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The original idea

The concept of differentiation and integration to noninteger order goes as far back as the
concept we are used to work with. Leibniz mentions it in a letter to L'Ho6spital in 1695:

“John Bernoulli seems to have told you of my having men-
tioned to him a marvelous analogy which makes it possible
to say in a way that successive differentials are in geometric
progression. One can ask what would be a differential
having as its exponent a fraction. You see that the re-
sult can be expressed by an infinite series. Although this
seems removed from Geometry, which does not yet know of
such fractional exponents, it appears that one day these
paradoxes will yield useful consequences, since there
is hardly a paradox without utility. Thoughts that mat-

tered little in themselves may give occasion to more beau-
tiful ones.” (Leibniz, 1646-1716)
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Who cares?

Derivatives of non integer order help

¢ modeling of viscoelastic phenomena, e.g., (Bagley and Torvik ; Miller et al. )

e restate fundamental model from physics [gravity (Giusti, Garrappa, and Vachon ),
Schrédinger (Laskin ), waves (Luchko ), -],

® modeling of heterogeneous cardiac tissues (Cusimano et al. ),

® describing phenomena with memory and non locality aspects, e.g., (Benzi et al.
Riascos and Mateos )

This is a booming topic, and many new applications frequently arise.
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Fractional integrals

Euler I'-function

The T" function T'(z) is defined for complex numbers
with a positive real part via the convergent improper
integral:

+o00

I'z) = J x?te ™ dx, R(z) >0,
0

and then extended by analyitic continuation to a

meromorphic function that is holomorphic in the

whole complex plane except zero and the negative

integers, where the function has simple poles.

O,IU
_5_54 2n0 -

MNz+1)=zI(z)
Bounded in:
S={zeC:Rzell,2)}
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A formula for repeated integration

Swapping Integrals

If G(x, t) is jointly continuous on [c, b] X [c, b]:

X X1 X X
J dX1J G(Xl,Xz)dX2:J dX2J G(X]_,Xg)dxl.

c c c X2
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A formula for repeated integration

Swapping Integrals

If G(x, t) is jointly continuous on [c, b] X [c, b]:

X X1 X X
J dX1J G(Xl,Xz)dX2:J dX2J G(X]_,Xz)dxl.

c c c X2

Fubini's Theorem

Given (X, S&x, lx), (Y,Sy, 1,) measure spaces with o-finite
complete measures L, W, on the o-algebras Sx, and &y. If
the function f(x, y) is integrable on the product X x Y w.r.t.
the product measure i = i, X p,, then the following equality
holds true

J f(x,y) dH:J dHyJ f(x,y)dix-
XxY Y X

v
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A formula for repeated integration

Cauchy's formula

The indefinite integral of order n € N of function f(t) is given by

I2.£(t) = J:E f(t)dt---dt = ﬁﬁ(t—ﬂ”_lf(r) dr,
lef(t) = LCLC f(t)dt---dt = (n—ll)! E(T—t)”_lf('c) dt.

® Can be proved by induction using Fubini's Theorem/the previous formula,
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A formula for repeated integration

Cauchy's formula
The indefinite integral of order n € N of function f(t) is given by

I2.£(t) = Jt---Jt f(t)dt---dt = ﬁ‘[t(t—r)”‘lf(r) dr,

I f(t) = JCMJC f(t)dt---dt = r(ln) Jt(r— t)" 1 (1) dr.

® Can be proved by induction using Fubini's Theorem/the previous formula,

® \We have introduced the T" function so let's use it,
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A formula for repeated integration

Cauchy's formula
The indefinite integral of order n € N of function f(t) is given by

I2.£(t) = Jt---r f(t)dt---dt = ﬁ‘[t(t—r)”‘lf(r) dr,

I f(t) = JCMJC f(t)dt---dt = r(ln) Jt(r— t)" (1) dr.

® Can be proved by induction using Fubini's Theorem/the previous formula,
® We have introduced the I" function so let’s use it,

® Now we use it to move from the integer case to the real one.
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Riemann—Liouville Fractional Integrals

Riemann—Liouville Fractional Integral

Let o > 0, and let f € LL([a, b]). Then for t € [a, b] we call

% of (1) = 2Dy *F (1) =

% f(£) = 2D %F(t) =

1, e
F(oc)J(t T)* *f(7) dT,

a

1 b a—1
F(oc)J (t—t)* *f(7)dT.

t

the Riemann—Liouville fractional integrals of f of order «, we set it to be the identity

operator whenever o = 0.

