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Markov Chains: definition
2 Markov Chains

A Markov chain is a stochastic process where the next state depends only on the current

state, not on the past history.

Markov Property:

P(Xn+1 = j | Xn = i, Xn´1, . . . , X0) = P(Xn+1 = j | Xn = i)

Transition Matrix: P P Rmˆm where

• Pij ě 0 for all i, j

•

m
ÿ

j=1

Pij = 1 (row stochastic)
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Evolution: πJ
n+1 = πJ

n P where πn is the probability distribution at step n.
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Applications and Properties
2 Markov Chains

Common Applications:

WRENCH PageRank algorithm

WRENCH Queueing systems

WRENCH Population dynamics

WRENCH Molecular dynamics

WRENCH Financial modeling

? But how do we obtain them ?

Transition matrices are often derived

from data (e.g., observed transitions),

hence we may know that they should

satisfy certain properties but cannot

guarantee them.

Key Properties:

Irreducibility: All states communicate, i.e., @ i, j, D n : (Pn)ij ą 0
Aperiodicity: No cyclic patterns

Stationary Distribution: π˚ = π˚P (if it exists)

Reversibility: πiPij = πjPji for all i, j (detailed balance)

Undermild conditions, limnÑ8 πn = π˚ ě 0 regardless of initial distribution.
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Credit Rating and Embeddability
2 Markov Chains

An example consider the crediting rating of a Country:

“Credit ratings are the evalu-

ation of the credit risk of a

prospective debtor (a govern-

ment), predicting their ability

to pay back the debt, and an

implicit forecast of the likeli-

hood of the debtor defaulting.”
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Credit Rating and Embeddability
2 Markov Chains

An example consider the crediting rating of a Country:

AAA AA A BBB BB B CCC D

AAA 0,891 0,0963 0,0078 0,0019 0,003 0 0 0

AA 0,0086 0,901 0,0747 0,0099 0,0029 0,0029 0 0

A 0,0009 0,0291 0,8894 0,0649 0,0101 0,0045 0 0,0009

BBB 0,0006 0,0043 0,0656 0,8427 0,0644 0,016 0,0018 0,0045

BB 0,0004 0,0022 0,0079 0,0719 0,7764 0,1043 0,0127 0,0241

B 0 0,0019 0,0031 0,0066 0,0517 0,8246 0,0435 0,0685

CCC 0 0 0,0116 0,0116 0,0203 0,0754 0,6493 0,2319

D 0 0 0 0 0 0 0 1

Hammer The transition matrix is estimated from data sampled at yearly/semi-yearly intervals,

but I would like to know before the next update if I need to sell (or maybe buy).
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Credit Rating and Embeddability
2 Markov Chains

LIGHTBULB The idea is that:

If one step represents a year, then half-a-step represents six months, and quarter

of a step represents three months…

πJ
n/2+1/2 = πJ

n/2P
1/2 or πJ

n/4+1/4 = πJ
n/4P

1/4

SAD-CRY However
q

?
P is not necessarily a transition matrix in general!

File All the possible things that can go wrong go wrong as shown in:

N. J. Higham and L. Lin, On pth roots of stochastic matrices, Linear Algebra Appl. 435 (2011),

no. 3, 448–463.

Hammer The transition matrix is estimated from data sampled at yearly/semi-yearly intervals,

but I would like to know before the next update if I need to sell (or maybe buy).
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SAD-CRY However
q

?
P is not necessarily a transition matrix in general!

File All the possible things that can go wrong go wrong as shown in:

N. J. Higham and L. Lin, On pth roots of stochastic matrices, Linear Algebra Appl. 435 (2011),

no. 3, 448–463.

Hammer We look for an approximation X s.t. Xq « P and X is a transition matrix, i.e., we

solve:

min
XPS

}Xq ´ P}2F , S = tX P Rmˆm : Xij ě 0, X1 = 1,πJX = πJu
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Nearest Reversible Markov Chain
2 Markov Chains

Consider a physical system modeled by the Langevin stochastic differential equation:

ẋ = ´
BU(x)

Bx
+ ξ(t), x P R,

where ξ(t) is Gaussian white noise with xξ(t) ξ(s)y = σ2 δ(t ´ s).

