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RL Fractional Integrals and Derivatives

Riemann—Liouville Fractional Integral

Let R > 0, and let £ € L([a, b]). Then for t € [a, b] we define

I g F(8) = D7 F(t) = ﬁ J (t— 1) (1) dr,

I pf(t) =aD; “f(t) =

1 b ax—1
(o) L (t—t)* f(T)dT.

Riemann—Liouville Fractional Derivative
Let Rx > 0, m = [«|, and f € A™([a, b]), Then for t € [a, b] we define

& — 1 d" ! m—ox—1
WD) = oo v | (=T (),
-4 _ (_1)’” dm Jb _ pym—a—1
RLDgp f(t) = m — o) dem |, (t—1) f(t)dr.
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RL Derivatives Properties

RL integrals have a semigroup property, 9/dt has it, so what about RL Derivatives?

Theorem
Assume that &y, x> > 0. Moreover let ¢ € L([a, b]), and f = l[‘?:ﬁ‘”d). Then,

RLDa g RLD[a gf = D°‘1+°‘2

Proof. We use the definition and the assumption on f,

dleal o, dle2l _
RLD( g RUDZ T =RUDE RUD Iy 2 = pArAL [;atlj " difea] L [;xfn1 AP
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RL Derivatives Properties

RL integrals have a semigroup property, 9/dt has it, so what about RL Derivatives?

Theorem
Assume that o3, o > 0. Moreover let ¢ € L([a, b]), and f = Iglgj"‘zd). Then,

RLD(RUDCZ T = RUDE™.

Proof. We use the definition and the assumption on f, then we use the semigroup property
for integrals

dloal focﬂ o dl*] [a2]— Oczloc1+cx2¢

+
R[_D RLD f RLDatRLD‘Xz /061 0‘2(]) dtleal ab] dt"—‘xﬂ [a,b]

dleal [[o‘ R dlez] [“2-‘_,_0‘1(') _ dleal [ocﬂ o dle2l Ifocﬂ 1% &
= gifoal labl  gefoal b gefoal lal oo bl o
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RL Derivatives Properties

RL integrals have a semigroup property, 9/dr has it, so what about RL Derivatives?

Theorem
Assume that &y, x> > 0. Moreover let ¢ € L1([a, b]), and f = l°‘1+°‘2d) Then,

o : o o+«
RLD[aft] RLD[aft]f - RLD[afﬂ %

Proof. We use the definition and the assumption on f, then we use the semigroup property
for integrals, and since orders of the integral and differential operators involved are in N

[0‘11 d)

dleal foan]—oa dle] l[“ﬂ N ]d) gl ,(“11—0‘1/061 o=

RLDS g RUDE o = el Tabl  'Tapl

[a,t] dt[o‘ﬂ [a,b] dtlez2] la,b] "[a,b

cit

2/40



RL Derivatives Properties

RL integrals have a semigroup property, 9/dt has it, so what about RL Derivatives?

Theorem
Assume that oy, x> > 0. Moreover let ¢ € L1([a, b]), and f = l[‘:l;”d). Then,

o : _ o1+«
RLD[aft] RLD[aft]f - RLD[afﬂ %

Proof. We use the definition and the assumption on f, then we use the semigroup property
for integrals, and since orders of the integral and differential operators involved are in N.
This way we proved that: RLD[":t]RLD[‘:fﬂf = ¢. Now we work on the other part, that is
analogous:

Do‘1+0‘2 _ d|—0(1+0(2-| |—061+012-| —0(]_—0(,2f- _ d|—0(1+0¢2-| |'(x]_+0€2-| I—(X,l—OCz I061+O(2(I) — (I)
RL™a,1] difatoz] [ab) dtfaatoe] [abl  labl  ‘lab] :

2/40



RL Derivatives Properties

Theorem
Assume that &y, x> > 0. Moreover let ¢ € L([a, b]), and f = /°‘l+°‘2d) Then,

ReDG Ry f = RUDG™

An observation on the hypothesis

The crucial hypothesis for the proof has been having f = I“1+°‘2(]) This is not technical,

consider f(t) = +/t, and ;1 = x> = 1/2, then we have computed in the last lecture

D/Z\/— 0, = RLDOtRLD/Z\/_ 0,

but RLD gt\/f = 1/2/t #0. The condition on f implies both the needed regularity,
and regulates how f(t) — 0 as t — a. Other example. Consider the same function with
= 1/2, Xp = 3/2.
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RL Derivatives Properties - 1l

Theorem
Let « > 0. Then, for every f € L}([a, b))

RLDg,t}I[‘:,t]f = f a.€.

