =
Path 2←1

︷ ︸︸ ︷

(1Θ�α)
︸ ︷︷ ︸

Edge 2←1

� G11
︸︷︷︸

Cycles 1←1

,

and

G12 =
Cycles 1←1 on G\{2}

︷ ︸︸ ︷

(

1� − (1 + t)Θ�α
)�−1

�

Edge 1←2
︷ ︸︸ ︷

(1Θ�α) �

Cycles 2←2
︷︸︸︷

G22
︸ ︷︷ ︸

Path 1←2

.

Calculations of the �-products and resolvents finally give

U21 = 1

Γ
(

1
α+1

)

∞
∑

k,m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m + 1)α + 1)
tα(k+m+1)+k,

U12 = − 1

Γ
(

1
α+1

)

∞
∑

k=1

∞
∑

m=0

(α + 1)k Γ
(

k + 1
α+1

)

Γ (k + (k + m)α + 1)
tα(k+m)+k .

B. Coefficient matrix computation

We aim at computing Fm , the coefficient matrix (5.2) of the distribution f (t, s) :=
f̃ (t)(Θ(t − s))�α . Note that

f (t, s) = f̃ (t)δ(t − s)�Θ(t − s)�α,

At the end of Section 5, we explained how to compute Hα
m , the coefficient matrix of

Θ(t − s)�α . Hence, if we can compute the coefficient matrix Fδ of f̃ (t)δ(t − s), we
can approximate Fm by matrix multiplication:

Fm ≈ FδHα
m .

Let us first expand f̃ (t) into the Legendre polynomial basis, i.e.,

f̃ (t) =
∞
∑

j=0

β j Pj (t).

Then the Fδ elements fk,� are given by

fk,� =
∫∫

I×I
f (τ, σ )Pk(τ )P�(σ ) dτ dσ

=
∫∫

I×I
f̃ (τ )δ(τ − σ)Pk(τ )P�(σ ) dτ dσ
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=
∫

I
f̃ (σ )Pk(σ )P�(σ ) dσ =

∞
∑

j=0

β j

∫

I
Pj (σ )Pk(σ )P�(σ ) dσ

︸ ︷︷ ︸

F jk�

=
∞
∑

j=0

β jF jk�.

Without loss of generality, assume that the interval is I = [−1, 1]. Then F jk� can
be computed by the method described in [39], while the expansion of f̃ (t) can be
truncated and the related coefficientsβ j canbe approximatedby theMATLABpackage
chebfun [11].

C. Iterative algorithm for thematrix-equation (5.11)

We seek a low-rank approximation of the solution of the multi-term matrix equa-
tion (5.11)

X − Hα
m X K� − Fm X L� = φ(α,0)

m u�
0 .

To obtain a simple solution procedure, we rewrite it in the fixed-point form:

Xk+1 − Hα
m Xk+1 K� = Fm Xk L� + φ(α,0)

m u�
0 , k = 0, 1, . . . , X0 = 0.

In our tests, we have observed numerically that the iterates Xk can be approximated
by a low-rank matrix: Xk ≈ LkR�

k . We denote with s(k), the number of columns of Lk
and Rk . Then, we can approximate Xk+1 by solving the matrix equation

Xk+1 − Hα
m Xk+1 K� = BkC�

k , Bk = [Fm Lk, φ(α,0)
m ], Ck := [L Rk, u0]. (7.1)

In practice, we approximate Bk and Ck using lower-rank matrices B̂k and Ĉk . Since
this latter matrix equation has two terms and a low-rank right-hand side, we can now
rely on a Krylov subspace approach for its solution; see, e.g., [42]. Let us consider the
block Krylov subspace

Kq(K, Ĉk) := span{K Ĉk, K2 Ĉk, . . . , Kq−1 Ĉk},

and assume that its dimension is maximal, i.e., q · s(k) (this has proven to be true
in our numerical tests). By running the block Arnoldi algorithm with reorthogonal-
ization (e.g., [41]) we obtain the orthogonal matrix Vq , basis of Kq(K, Ĉk). We then
approximate the solution of (7.1) as X� ≈ VqY. Consequently, we get the equation

VqY − K VqY (Hα
m)� = Ĉk B̂�

k ,

and multiplying by VH
q we get the reduced order equation

Y − VH
q K VqY (Hα

m)� = (VH
q Ĉk)B̂�

k .
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Note that the matrix Jq = VH
q K Vq has a much smaller size than K and is an output of

the Arnoldi algorithm. Now that the equation has a smaller size, it can be solved by a
standard explicit method, e.g., by the Schur decomposition approach (e.g., [42]). We
remark that the Schur decomposition of Hm can be computed once for all and stored.
As a stopping criterion for the iteration, we consider the difference of two consecutive
iterates Lk+1R�

k+1 − LkRkk� and we multiply it from the left by |φ(α,0)
m |� (the absolute

value is applied componentwise) and from the right by u0 obtaining the residual norm
estimates ∣

∣

∣(|φ(α,0)
m |�Lk+1)(R�

k+1u0) − (|φ(α,0)
m |�Lk)(R�

k u0)
∣

∣

∣ ,

which is much cheaper than computing the norm of the difference of the two con-
secutive iterates. The choice of the two vectors is a heuristic based on the fact that
u�
0 ũ(T ) ≈ |φm(0)�|Hα

mXu0. Overall, we get Algorithm 2.

Algorithm 2 Low-Rank Iterative Scheme with Block Arnoldi
1: Inputs:
2: Fm, Hα

m, L, K, φ
(α,0)
m , u0 � Matrix equation data

3: tol � Tolerance for stopping criterion
4: Outputs:
5: Lk , Rk � Factors of the approximated solution

6: Initialize:
7: L0 ← 0, R0 ← 0, k ← 0
8: while res > tol do
9: Construct block matrices:
10: Bk ← [Fm Lk, φ

(α,0)
m ]

11: Ck ← [L Rk, u0]
12: Apply low-rank approximation:
13: B̂k ≈ Bk
14: Ĉk ≈ Ck
15: Perform Block Arnoldi:
16: (Vq , Jq) ← BlockArnoldi(K, Ĉk)
17: Solve Stein matrix equation:
18: Y − JqY(Hα

m)� = (VH
q Ĉk)B̂�

k
19: Update low-rank factors:
20: Lk+1 ← Y�
21: Rk+1 ← Vq
22: Residual norm approximation:
23: res ← |(|φ(α,0)

m |�Lk+1)(R�
k+1u0) − (|φ(α,0)

m |�Lk)(R�
k u0)|

24: k ← k + 1
25: end while
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