Discretization: Using the Euler–Maruyama scheme with time step∆t:

x(t +∆t) = x(t) ´
BU(x(t))

Bx
∆t + σ

?
∆t η(t),
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Nearest Reversible Markov Chain
2 Markov Chains

0 200 400 600 800 1,000 1,200 1,400
0

π

2π
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x
(t

k
)
m
o
d
2π

State Space Discretization:

LIST Partition intoM disjoint regions tΩiu
M
i=1

LIST Cij = 7t transitions Ωi Ñ Ωju

LIST Estimate: Pij =
Cij

řM
k=1 Cik7/43



Nearest Reversible Markov Chain
2 Markov Chains
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State Space Discretization:

LIST Partition intoM disjoint regions tΩiu
M
i=1

LIST Cij = 7t transitions Ωi Ñ Ωju

LIST Estimate: Pij =
Cij

řM
k=1 Cik

The Problem:

SAD-CRY Finite sampling breaks detailed balance

Hammer Need reversibilization: find X s.t.

min
XPSrev

}X ´ P}2F7/43



Minimizing Kemeny’s Constant
2 Markov Chains

Kemeny’s Constant: A fundamental quantity in Markov chain theory measuring the

expected number of steps to reach a random state from a given state.

Definition:

κ(P) =
m
ÿ

j=1

πj(I ´ P + 1πJ)´1
ij

for any i (independent of initial state).

Properties:

Check-Circle Depends only on P and π˚

Check-Circle Measures mixing speed

Check-Circle Lower κ = faster convergence

The Problem:

Hammer Given a transition matrix P

Hammer Find optimal∆ to minimize

min
∆PA

κ(P +∆) + λ}∆}2F

whereA preserves stochasticity

LIGHTBULB Goal: Speed up convergence to

equilibrium via controlled modifications.
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Constrained Optimization?
2 Markov Chains

All the problems we have seen so far can be cast as constrained optimization problems:

min
XPS

f (X)

where S is a constraint set built of stochastic matrices with certain additional properties:
Hammer Sharing the same stationary distribution π,

Hammer Being reversible w.r.t. π,

or of admissible perturbations∆ of a given transition matrix P.

While f is a smooth function:

• f (X) = }Xq ´ P}2F , (qth root) f (X) = }X ´ P}2F (reversible approximation),

• f (∆) = tr((I ´ (P +∆) + 1πJ)´1) + }∆}2F (Kemeny’s constant).

We exploit the structure of S to design efficient algorithms.
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Riemannian Optimization: Main Idea
3 Riemannian Optimization

Classical Constrained Optimization:

Exclamation-Triangle Constraints are treated as penalties or barriers

Exclamation-Triangle Algorithms must handle infeasibility carefully

Exclamation-Triangle Convergence analysis becomes intricate

Key Advantages:

Check-Circle Optimize on the manifold, not around it

Check-Circle Leverage geometric structure for better algorithms

Check-Circle Natural handling of constraints via the metric

Check-Circle Cleaner convergence theory

Euclidean View:

Constraint set as obstacle

Riemannian View:

Constraint set as the natural domain
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Riemannian Optimization: Main Idea
3 Riemannian Optimization

LIGHTBULB Riemannian Perspective:

Treat the constraint set S as a smooth manifoldM equipped with a Riemannian

metric.

Key Advantages:

Check-Circle Optimize on the manifold, not around it
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Key Ingredients: Tangent Spaces and Retractions
3 Riemannian Optimization

Tangent Space TXM:

ARROW-RIGHT Directions along which we can move

while staying onM
ARROW-RIGHT Equipped with an inner product x¨, ¨yX

ARROW-RIGHT Enables computing gradients intrinsic to

the manifold

Retraction RX(η):

ARROW-RIGHT Maps a tangent vector η P TXM back to the manifold

ARROW-RIGHT Plays the role of an exponential map (locally)

ARROW-RIGHT Ensures iterates stay feasible: Xk+1 = RX(η)
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Levi-Civita Connection
3 Riemannian Optimization

To build a second-order geometry, and hence second-order optimization algorithms, we

need to define the notion of connection on the manifoldM.

Levi-Civita Connection∇ : TXM ˆ TXM Ñ TXM:

ARROW-RIGHT A way to differentiate vector fields along curves on the manifold

ARROW-RIGHT Preserves the metric (metric compatibility)

ARROW-RIGHT Has no torsion (symmetry)

Riemannian Gradient: The gradient of f at X is the unique vector grad f (X) P TXM such

that

xgrad f (X), ηyX = Df (X)[η] @η P TXM

where Df (X)[η] is the directional derivative of f at X in the direction η.
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need to define the notion of connection on the manifoldM.