Proof. The case o = 0 descend from the definitions, both operators are the identity. For
o >0, let m =[], then we use the definition of RLDa and the semigroup property of
fractional integration

t]

dm dm
QLD = I il = e o = F10)
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RL Derivatives Properties - 1l

Theorem
Let o« > 0. Then, for every f € L1([a, b])

RLDg)ﬂI[O‘;)t]f = f a.e.

Thus we have proved that the RL derivative is a left inverse of the RL integral,
unfortunately we cannot claim that it is the right inverse.

Theorem
Let & > 0. If there exists some ¢ € L([a, b]) such that f = Ig)t}¢ then
IGaRDG af = f.

Proof. This is an immediate consequence of the left-inverse property, since

/g,t]RLDg,t]f = Ig,t]RLD[‘:,t} I[o;t]d’ = Ig,ﬂq’ =f.
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RL Derivatives Properties - 1l

Theorem
Let & > 0. Then, for every f € LY([a, b))

RLDG gl gf = F ae.

[a,t] '[a,t

Thus we have proved that the RL derivative is a left inverse of the RL integral,
unfortunately we cannot claim that it is the right inverse.

Theorem

Let oc > 0. If there exists some ¢ € L!([a, b]) such that f = Ig)t]¢ then

I[Oz;,t}RLDg,t]f =f.

What happens in the general case?
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RL Derivatives Properties - 11l

Theorem
Let « >0, and m =[] + 1. Assume that f is such that [7\*f € A™([a, b]). Then,

m— 1 cx—k 1 m—k—1
- lim 2l Im "‘f( ).

az

I[";’t]RLD f=f(t

z—at dz

ol\’l

That reduces to

= oa—1
(Gt it lim [L%F(z), for 0 < o < 1.

e Dfs af = FlE) = = lim,

® As for the semigroup property this is an issue of regularity and of going rapidly enough
to zero at the beginning of the interval,

® The analogous property can be written also for the other-sided RL derivatives.
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RL - Combinations, products and compositions

Linear combination descend easily from the definition.

Theorem
Let f1, > : [a, b] — R such that RLD["; J f1, and RLD[‘: t]fl exist almost everywhere. Then,

for c1, 2 € R we have RLD["; t](lel + cofy) exists almost everywhere, and
RLDG g(ch + ef) = alr D gh + 2R D oo
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RL - Combinations, products and compositions

Linear combination descend easily from the definition.

Theorem
Let f1, > : [a, b] — R such that RI_D"C f1, and RLD"‘ f1 exist almost everywhere. Then,
for c1, 2 € R we have RLD (c1f1 + czfz) exists aImost everywhere, and

RLD, (C1f1 + @f) = arDj gh + rDj gfo

Leibniz' formula for Riemann—Liouville operators, doesn't come so easily

Theorem (Leibniz' formula for Riemann—Liouville operators)
Let « > 0, and assume f and g analytic on (a — h,a + h) for some h > 0. Then,

L]
x _ _
rUDE lfE (1) = ) (k) rRLDE o f (t)R.DY (g (1) + Z ( )RLD af (I g(t),
k=0 k=|a]+1

for t € (a,a+ h/2).
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RL - Combinations, products and compositions - |l

For compositions we need to recall first a result for integer-order derivatives

Francesco da Paola Virginio Secondo Maria Faa di
Bruno's Lemma

If g and f are functions with a sufficient number of
derivatives and n € N, then

d" d Lofdr A\
S0 = Y (e ) tren [T (5f0)

p=1

where the sum is over all partitions of {1,2, ..., n}, and for
each partition k is its number of blocks and b; is the
number of blocks with exactly j elements.

For a proof (and the history) see (Johnson 2002).
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RL - Combinations, products and compositions - |l

For compositions we need to recall first a result for integer-order derivatives, then we can

look at its extension

Faa di Bruno's formula for RL operators

If f and g are regular enough we have

« Py Pl — a)f == al ¢
rLD 4lfel(t) = Z (k)m Z (RLD[a,t]f> (g(t))
=1

k=1
trg t) " (t—a)™

where (a1, ..., ax) € Ak means that

k k
., ak € Np, Zra, = k and Zar ={.
r=1 r=1

(31) »a )eAk
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What now?