@ the idea is that we have substituted the integer number n of repetition of the integral

with the real order «,

© but does this makes sense?
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RL Fractional Integrals: properties - |

Theorem (Existence).

Lef f € L}[a, b], and o« > 0. Then, the integral I 4f(t) exists for almost every t € [a, b].
Moreover, the function [ . f itself is also an element of L![a, b].

Proof. It is sufficient to recognize that we can write the integral in question as a
convolution on R, indeed:

t +00
[ie=a =~ oste-nosa,
0 —00
where
0,(u) = u 1 | for0<t<b-—a, and ©y(u) = f(u), forue.[a,b],
0, otherwise, 0, otherwise.

By construction both the @;, j = 1,2, are in L}(R), and thus the integral exists and is a
member of LL! as a convolution of ! functions (We are using again Fubini’s Theorem).
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).

The RL fractional integral operators {/% : L1[a, b] — LL[a, b], & > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IZUEF(1)) = IE7PF(1), and IE(IZF (1) = IEHPF(1).
The neutral element of this semigroup is the /2 operator.

Proof. We prove it for one side, the other is analogous.
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).

The RL fractional integral operators {/% : L1[a, b] — LL[a, b], « > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IX(IBF(t)) = IXTPF(¢)), and IE(12F (1)) = IZTBF(L)).

The neutral element of this semigroup is the /2 operator.

Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration:

I l[[i,t}f(x) = m E J:(X —t)* (¢t —1)F () drdt
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).

The RL fractional integral operators {/% : L1[a, b] — LL[a, b], « > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IX(IBF(t)) = IXTPF(¢)), and IE(12F (1)) = IZTBF(L)).

The neutral element of this semigroup is the /2 operator.
Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration:

I,

B _ 1 X X PR Y- Y B |
t] /[a,t}f(x) - F(oc)F([S) Ja f(T) JT (x—1t) (t—m1) dtdr.
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).

The RL fractional integral operators {/% : L1[a, b] — LL[a, b], & > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IX(IBF()) = IXTPF(¢)), and IE(IZF (1)) = IZTBF(1)).

The neutral element of this semigroup is the /0 operator.
Proof. We have just proved that the integral exists, then by using Fubini’s theorem we

can interchange the order of integration:

o« 1 x x o B
I[a,t]/[[i,t}f(x) = FloT(B) L f(T) L (x —t)* Lt —71)PLdedr.

We now use the substitution t = T+ s(x — 1), dt = (x — T)ds.
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).

The RL fractional integral operators {/% : L1[a, b] — LL[a, b], & > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IE(IF(2) = IEHPE(2)), and IB(IEF(2) = IEFPE(L).

The neutral element of this semigroup is the /2 operator.

Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration. We now use the substitution t = T+ s(x — 1),
dt = (x — t)ds. We obtain:

« B 1 x ! 1 61
IGalGaf(X) = s—==3 J f(T) J [(x — 7)1 —s)* s(x — )P (x — 1) dsdt
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IX(IBF(t)) = IXTPF(¢)), and IE(I2F (1)) = IZTBF(L)).

The neutral element of this semigroup is the /2 operator.

Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration. We now use the substitution t = T+ s(x — T),
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18 glb o f(x) = 1 fo(x)(x—TWﬁl Jl(l—s)“lsﬁldsd’r
2 FeT(B) J 0 '
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RL Fractional Integrals: properties - ||

Euler's 3-function
The Euler's B-function is defined as:

Blxy) = Jl 1wt du= TIT(y)

Rx > 0,Ry >0
0 MNx+y x - ’

Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration. We now use the substitution t = T+ s(x — 1),
dt = (x — 1)ds. We obtain:

1

X 1
_ \a+p-1 a1 .p-1
—F(oc)F([S)J f(t)(x — 1) L(l s)* sk dsd.

a

I% 4 I[Ba’t]f(x) —

(a,
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RL Fractional Integrals: properties - ||

Theorem (Semigroup property).
The RL fractional integral operators {/% : L1[a, b] — LL[a, b], & > 0} form a commutative
semigroup with respect to the concatenation operation, that is

IE(IF(2) = IEHPE(2)), and IB(IEF(2) = IEFPE(L).