Levi-Civita Connection∇ : TXM ˆ TXM Ñ TXM:

ARROW-RIGHT A way to differentiate vector fields along curves on the manifold

ARROW-RIGHT Preserves the metric (metric compatibility)

ARROW-RIGHT Has no torsion (symmetry)

Riemannian Hessian: The Hessian of f at X is the linear operator

hess f (X) : TXM Ñ TXM defined by

hess f (X)[η] = ∇η grad f (X)

where∇η denotes the application of the Levi-Civita connection to the vector field grad f

in the direction η.
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The Riemannian Newton Method
3 Riemannian Optimization

Algorithm: Riemannian Newton Method

Require: X0 P M, tolerance ε ą 0
k Ð 0
while } grad f (Xk)} ą ε do

Compute grad f (Xk)
Compute hess f (Xk)
Solve hess f (Xk)[ηk] = ´ grad f (Xk)
Xk+1 Ð RXk(ηk)
k Ð k+ 1

Ensure: Xk

Convergence: Superlinear (or quadratic

under regularity conditions)

COG Required Subroutines:

Metric Inner product x¨, ¨yX on TXM
Tangent Space Characterization of TXM
Retraction Map RX(η) back toM
Gradient Compute grad f (X)

Hessian Compute hess f (X)[η]

Connection Levi-Civita connection∇ηv for

v P TXM
Linear Solve Solve

hess f (Xk)[η] = ´ grad f (Xk)

For any manifold, we need to derive these

components to implement a second-order

Riemannian method.
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The multinomial manifold
3 Riemannian Optimization

The standard construction for the manifold of stochastic matrices has been introduced in

File A. Douik and B. Hassibi, Manifold optimization over the set of doubly stochastic

matrices: a second-order geometry, IEEE Trans. Signal Process. 67 (2019), no. 22,

5761–5774.

It uses the Fisher information metric:

xη, ξyP =
ÿ

i,j

ηijξij
Pij

= tr((η m P)ξJ)

Exclamation-Triangle Natural for probability distributions, but requires P ą 0 (strictly positive)

15/43



The multinomial manifold
3 Riemannian Optimization

The standard construction for the manifold of stochastic matrices has been introduced in

File A. Douik and B. Hassibi, Manifold optimization over the set of doubly stochastic

matrices: a second-order geometry, IEEE Trans. Signal Process. 67 (2019), no. 22,

5761–5774.

Multinomial manifold (strict simplex elements)

tX P Rnˆm : Xij ą 0 @i, j and XJ1m = 1nu

Multinomial doubly stochastic manifold

tX P Rnˆn : Xij ą 0 @i, j and X1n = 1n, X
J1n = 1nu

Multinomial symmetric and stochastic manifold

tX P Rnˆn : Xij ą 0 @i, j and X1n = 1n, X = XJu

We extend the construction to the manifold we need for our three problems.
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A Riemannian Manifold with prescribed stationary vector
3 Riemannian Optimization

A new Riemannian Manifold

Let π P Rn be a positive vector such that πT1 = 1, and define the set

Sπn = tS P Rnˆn : S1 = 1, πTS = πT , S ą 0u.

LIGHTBULB Sπn is an embedded manifold of Rnˆn of dimension (n ´ 1)2, since it is indeed
generated by 2n ´ 1 linearly independent equations.

CODE We implemented all the operations required to run Riemannian optimization

algorithms in the MANOPT toolbox:

File Boumal, N., Mishra, B., Absil, P. A., & Sepulchre, R. (2014). Manopt, a Matlab toolbox for

optimization on manifolds. The Journal of Machine Learning Research, 15(1), 1455-1459.
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Tangent space, metric and projections
3 Riemannian Optimization

Lemma (D., Meini, 2024)

The tangent space to Sπn at S P Sπn is TSSπn = tξS P Rnˆn : ξS1 = 0, πTξS = 0u.

RULER Sπn , endowed with the Fisher metric is a Riemannian manifold.

Proposition (D., Meini, 2024)

The orthogonal projection ΠS : Rnˆn Ñ TSSπn of a matrix Z w.r.t. the scalar product
induced by Fisher’s metric has the following expression:

ΠS(Z) = Z ´ (α1T + πβT) d S,

where the vectorsα and β are a solution to the following consistent linear system[
Z1

ZTπ

]
=

[
I DπS

STDπ diag(STDππ)

] [
α
β

]
, Dπ = diag(π).
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Riemannian Gradient and Levi–Civita Connection
3 Riemannian Optimization

As promised we express the Riemannian gradient in terms of the Euclidean one.

Proposition (D., Meini 2024)

The Riemannian gradient grad f (S) is expressed in terms of the Euclidean gradient
Grad f (S) as:

grad f (S) = ΠS(Grad f (S) d S).

To write the Riemannian Hessian we need an expression for the Levi-Civita connection.