We have put together all the analogues of the instruments of classical calculus, but
what do we do with them now?
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What now?

We have put together all the analogues of the instruments of classical calculus, but
what do we do with them now?

What we would like to solve is:

rLDG gy (t) = f(t,¥(1)), y: [0, T1 = R?, f:[0,T] x RY — RY,

Nevertheless, we have a problem! What we would like to solve is a Cauchy problem, so we
need to put initial conditions, but last time we observed that

RUDG e #0,  ceR7.

Therefore, we should equip the system with the following initial conditions instead

RLD[O(;Tt]ky(O) =by, k=1,2,...,[a] =1, hm /[)J] y(2) = bra.
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What now?

We have put together all the analogues of the instruments of classical calculus, but
what do we do with them now?

What we would like to solve is:
rLDG gy (t) = f(t,¥(1)), y: [0, T1 = R?, f:[0,T] x RY — RY,

Nevertheless, we have a problem! What we would like to solve is a Cauchy problem, so we
need to put initial conditions, but last time we observed that
RUDG e #0,  ceR7.

Therefore, we should equip the system with the following initial conditions instead
RUDEFy(0) =by, k=1,2,...,[a] —1, lim Iy (2) = brag.

We could develop a theory for this, but these conditions are physically difficult to use,
we don't get this type of initial data from the applications.
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Caputo fractional derivatives

Caputo fractional derivative (Caputo )
Let « > 0, and m = [ec|. Then, we define the operator
dm
DE 4f = P 2 f,
< I dtm
(R. Gorenflo, M. Caputo,
dam 1 Bologna 2000, source:

whenever 27 f € L*(la, b]). fracalmo.org)

@ We have exchanged the order of the derivative and fractional integral operators.
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Caputo fractional derivatives

Caputo fractional derivative (Caputo )

Let « > 0, and m = [ec|. Then, we define the operator

dm
D of = I,
¢ 1 dtm

(R. Gorenflo, M. Caputo,

m .
whenever j_mf c Ll([a, b]) Bologna 2000, source:
t fracalmo.org)

@ We have exchanged the order of the derivative and fractional integral operators.

“Chi cerca trova, chi ricerca ritrova.” - E. De Giorgi

The concept occurred a certain number of times: (Dzrbasjan and Nersesjan 1968;
Gerasimov 1948; Gross 1947; Liouville 1832; Rabotnov et al. 1969).
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So, what is the difference?

First of all, we have the result we wanted on constants ¢ € R:

dm
o= 1Tt —c= 1m0 =0.

24
CD[ dtm a t]

a,t
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So, what is the difference?

First of all, we have the result we wanted on constants ¢ € R:

dm
D e =T e = 1070 =0.

We can put in relation the two operators with the following result

Theorem
Let « > 0 and m = [«]. Moreover, assume that f € A™([a, b]). Then,

D gf = RLDat] [f — Tm_1lf;al] a.e. on [a, b,

for Tp,_1(f; al the Taylor polynomial of degree m — 1 for the function f centered at a, with
T_1[f; a] =0.
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So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order oth derivative.
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So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order ath derivative. Therefore, we consider the case « ¢ N and m = [a] > «

m

d
RO [F = Tmelfiall = [ — T [F 2]

[ e

3 |, P (f(1) = Tm-1lf;al(7)) dT,
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So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order ath derivative. Therefore, we consider the case « ¢ N and m =[] > «

QDR [F = T alFsal] = S0 F = Toy11£33]
_ dam ( _ T)mfocfl '
~dm L Tim—o) (f(T) = Tm-alf;al(T)) dr,
We apply a partial integration
1 1=t
= T im e (O Tmalfalme=0™])
1 t ! / m—o
+ F(m—ocﬂLl)L(f (1) — (Tmo1lf, al(1)))(t — 1) *dr.
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So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order ath derivative. Therefore, we consider the case « ¢ N and m =[] > «
dm

RLDE ¢ [f — T alfy all = I 1F — Ty [f: 2]

N dm ( __/t)rn——ar—l ‘
_dtrnLr(m_a)(f(TJ—Tm_l[f,a](T))dT,

We apply a partial integration

1
Fm—oa+1) [(F(T) = Tm-1lf, al(T)) (t —T)" %] 3

: t ' ! m—o
+F(m—oc+1)L(f (1) = (Tm_1lf,al(t))(t—1) dr.