The neutral element of this semigroup is the /2 operator.

Proof. We have just proved that the integral exists, then by using Fubini’s theorem we
can interchange the order of integration. We now use the substitution t = T+ s(x — 1),
dt = (x — 1t)ds. We obtain:
1 x _
154 I[E,,ﬂf (x) = PR J (x — 1) P Lf (1) dr = /gfﬂf-”f(x), a.e. on [a, bl.
The same works also if we exchange o« and 3, while we have the Oth order operator being
the neutral element by definition. 026



RL Fractional Integrals: properties - ||

A note on regularity.

Observe that in the proof we could say something more on the regularity of the resulting
functions. Indeed if f is a continuous function on [a, b], then also [} ,,f is continuous.

Therefore we have that also the concatenation I["; 4 I[g 4 and l[";t][3 are continuous. Then
what we have proved is that we have two continuous function that are almost everywhere
equal, and therefore they most coincide everywhere. Furthermore, if f € .![a, b] and

x+ 3 > 1 we can use Semigroup property to write

B o qxt+p e gxtp-11
I["‘_j,t]l[ f = l[a’ﬂ f = l[a’ﬂ l[a,ﬂ f, a.e.

a,t]

Now, since /[la yf is continuos, we also get that the other two way of writing it are
continuous, and thus we can conclude the equality everywhere by the same argument as
before.
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Computing a Riemann—Liouville fractional integral.

1t 1
/fg,t]tu = r((X)L(t—T)"‘ ™ dT,

This should be the simplest possible example, and indeed it is as simple as using again the
Euler 3 Function:
' Fx)riy)

Blx,y) 2 J (1 — P dy =

Rx > 0,Ry > 0.
0 I(x+y oIy

To obtain it, we do the substitution for u = % then

P Taan Jl u(l )“_1 J
=—— | v (l1—u u
(0,1 () Jo

TR (e DM («) MNMu+1) poctis

M) T(e+pn+1) T(a+pn+1)
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Computing a Riemann—Liouville fractional integral.

1t Mu+1
Ifét}t“:J (t—’t)"‘*lﬁr“dﬁrzi(FL ) TN
’ Mo Jo Mo+ p+1)
1 T T

t = linspace(0,1,100); = Function
I = e(alpha,mu,t) 0.8 - === Integral :
— gamma(mu+1)*t.” (alpha+mu)/
< gamma(alpha+mu+1) ; 0.6 - B
mu = 1.5;
alpha = 1.5; 0.4 |
plot(t,t. mu,'r-',t,I(alpha,mu,t),
< 'b-','Linewidth',2); 0.2
legend('Function', 'Integral'); 4______,_—‘———””£

0 0.2 0.4 0.6 0.8 1
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Computing a Riemann—Liouville fractional integral.

1t Mu+1
I["éﬂt“:J (t.“—’t)"‘*lﬁr“d”tzi(FL ) TN
’ Mo Jo Mo+ p+1)
1 T T

t = linspace(0,1,100); = Function
I = e(alpha,mu,t) 0.8 - === Integral :
— gamma(mu+1)*t.” (alpha+mu)/
< gamma(alpha+mu+1) ; 0.6 - B
mu = 1.5;
alpha = 1.5; 0.4 |
plot(t,t. mu,'r-',t,I(alpha,mu,t),
< 'b-','Linewidth',2); 0.2
legend('Function', 'Integral'); 4______,_—‘———””£

@ They are hard to compute! 0 0.2 0.4 0.6 0.8 1

11/26



Quadratures for Fractional Integrals

Q Quadrature idea

Let us assume that f(t) is suitably smooth on an interval (a, b). Let
b—a

h:T’ txk =a+ kh, with k=0,1,2,..., N, NeN
then we can approximate for t = ty the fractional integral as
(o], == [y 0 trmar = L [ -t
2D F(t)], :J ty —T)% f(t)dt= —— J te — 7)Y " f(T)dT.
b et TT(a) |, Ma) ;, %