Theorem (Koszul formula)

The Levi-Civita connection on the Euclidean space Rnˆn endowed with the Fisher

information metric is given by

∇ηSξS = D(ξS)[ηS ] ´
1

2
(ηS d ξS) m S
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Riemannian Hessian
3 Riemannian Optimization

Theorem (D., Meini, 2024)

The Riemannian Hessian hessf (S)[ξS ] can be obtained from the Euclidean gradient Grad f (S) and
the Euclidean Hessian Hess f (S) by using the identity

hessf (S)[ξS ] = ΠS(D(gradf (S))[ξS ]) ´
1

2
ΠS((ΠS(Gradf (S)) d S) d ξS) m S),

where D(gradf (S))[ξS ] = γ̇[ξS ] ´ (α̇[ξS ]1
T + πβ̇T [ξS ]) d S ´ (α1T + πβT) d ξS , and

γ = Gradf (S) d S, γ̇[ξS ] = Hess f (S)[ξS ] d S + Grad f (S) d ξS ,

A =

[
I DπS

STDπ diag(STDππ)

]
, α,β s.t. A

[
α
β

]
=

[
γ1
γTπ

]
,

α̇[ξS ], β̇[ξS ] s.t. A
[
α̇[ξS ]

β̇[ξS ]

]
=

[
γ̇[ξS ]1
γ̇T [ξS ]π

]
´

[
0 DπξS

ξTS Dπ diag(ξTS Dππ)

] [
α
β

]
.
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Retraction
3 Riemannian Optimization

The last ingredient we need is a way to write the retraction for a point on the manifold.

WRENCH The modified Sinkhorn–Knopp’s algorithm is also used to generate a random point

on the manifold.
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Retraction
3 Riemannian Optimization

The last ingredient we need is a way to write the retraction for a point on the manifold.

Generalized Sinkhorn (D., Meini, 2024)

Let A P Rnˆn be a matrix with positive entries. Then there exist

diagonal matrices D1 and D2 such that

D1AD21 = 1, πTD1AD2 = πT .

Moreover, D1 and D2 are diagonal matrices such that D1
pAD21 = π

and 1TD1
pAD2 = πT , where pA = diag(π)A.

WRENCH The modified Sinkhorn–Knopp’s algorithm is also used to generate a random point

on the manifold.
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Retraction
3 Riemannian Optimization

The last ingredient we need is a way to write the retraction for a point on the manifold.

Proposition (D., Meini, 2024)

The map R : T Sπn ÝÑ Sπn whose restriction RS to TSSπn is given by:

RS(ξS) = S (S d exp(ξS m S)) ,

is a first-order retraction on Sπn , where S (¨) represents an
application of the modified Sinkhorn-Knopp’s algorithm, and exp(¨)
the entry-wise exponential.

WRENCH The modified Sinkhorn–Knopp’s algorithm is also used to generate a random point

on the manifold.

20/43



Retraction
3 Riemannian Optimization

The last ingredient we need is a way to write the retraction for a point on the manifold.

Proposition (D., Meini, 2024)

The map R : T Sπn ÝÑ Sπn whose restriction RS to TSSπn is given by:

RS(ξS) = S (S d exp(ξS m S)) ,

is a first-order retraction on Sπn , where S (¨) represents an
application of the modified Sinkhorn-Knopp’s algorithm, and exp(¨)
the entry-wise exponential.

WRENCH The modified Sinkhorn–Knopp’s algorithm is also used to generate a random point

on the manifold.

20/43



Chart-line Let’s solve our credit score problem
3 Riemannian Optimization

Exclamation-TriangleWarningExclamation-Triangle

To compute a stochastic approximation of
?
A, we cannot use manifold-based

optimization directly, since the stationary distribution is π = [0, . . . , 0, 1]T .
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Chart-line Let’s solve our credit score problem
3 Riemannian Optimization

Exclamation-TriangleWarningExclamation-Triangle

To compute a stochastic approximation of
?
A, we cannot use manifold-based

optimization directly, since the stationary distribution is π = [0, . . . , 0, 1]T .
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The manifold of reversible stochastic matrices
3 Riemannian Optimization

We want to find the nearest reversible matrix to a given transition matrix P with

stationary distribution π, i.e., the feasible set would be:

R =
!

S P Rnˆn : S1 = 1, πJS = πJ, DπS = SJDπ, S ě 0
)

Hammer We want to use again the Fisher information metric.

LIGHTBULB We introduce the symmetrizing change of variables Ŝ = Dπ̂SD
´1
π̂ , with π̂ = π1/2:
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We want to find the nearest reversible matrix to a given transition matrix P with

stationary distribution π, i.e., the feasible set would be:

Rą =
!

S P Rnˆn : S1 = 1, DπS = SJDπ, S ě 0
)

X tS P Rnˆn : S ą 0u,

Hammer We want to use again the Fisher information metric.