* = —

The terms in red are zero, and only the integral terms remain.
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So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order «th derivative. Therefore, we consider the case « ¢ N and m = [a] > «

m

d
RLDG g [F = Temalfs all = 00 o™ [ — Tl al]

[ e

:W . m— o) (f(T) - Tm—l[f; a](T)) dT,

We apply a partial integration m times since f € A™([a, b]):

o d7 Jm
/rgﬂcx [f — Tm-alf;all = /an;} (thm [f — Tm-alf;all = /[a f]/r:t}‘xdtm [f — Tm-1lf;all,
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So, what is the difference?

Proof. In the case « € N the result follows easily, since both quantities reduces to the
integer order octh derivative. Therefore, we consider the case « ¢ N and m = [a| > «

dm
RLD[ g [f — Tialf; al] G,Tm/':t“ [f — Trm-1lf; all

_dm ( _T)m—(x—l
5o |, a0

We apply a partial integration m times since f € A™([a, b])

m—ox . 2m—o dm . m m—o d”
I[a,t} [f — Tm—l[f) all = /a ] dtm [f — T [f) all = I[a,t] l[a,t} — [f —

the mth derivative of the Taylor polynomial is zero (degree m — 1)

11/40



So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order «th derivative. Therefore, we consider the case « ¢ N and m = [a] > «

m

d
RLDG g [F = Temalfs all = 00 o™ [ — Tl al]

[ e

:W . m— o) (f(T) - Tm—l[f; a](T)) dT,

We apply a partial integration m times since f € A™([a, b]) and obtain the expression

dm
I [ — Toalf;all = 17 1m0 f

[a,t] [a,t] "[a,t] drm .

11/40



So, what is the difference?

Proof. In the case & € N the result follows easily, since both quantities reduces to the
integer order ath derivative. Therefore, we consider the case « ¢ N and m =[] > «

m

d
RO [F = Tmoalfiall = m/fgﬂ“ [f — T lf; al]

— o | S (= Taalfsaltr)

We apply a partial integration m times since f € A™([a, b]) and obtain the expression

I — Ty alfyal) = 7S

[a,t] a,t] '[a,t] dtm

We reapply the mth derivative to the simplified expression:

RLD[oa(’ﬂ [f— Tm,]_[f, aﬂ = dt‘im/[a’ﬂ I[a,t]o‘dtimf = I[a,t](xdtimf - CD[oacyt]f.
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An example of computation

Let f(t) = (t — a)P for some p > 0, then

0, Be{0,1,2,...,[a] — 1,
DR () = { B (r—a)f =, (BeNA B> [a])
V(IBENAR>[a] —1).

Let us compare it with the Riemann-Liouville case:

0, a—B €N,

RLDg nf(t) =4 Tt _
0,1] r(ﬁ(ﬁirizx) (t— a)ﬁ * oa—p¢N

I The two operators have different kernels and domain.
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Caputo fractional derivatives - Properties

We can rewrite all the properties we have seen for RL derivatives for the Caputo version.

Theorem. (Caputo Derivatives Properties)
Let « > 0 and m = [«|
(i) D& yf = RUDE of — X iy f¥@/rk—akn)(t — 2)%,
(ii) cDf; t]f = RLD"‘ f iff f has a zero of order m at a,
t] [a, t]f .
(iv) If f € A™([a, b]) then /g)ﬂco[a’ﬂ = f(t) — Y FP @ (x — a)k,

(v) IffeCk([ b)), oc,[5>05t. HeNL<kand &,0c+ B € [{ — 1, then
cDg ]CD f= CD"‘+f

(vi) f eC¥([a,b]), x € [0, ], then RLD[at cDgaf = flr

(iii) If f is continuous, cDF 417
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Caputo fractional derivatives - Properties

Theorem. (Caputo Derivatives Properties)
(vii) For fi,f; : [a,b] = R, c1,c € R then

cDj glaf + h) = acDf gh + ccDj 4f2 ae. on [a, b],

if CD[";,t]fl, CD[";’ﬂfg exist a.e. on [a, b],
(viii) (Leibniz) let @ € (0,1), f, g analytic on (a — h,a+ h), then

(t—a) ™™
M1l — o)

+Z( ¥) (i) cDl (o

They can all be proved by mimicking the proofs for the RL derivative.

cDE 4lfel(t) = g(a)(F(t) — f(2)) + (cDf 4 (g(8)) F(1
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Fractional ODEs with Caputo Derivatives

Let's restart with the differential equation, but now written in terms of Caputo Derivatives

CD[O(;,t]y(t) = f(t>Y(t))> te [O) T])
x>0, m= ((X‘|> dky(O) (k) (FODE)
dtk :yO ) k=0,1,...,m—1.