We approximate f(x) with a polynomial p(x) such that we can compute exactly the
involved integrals, this yields quadratures by the usual look

N—-1
DL F(8)] oy, &~ D wif(8).
k=0
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Piecewise constant approximation

We approximate f(t) on the intervals [ty, tx + 1), k =0,..., N — 1, selecting
f(t)~p(t) =p(t), teltote+1), k=0,1,...,N—1,

from which we get the formula

T
L

—x 1 titl o 1 1 N—1 tht1
2Dy f(t ‘tt %r((x)k_of(tk)Lk (ty — ) dT—rikzof |: N_T):|tk

N—1 1

= f(tk)ocl“(oc) ((tn — te)* — (tn — trs1)™]
k=0
N—1 1

= f(tk)ocr(oc) (a+hn—a—kh)*—(a+hn—a—(k+1)h)%]
k=0
N—1 he N—1

= f(tk)r( 1 [(n—K)*—(N—k—=1)%T= > by, 1f(t),
k=0 x+ k=0
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Piecewise constant approximation

We approximate f(t) on the intervals [ty, tx + 1), k =0,..., N — 1, selecting

f(t) =~ p(t) =p(te), te€lti,tx+1), k=0,1,...,N—1,

from which we get the formula

N—1
Dy f(t)],_, = ) bn—kaf(te),
k=0
where we have defined
hOC
by = —I[(k+1)* — k%], 0<k<N-1

Mo+1)
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Piecewise constant approximation

We approximate f(t) on the intervals [ty, tx + 1), k =0,..., N — 1, selecting
f(t)=p(t)=plty), teltk,ti+1), k=0,1,...,N—1,
from which we get the formula

hO(

m[(k + 1) — k*].

N-1
Dy (1), = > bywaf(te), bk =
k=0

Analogously we get the case in which we select the right approximation
f(t) ~ p(t) = p(tk-i-l)) te [tk) ty + ]-)) k = O) 1) (RN} N — ]-)
and, more generally, for the weighted formula in which we select

f(t) =~ p(t) =Ap(te) + (1 —AN)p(tey1), t€lte,te+1), k=0,1,...,N—1, A € [0,1].
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Piecewise constant approximation

We approximate f(t) on the intervals [tx, tx + 1), k =0,..., N — 1, selecting
f(t)%p(t)Ep(tk), te[tk)tk+1)»kZO)]-)---)N_]-a

from which we get the formula

2

-1

bn—k—1f(tk), by =
0

hOC
Moa+1)

Q

Dy *f (1), [(k +1)* — k9.

x
Il

The general weighted formula is then given by

N—-1
Dy F(8)]_y, ~ Y bkt Pp(t) + (1= Npltisa)l, A€ (0,1,
k=0
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Implementation

This is a simple procedure to implement

function I = constfracint(f,a,t,alpha,N,lambda)
JACONSTFRACINT computes the fractional integral with the weighted piecewise
/constant approzimation of the function f between a and t, over N uniformly
Zdistributed intervals.
h = (t-a)/N;
tk (a:h:t)';
b zeros(N,1);
for k=0:N-1
b(k+1) = (k+1)~alpha - k~alpha;
end
b

p
I

h~alpha*b/gamma(alpha+1) ;
£(tk);
flipud(b) '*(lambda*p(1:N) + (1-lambda)*p(2:N+1));

end
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Implementation - |l

And we can test the results using the fractional integral we have computed by hand

f = @(t,mu) t. mu;

Itrue = @(alpha,mu,t) gamma(mu+l)*t.” (alpha+mu)/ gamma(alpha+mu+1);
mu =1;

alpha = 1.5;

N = 100;

lambda = 1;

I = constfracint(@(t) f(t,mu),0,1,alpha,N,1);
fprintf ('Relative error is: %e\n',abs(I-Itrue(alpha,mu,1))./abs(Itrue(alpha,mu,1)));

That returns us
Relative error is: 1.246939e-02

But what about convergence?
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Convergence