LIGHTBULB We introduce the symmetrizing change of variables Ŝ = Dπ̂SD
´1
π̂ , with π̂ = π1/2:

DπSD
´1
π = SJ,

Dπ̂ Dπ̂SD
´1
π̂ D´1

π̂ = SJ,

Dπ̂SD
´1
π̂

looomooon

Ŝ

= D´1
π̂ SJDπ̂

loooomoooon

ŜJ

.
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3 Riemannian Optimization

We want to find the nearest reversible matrix to a given transition matrix P with

stationary distribution π, i.e., the feasible set would be:

Rą =
!

S P Rnˆn : S1 = 1, DπS = SJDπ, S ě 0
)

X tS P Rnˆn : S ą 0u,

Hammer We want to use again the Fisher information metric.
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The manifold of reversible stochastic matrices
3 Riemannian Optimization

We want to find the nearest reversible matrix to a given transition matrix P with

stationary distribution π, i.e., the feasible set would be:

Mπ =
!

S P Rnˆn : S ą 0, S = SJ, Sπ̂ = π̂
)

, π̂ = π
1/2.

Hammer We want to use again the Fisher information metric.

LIGHTBULB We introduce the symmetrizing change of variables Ŝ = Dπ̂SD
´1
π̂ , with π̂ = π1/2:

Check-Circle The problem is now equivalent to:

P‹ = arg min
X̂PMπ

1

2
}D´1

π̂ X̂Dπ̂ ´ A}2F ,

whereMπ is a Riemannian manifold and the nearest reversible chain is

P = D´1
π̂ P‹Dπ̂.

WRENCH Mπ is an embedded manifold of Sn = tX P Rnˆn : X = XJu.
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COG The computational tools forMπ
3 Riemannian Optimization

As for the manifold Sπn , we need to derive the tangent space, the projection, the
retraction and the Levi-Civita connection forMπ.

Lemma (D., Gnazzo, Meini 2025a)

The tangent space toMπ at a point S P Mπ is

TSMπ = tξS P Sn : ξSπ̂ = 0u .

Lemma (D., Gnazzo, Meini 2025a)

The orthogonal complement of the tangent space TSMπ, with respect to the Fisher

metric, has the expression

T K
S Mπ = tξK

S P Sn : ξK
S = (απ̂J + π̂αJ) d Su, α P Rn.

23/43



COG The computational tools forMπ
3 Riemannian Optimization

As for the manifold Sπn , we need to derive the tangent space, the projection, the
retraction and the Levi-Civita connection forMπ.

Lemma (D., Gnazzo, Meini 2025a)

The tangent space toMπ at a point S P Mπ is

TSMπ = tξS P Sn : ξSπ̂ = 0u .

Lemma (D., Gnazzo, Meini 2025a)

The orthogonal complement of the tangent space TSMπ, with respect to the Fisher

metric, has the expression

T K
S Mπ = tξK

S P Sn : ξK
S = (απ̂J + π̂αJ) d Su, α P Rn.

23/43



COG The computational tools forMπ
3 Riemannian Optimization

As for the manifold Sπn , we need to derive the tangent space, the projection, the
retraction and the Levi-Civita connection forMπ.

Lemma (D., Gnazzo, Meini 2025a)

The tangent space toMπ at a point S P Mπ is

TSMπ = tξS P Sn : ξSπ̂ = 0u .

Lemma (D., Gnazzo, Meini 2025a)

The orthogonal complement of the tangent space TSMπ, with respect to the Fisher

metric, has the expression

T K
S Mπ = tξK

S P Sn : ξK
S = (απ̂J + π̂αJ) d Su, α P Rn.

23/43



Riemannian Gradient
3 Riemannian Optimization

The Riemannian gradient grad f (S) can be expressed in terms of the Euclidean gradient
Grad f (S) via projection onto the tangent space TSMπ:

ΠS : Sn ÞÑ TSMπ

Z ÞÑ Z ´ (απ̂J + π̂αJ) d S,

whereα is the solution to the linear system

Aα ” (diag(SDπ̂π̂) + Dπ̂SDπ̂)α = Zπ̂.
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Riemannian Gradient
3 Riemannian Optimization

The Riemannian gradient grad f (S) can be expressed in terms of the Euclidean gradient
Grad f (S) via projection onto the tangent space TSMπ:

Lemma (D., Gnazzo, Meini 2025a)

Consider a smooth function f : Mπ ÞÑ R, the Riemannian gradient grad f (S) has the
following expression:

grad f (S) = rΠS(Grad f (S) d S),

where the projection rΠS : Rnˆn ÞÑ TSMπ is defined as rΠS(Z) := ΠS

(
Z+ZJ/2

)
, and

Grad f (S) denotes the euclidean gradient.
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Riemannian Hessian
3 Riemannian Optimization

Lemma (D., Gnazzo, Meini 2025a)

The Riemannian Hessian hess f (S)[ξS ] can be obtained from the Euclidean gradient

Grad f (S) and Hessian Hess f (S) as

hess f (S)[ξS ] = rΠS(D(grad f (S))[ξS ]) ´
1

2
rΠS(((rΠS(Grad f (S)) d S) d ξS) m S),

where

D(grad f (S))[ξS ] = γ̇[ξS ] ´ (α̇[ξS ]π̂
J + π̂α̇[ξS ]

J) d S ´ (απ̂J + π̂αJ) d ξS .