Relative Error

100 T T T T T T T T T T T T 1T

Fractional Newton-Cotes formula

Lef f(t) be approximated by a polynomial

Pk,r(t) of degree r on the grid points

{t, = ték), ceey tﬁk) = txs1). Then the error

estimate for an f € C"*1([a, b]) on each 108 _gmne1 .
sub-interval [t, tx+1] is given by “e= A=0
A=0.5 |
(I‘+1 r 10712 Lol vl il i
F(t) — prr(t) = Frt (1) H(t_ t(k)) 10! 102 103 10* 105
) - j )
(r+ 1)' =0 . N/A 0 1 1/2
le+01 1.3e-01 1.2e-01 2.9e-03
for r € N, t, Ty € [tk, txr1], i.e., the formula le+02 1.3e-02 1.2¢-02 3.1e-05
. r—+1 le+03 1.3e-03 1.2e-03 3.1e-07
is of order O(h"™""). le+04 1.3e-04 12e-04 3.1e-09

le+05 1.3e-05 1.2e-05 3.le-11
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Convergence

Proof.The interpolating polynomial can be expressed in the Lagrange basis

(k)

r r t_ t
Prr(t) = Y li(OF( ), i) =[] Ly 0<i<r te [t tenl.
i=0 =0t
J#i

Then the fractional Newton-Coates formula si given by

N—-1 r
Dy ()] oy, =~ 2Dy prr(B)] = Cnf(t ),
k=0 i=0
for k) 1 B w1
Cy=—— ty — Ik ; d
W= ), 0 e
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Convergence

Proof.Then the fractional Newton-Coates formula si given by

N—-1 r
N - k k
2Dy “f(tnt:t/v ~ D, “pk»’(t)‘t:t,v - Z Z Ci(,l\}f(t,g )))
k=0 i=0
from which we obtain the error estimate as
1 N-1 tht1 .
505 %7(1) = 2D, *pror (0] <5 ZJ (ty — 0% L IF(1) — pies (1)) dt
M) — s,
N—1 .
|Fr 1) (1) thﬂ o "
= r+ 11T () ty—T T—t"’|dt
_tg[liil(v] (r+1)IT(e) é b (tn =) ]:[l 7
— ity
pr+l N-1 .t 4
< max |FU( ‘7 J ty —T)* tdr.
<o | e &), (v
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Convergence

Proof.Then the fractional Newton-Coates formula si given by

N-1 r
- k
an(Xf(t)‘t: Db Pkr t ty ZZC

k=0 i=0

from which we obtain the error estimate as
1 N-1 oty
|aDy, “F(t) — 2Dy i (1)| <= Z J (tn —T) L IF(T) — prr(T)] dT
F(O() k=0 ty
()] &

S e DN ()

tk

7581 r
J (tn — 0 T e — ¢¥1ar
k=0 Jj=0
hr+1

Cr DM v

< max
te(a,ty]

f(r-‘rl) (t) ‘
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Convergence

Proof.Then the fractional Newton-Coates formula si given by

2Dy “F(8)],_y, ~ 2Dy “pir(t ZZC t))

k=0 i=0

from which we obtain the error estimate as

|3D;0¢f(t) — aD;o‘pk,r(t)’ e O(hr+1).

The error estimate does not coincide completely with the classical one for Newton-Coates
formulas, this is due to the nonsymmetry of the integral kernel (ty — i
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Suggested exercises, and some extensions

(i) Rewrite (and implement) the fractional weighted constant approximation for the
other-sided Riemann-Liuoville fractional integral,

(i) Denote with t,, 1/, = tkttc+1/2 on each sub-interval [ty, tx; 1], approximate f(t) with a
piecewise quadratic polynomial, derive and implement the fractional Simpson’s formula
- The closed form of the coefficients for this case is cumbersome...