Aα =
(γ + γJ)

2
π̂,

Aα̇[ξS ] = b ”
(γ̇[ξS ] + γ̇[ξS ]

J)

2
π̂ ´ (diag(ξSDπ̂π̂) + Dπ̂ξSDπ̂)α,

γ̇[ξS ] = Hess f (S)[ξS ] d S + Grad f (S) d ξS .25/43



Retraction
3 Riemannian Optimization

For the retraction we need a further extension of the Sinkhorn–Knopp’s algorithm,

Lemma (D., Gnazzo, Meini 2025a)

Given a symmetric A P Rnˆn, with positive entries, there exists a diagonal matrix D s.t.

DADπ̂ = π̂.
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Retraction
3 Riemannian Optimization

For the retraction we need a further extension of the Sinkhorn–Knopp’s algorithm,

Proposition (D., Gnazzo, Meini 2025a)

The map RS : TSMπ Ñ Mπ given by

RS(ξS) = P (S d exp(ξS m S)) ,

is a first-order retraction onMπ, where exp(¨) is the entry-wise exponential and P
applies the modified Sinkhorn.

WRENCH For numerical stability, we symmetrize the output:

RS(ξS) Ð
1

2

(
D1P(S d exp(ξS m S))D2 + D2P(S d exp(ξS m S))JD1

)
,

where D1,D2 are the diagonal matrices from the Sinkhorn variant.

Check-Circle This ensures exact symmetry and preservation of marginals up to machine precision.
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Synthetic Test Problems
3 Riemannian Optimization

Four classes of synthetic Markov chains:

Uniformly random Matrix G with entries„ U(0, 1), then A = diag(G1)´1G

Normal random Matrix G with entries„ N (1, 1), then A = diag(G1)´1G

Stochastic block model Adjacency matrix from random walk on SBM graph (via

NetworkX)

Multiple ergodic classes Concatenation of independent uniform Markov chains
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Experimental Setup
3 Riemannian Optimization

Comparison of three algorithms:

CODE Riemannian: Newton method onMπ

CODE QP-Matlab: Quadratic programming with quadprog

CODE QP-Gurobi: Quadratic programming with barrier method

File The QP methods solve the original problem with linear constraints, and are the one

proposed in: A. Nielsen and M. Weber, Computing the nearest reversible Markov

chain, Numer. Linear Algebra Appl. 22 (2015), no. 3, 483–499.

Test suite: np = 300 problems

• Three matrix sizes: n P t50, 100, 200u

• 25 problems per class per size

Performance metrics:

1. Computation time

2. Reversibility error: }DπP ´ PJDπ}8

3. Stationarity error: }πJP ´ πJ}8

4. Relative distance: }A ´ P}F/}A}F
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Results: Reversibility, Stationarity, Quality and Speed
3 Riemannian Optimization

Reversibility Error
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All methods achieve machine precision« 2´52, with Riemannian showing smallest variability.
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Results: Reversibility, Stationarity, Quality and Speed
3 Riemannian Optimization

Stationarity Error
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All methods achieve machine precision« 2´52, with Riemannian showing smallest variability.
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Results: Reversibility, Stationarity, Quality and Speed
3 Riemannian Optimization

Frobenius Distance
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Riemannian and QP-Matlab achieve identical minimal distances.
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Results: Reversibility, Stationarity, Quality and Speed
3 Riemannian Optimization

Computation Time
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Riemannian is fastest, solving« 70% of problems ină 1 second, while QP-Gurobi scales poorly.
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Summary of Results
3 Riemannian Optimization

Accuracy:

Check-Circle All methods: reversibility/stationarity at

machine precision

Check-Circle Riemannian: least variable results

Check-Circle Riemannian + QP-Matlab: minimal

Frobenius distance

Efficiency:

Check-Circle Riemannian: fastest on majority of

instances

Check-Circle Most instances solved ină 1 second

Exclamation-Triangle QP methods: poor scaling with size

Check-Circle Riemannian: best for moderate-sized

matrices

Trophy Conclusion

The Riemannian algorithm offers the best balance of accuracy, reliability, and

computational efficiency for computing nearest reversible Markov chains.
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Minimizing Kemeny’s Constant
3 Riemannian Optimization

min
∆PRnˆn

tr
(
(I ´ (P +∆) + 1hJ)´1

)
+

1

2
}∆}2F

s.t. ∆1 = 0, P +∆ ě 0

Objective:

LOCATION-ARROW Minimize Kemeny’s constant of

perturbed chain

WEIGHT Regularize via 1
2}∆}2F

Hammer Penalize large perturbations

Constraints:

LOCK ∆1 = 0: row sum zero

LOCK P +∆ ě 0: non-negativity

Check-Circle Ensures P +∆ remains stochastic

Exclamation-Triangle Challenge

The mapping P ÞÑ κ(P) is non-convex, so global optimality is generally not guaranteed.
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Making Kemeny’s Constant Convex
3 Riemannian Optimization

The Challenge:

Exclamation-Triangle General problem: P ÞÑ κ(P) is non-convex

Hammer No guarantee of global optimality

LIGHTBULB Solution: restrict to reversible chains
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Making Kemeny’s Constant Convex
3 Riemannian Optimization

Key Assumption:

LOCK P is reversible: DπP = PJDπ

LOCK π is the stationary distribution

LOCK Perturbations∆ preserve these properties

Constraints on∆:
∆1 = 0, P +∆ ě 0, Dπ∆ = ∆JDπ
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Making Kemeny’s Constant Convex
3 Riemannian Optimization

Symmetrizing Transformation:

Define π̂ = π1/2 (component-wise), then multiply the matrix inverse by Dπ̂ on the left

and D´1
π̂ on the right:

tr

((
I ´ Dπ̂(P +∆)D´1

π̂ + π̂π̂J
)´1

)
+

1

2
}∆}2F

This symmetrizes the problem while preserving the objective value.
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Making Kemeny’s Constant Convex
3 Riemannian Optimization

Change of Variables:

Let X = P +∆ (the perturbed Markov chain), then:

min
XPRnˆn(S)

tr
(
(I ´ Dπ̂XD

´1
π̂ + π̂π̂J)´1

)
+

1

2
}X ´ P}2F ,

s.t. X ě 0, DπX = XJDπ, X1 = 1.

where Rnˆn(S) is the set of reversible stochastic matrices respecting the pattern S.
Sparsity Pattern: For an integer n ě 1, a pattern S is a set of unordered pairs where

ti, iu P S @i = 1, . . . , n and S Ď tti, ju | 1 ď i, j ď nu.

A matrix X respects the pattern S , i.e., X P Rnˆn(S) if
ti, ju R S ñ Xij = Xji = 0.

32/43



Making Kemeny’s Constant Convex
3 Riemannian Optimization

Why This Becomes Convex:

Check-Circle Reversibility constraint: DπX = XJDπ defines a convex set

Check-Circle Stochasticity constraints: X1 = 1 and X ě 0 are linear

Check-Circle Objective: On the restricted domain, the Kemeny constant becomes convex

Hammer Riemannian approach: Exploit manifold structure of reversible chains for efficient

optimization

TrophyResult

The convex problem can be solved efficiently using Riemannian optimization on the

manifold of reversible stochastic matrices with given pattern.

32/43



Making Kemeny’s Constant Convex
3 Riemannian Optimization

Why This Becomes Convex:

Check-Circle Reversibility constraint: DπX = XJDπ defines a convex set

Check-Circle Stochasticity constraints: X1 = 1 and X ě 0 are linear

Check-Circle Objective: On the restricted domain, the Kemeny constant becomes convex

Hammer Riemannian approach: Exploit manifold structure of reversible chains for efficient

optimization

Proposition (D., Gnazzo, Meini 2025b)

Given a stationary distribution π ą 0 and an irreducible pattern S , the set of reversible
stochastic matrices X P Rnˆn(S), with pattern S is not empty.
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Applying the Riemannian Recipe
3 Riemannian Optimization

At this point we can apply the Riemannian recipe to solve the problem on the manifold:

Mπ =
 

X P Rnˆn
exact(S) : X = XJ, Xπ̂ = π̂, Xij ą 0 for ti, ju P S

(

,

Exact pattern: A matrix∆ P Rnˆn
exact(S) if∆ij ‰ 0 and∆ji ‰ 0 ô ti, ju P S.

Symmetrization: We use the symmetrizing change of variables X̂ = Dπ̂XD
´1
π̂ to transform

the problem into one on symmetric matrices.