Extensions

By mimicking the usual procedure for deriving collocation/spectral type quadrature
formulas, we could approximate f(t) by using, e.g., Jacobi polynomials to obtain the
related quadrature formulas (when you have obtained formulas for Jacobi, then Chebyshev

and Legendre follow with relative “ease”).
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Riemann—Liouville Fractional Derivatives

Now that we've gotten a little bit of familiarity with Riemann—Liouville integral operators,
we can finally introduce the corresponding differential operators.
Q The key idea

Let f be a function having a continuous nth derivative on the interval [a, b], and let m € N
be such that m > n, then

|

t dam
- = _ m—n—lf - m= ”f
(m—n—1) dtm L(t 2 (Odv=Zmla

d" 1 dm
f(t) =
g ()

simply by employing the Fundamental Theorem of (Classical) Calculus

gm—n mn
f,
dtm—n a

f‘

and applying the operator c‘,’; to both side of it.
19/26



Riemann—Liouville Fractional Derivatives

Now that we've gotten a little bit of familiarity with Riemann—Liouville integral operators,
we can finally introduce the corresponding differential operators.

Q The key idea
Let f be a function having a continuous nth derivative on the interval [a, b], and let m € N

be such that m > n, then

d" 1 dm t dam
f _ - m—n—lf — Jm=—n
dt” (¢) (m—n—l)!dt’"J (t=7) (T)dv dem @

fy

a

simply by employing the Fundamental Theorem of (Classical) Calculus

dmfn _
= 1M,

f‘
dtm—n?

and applying the operator c‘/t'; to both side of it.

19/26



Riemann—Liouville Fractional Derivatives

Substitute the integer n with a real positive number « and select an m € N s.t. m > «.

RL Derivative
Let « € Ry and m = [«], we define the Riemann-Liouville operator g D as

m
& 9% (),

D*f(t
RUDSF(t) £~

and we set RLDS to the identity operator.

The right-hand side of our definition remains valid, but now the resulting operator
depends on the choice of the point a.
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Riemann—Liouville Fractional Derivatives

Substitute the integer n with a real positive number « and select an m € N s.t. m > «.

RL Derivative
Let « € Ry and m = [«], we define the Riemann-Liouville operator g D as

a d”
rRuD;f(t) = e I7%f (1),
and we set RLDS to the identity operator.

The right-hand side of our definition remains valid, but now the resulting operator
depends on the choice of the point a.

© for what functions f does this definition make sense?
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Riemann—Liouville Fractional Derivatives Existence

The A" functions

We call A"[a, b], or simply A" when the interval is clear from the context, the space of
function with an absolutely continuous (n — 1)st derivative, i.e., the functions f for which
there exists almost everywhere a (generalized) nth derivative function g € IL![a, b] for
which holds

t

FIr B () = FIr1(a) +J g(t)dr.
a
Remind: For a compact interval:

continuously differentiable C Lipschitz continuous C absolutely continuous C
bounded variation C differentiable almost everywhere

Example: f(t) = v/t is absolutely continuous on any bounded interval / but not
Lipschitz continuous on any interval / such that 0 € /.
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Riemann—Liouville Fractional Derivatives Existence

Theorem (Existence)

Lef f € Al[a, b], and 0 < @ < 1. Then rRLDZf(t) exists almost everywhere in [a, b].
Moreover, r. DXf(t) € ILP for 1 < p < a1 and

« _ 1 f(a) £,
rLDSf(t) = M=o ((t—a)“+Lf (’C)(t—’t)d’t).

Proof. We use directly the two definitions

o _ 1 d (* —
RLDa f(t) —maJ'a f(T)(t—T) dt

1 dft . B
:r(l—cx)EL (f(a)-l—L f'(s) ds) (t—1)*dr
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Riemann—Liouville Fractional Derivatives Existence

Theorem (Existence)

Lef f € Ala,b], and 0 < ov < 1. Then g D%f(t) exists almost everywhere in [a, b].
Moreover, r. DXf(t) € ILP for 1 < p < a1 and

ap(p L f(a) <
RUDSF(E) = rr o ((t_a)a +L F(T)(t — ) d’[.') :

Proof. We use directly the two definitions

rRLDZ (1) :ﬁ%L (f(a) +J f'(s) ds) (t—71) *dt

1 d t dt t T , .
:r(l— OL)E (f(a) L (x — t)« +L L f'(s)(t—m) dsd*r)
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Riemann—Liouville Fractional Derivatives Existence

Theorem (Existence)

Lef f € Al[a, b], and 0 < & < 1. Then g D¥f(t) exists almost everywhere in [a, b].
Moreover, r . DXf(t) € LP for 1 < p < oc ! and

o _ 1 f(a) ‘ / _
RLDIF(t) = Mo ((t—a)“+Jaf (T)(t T)d’[’) .