Modified Fisher metric: We equipMπ with a modified Fisher information metric:

xξX , ηXyX =
ÿ

Xij‰0

(ξX)ij(ηX)ij
Xij

= tr
(
(ξX c X)ηJ

X

)
,

wherec denotes the entry-wise division: (A c B)ij =

"

Aij/Bij, Bij ‰ 0,
0, Bij = 0.
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Computational Tools forMπ
3 Riemannian Optimization

The manifoldMπ is an embedded submanifold of the symmetric matrices with the same

pattern, so we can derive the tangent space, the orthogonal space, and the projection by

extending the tools from the manifold of reversible chains without pattern constraints.

Tangent: TXMπ =
 

ξX P Rnˆn(S) : ξX = ξJ
X , ξXπ̂ = 0

(

.

Orthogonal: Givenα P Rn, and S P Rnˆn is defined as Sij =

"

1, for ti, ju P S,
0, for ti, ju R S.

T K
X Mπ =

 

ξK
X P Rnˆn : ξK

X =
(
απ̂J + π̂αJ

)
d (X d S)

(

,

Projection: ΠX : Rnˆn ÞÑ TXMπ with Z ÞÑ
(Z+ZJ)dS

2 ´ (απ̂J + π̂αJ) d (X d S), and
α is the solution to the linear system

(Z + ZJ) d S

2
π̂ = (diag((X d S)π) + Dπ̂(X d S)Dπ̂))α.
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Retraction and Second Order Geometry
3 Riemannian Optimization

We extend the Sinkhorn–Knopp’s algorithm to ensure that the retraction preserves the

pattern S:

Lemma (D., Gnazzo, Meini 2025b)

Let P P Rnˆn be a reversible stochastic matrix with stationary distribution π, and S a
pattern for which

P0ij =

"

Pij, for ti, ju R S,
0, for ti, ju P S.

is such that }P01}8 ă 1. Then, for any nonnegative symmetric matrix A P Rnˆn(S),
A ‰ 0 with total support—i.e., such that all its nonzero elements lie on a positive
diagonal—there exists a diagonal matrix D with positive diagonal entries such that

DADπ̂ = π̂ ´ β, with β = P0π̂.

Exclamation-Triangle Due to the complexity of the objective function we do not go for second order

optimization methods, and avoid the explicit computation of the Riemannian

Hessian.
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Changing the pattern S from the pattern of P
3 Riemannian Optimization

Hammer We have also considered the problem of changing the pattern S from the pattern of

P to a different one S 1, with S Ď S 1.

Check-Circle This is equivalent to allowing some entries of X to be zero, and others to be positive,

without changing the pattern of P.

Check-Circle The manifold is now defined as

MP,π =

"

X P Rnˆn
exact(P Y S) : X = XJ, Xπ̂ = π̂, Xij ą 0 if ti, ju P S, Xij =

π̂i

π̂j

Pij if ti, ju R S
*

.

WRENCH Computational tools are similar to the case S = P , with some technical adjustments.
LIGHTBULB This allows us to select the pattern adaptively, i.e., removing entries which are

going to zero.
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Application: Power Grid Networks
3 Riemannian Optimization

Dataset: Power grids from Power grid repository (5 countries, largest connected
components)

Setup:

WRENCH Adjacency matrix A Ñ Random walk: P = D´1
d A with d = A1

Check-Circle P is irreducible and reversible w.r.t. π = d/}d}1

Hammer Apply Riemannian optimizer to minimize Kemeny’s constant

Network Size nnz Density K(P) K(X) Time (s)

Austria 147 336 1.55% 1.19 ˆ 103 1.15 ˆ 103 17.91
Belgium 90 218 2.69% 5.21 ˆ 102 4.95 ˆ 102 6.12
Denmark 63 136 3.42% 6.68 ˆ 102 6.46 ˆ 102 4.59

Netherlands 84 190 2.69% 5.23 ˆ 102 5.05 ˆ 102 5.50
Switzerland 310 736 0.76% 1.94 ˆ 104 2.62 ˆ 103 102.98
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Power Network: Switzerland
3 Riemannian Optimization

Original power network
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Conclusion and Future Work
4 Conclusion

Conclusion:

Check The Riemannian algorithm provides an effectivemethod for problems in Markov

chains.

Check It balances accuracy, reliability, and computational efficiency.

Future Work:

Question-Circle Can we say something about the geodesics on these manifolds? Can we use them to

design better optimization algorithms?

BOX Are there other applications of this Riemannian framework to problems in Markov

chains, e.g.,model reduction, clustering, or spectral analysis?

CODE Making pull requests to MANOPT to include these manifolds as built-in options.
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A Riemannian Perspective on

Optimization Problems in Markov

Chains

Thank you for listening!

Any questions?
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