Proof. We use directly the two definitions, and apply again Fubini’s Theorem

RLD;Xf(t) :ﬁ% (f(a)J (Xi—tt)(x +J J f,(S)(t—T)_“deT)
. 1 f(a) d ([t »
CT(1— ) ((t—a)"‘—i_ELJ’af(s)(t_T) deT)

1 f(a) dt,, . (t—s)t@
(Fubini) Tl o ((t—a)“—i_EJ' f (s)—ds),
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Riemann—Liouville Fractional Derivatives Existence

Theorem (Existence)

Lef f € Ala, b], and 0 < ox < 1. Then g D%f(t) exists almost everywhere in [a, b].
Moreover, r. DXf(t) € P for 1 < p < a1 and

[04 o 1 f(a) t / _
RLDaf(f)—r(l_CX) ((t )a—i-Lf('c)(t T)d’t).

Proof. We use directly the two definitions, and finally Leibniz rule for the derivative of
integral functions,

N 1 f(a) d (t,, (t—s)it @
RLD"’f(t)_F(l—oc)((t—a)“+ELf(s)—l—oc dS)»

(Leibniz) :F(l 1_ p ((tf_(a;)“ + Jt f'(1)(t —T) dT) .
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Computing our first RL derivatives

To keep things simple we can compute, first of all, the fractional derivative of order

« € (0,1) of the constant function f(t) =1 in [0, t]:

6
We simply apply the previous representation theorem,
and thus:
1 f(0) t
RLDE f(t) = < +J f’(T)(tT)dT) =
O T =) \(t=0)% " o 2

1 1 ™«

Ml—o)(t—0)* T(1—o) 0

| | | |
0.2 04 06 08 1

23/26



Computing our first RL derivatives

To keep things simple we can compute, first of all, the fractional derivative of order
« € (0,1) of the constant function f(t) =1 in [0, t]:

6
We simply apply the previous representation theorem, —_— RL‘D[% H‘f(t)
and thus: — -
4l flt)=1
1 f(0) t
RLDG 1 f(t) = < +J f’(T)(tT)dT) =
O T =) \(t =0 o 2| l
1 1 ot
TTl—o) (t—0)* T(1—«) 0

| | | |
0 02 04 06 08 1

The RL derivative of a constant is not zero!
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Computing our first RL derivatives

Let f(t) = (t — a)P for some p > —1 and compute its RL derivative of order & > 0 on an
interval [a, b].
First we compute the fractional integral part of the definition:

”ﬂfﬁ)zlij—EW(b—ﬂ“lde

&, o) J,
_L e Bre - =1 3. _ ('X B—1(,  yo—1 _ (eI (B) av[il>
_F(oc)JO sP(t—a—s)¥ "ds =« Jos (x —s) (15_7F(o<+(5)x
TR +1) B
_Na+ﬁ+n“ 2,

24 /26



Computing our first RL derivatives

Let f(t) = (t — a)P for some p > —1 and compute its RL derivative of order « > 0 on an
interval [a, b].
First we compute the fractional integral part of the definition:

Frp+1)
1% f(t) = 0 (t — a)*™P
[a,t} () F(OC+B+1)( a) )
Then we just have to compute the derivative with the correct indexes
dlel o rp+1 dlel
QDG f(6) =L gy — TP+ (- a)fol-octs

PAPARER: MNla] —oc+pB+1) dtle

t

now, if « — 3 € N the right-hand side vanishes ([ o|-derivative of a polynomial of lower
degree), if « — 3 ¢ N, we find

rLDpyf(t) = r Mp+1) (t—a)f™.

B+1—«)
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Summary and anticipations

We did
@ Definition and properties of Riemann—Liouville Integrals,
@ Some examples of Fractional Newton-Cotes formulas for RL integral computations,
@ Definition and existence of Riemann—Liouville Derivatives,
@ A couple of by-hand computations of RL derivatives of simple functions.

Next up
B Properties and interactions between Riemann—Liouville Integrals and Derivatives,
B The Caputo fractional derivative,

B An introduction to Fractional Differential Equations.
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