And we are now faced with the usual questions
© s there any solution?
© |If there is at least one, then how many there are?

© When it is all said and proved, how can we approximate it?
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Fractional ODEs with Caputo Derivatives

Let's restart with the differential equation, but now written in terms of Caputo Derivatives

CD[O(;)t}Y(t) = f(t>Y(t))> te [O) T])
a>0, m=[«l, d*y(0) (FODE)

k
Sk — vy, k=0,1,...,m—1.

And we are now faced with the usual questions
© |s there any solution? — This lecture
© |If there is at least one, then how many there are?— This lecture

© When it is all said and proved, how can we approximate it?~~ The next one
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A Peano existence theorem for first order equations

Theorem (Diethelm and Ford , Theorem 2.1, 2.2)

Let 0 < o and m = [«]. Moreover let {y((]k] € R}kmz_ol, K >0, and h* > 0. We define

<,

and let the function f : G — R be continuous. Furthermore, define

h* if M=0
M= sup |f(t,2)l, h=14"" oo :
(t,2)€G min{h*, (KT(e+1)/m)"},  else.

m—1
(k
y— t yO )/k!
k=0

G:{(t)y) Oh* :

Then, there exists a function y € C([0, h]) solving (FODE).

16 /40



A Peano existence theorem for first order equations

Theorem (Diethelm and Ford , Theorem 2.1, 2.2)

Let 0 < o and m = [«]. Moreover let {y((]k] € R}kmz_ol, K >0, and h* > 0. We define

<,

and let the function f : G — R be continuous. Furthermore, define

h* if M=0
M= sup |f(t,2)l, h=14"" oo :
(t,2)€G min{h*, (KT(e+1)/m)"},  else.

m—1
(k
y— t yO )/k!
k=0

G:{(t)y) Oh* :

Then, there exists a function y € C([0, h]) solving (FODE).

To prove it we need a Lemma..and a bit of work.
16 /40



A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

m—1 tk (k) 1 t
yt)=> =y +=— | t=0* H(ry()dr, m=[al.
k70 T T(w) L

Proof. We need to prove both the implications.
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A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

m=1 t
W0 =Y A+ o | (=D My, m= [al.

Proof. We need to prove both the implications.(=) First of all we have y(t) being a
continuous solution of the nonlinear Volterra equation. We apply on both side the Caputo
derivative of order o

m—

Z lyO

k=0

t
CD[O gy\t) = CD[Ot +CD[06,t] Uo(t_'f)a_lf('f»}/(’f))d’f y

=0 [a]>m—1 1740



A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

=Z; +—j(t—r)“—1f(r,y(r))dr, m = [a].

=0 () Jo

Proof. We need to prove both the implications.(=>) First of all we have y(t) being a
continuous solution of the nonlinear Volterra equation. We apply on both side the Caputo
derivative of order o

CD["S,t]y(t) = CD[%,t] I[‘}‘))ﬂf(t,y(t)) = f(t,y(t)), f is continuous.
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A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

1

m—1 g t
y(t) = Z %Y(()k) + mjo(f—T)“_lf(T>Y(T))dT> m = [«].
k=0

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € Cl0, h], we can rewrite (FODE) as:

z(t) = f(t,y(1)) = cDp gy (t) = rRLDR 4 (y— Tm-1ly; 01(1)) = jtm lo" " (y—Tm-1ly;00)(2),
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A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

Tk, 1 -
ye)= Y ot + e | (= e ds, m= e
k=0

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C[0, h], we can rewrite (FODE) as:
we have an equality between continuous function, so we can apply l[’(g'ﬂ to both sides!

17/40



A Peano existence theorem for first order equations

Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

m—1 t
A0 =3 g+ e Jo (=D e dn, m= o

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C[0, h], we can rewrite (FODE) as

m

Iﬁt]z(t) I0 t) ggm 0

for a polynomial q(t) € P<p-1(t].

oy = Tmaly; O (8) = I % (y — Tm-aly; 0D)(2) + (),

17/40



A Peano existence theorem for first order equations

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

y(t) = t—yé“+ﬁ jo(t—r)“—lf(r,y(r))dr, m = [a].

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t, y(t)) € C[0, h], we can rewrite (FODE) as:

® lig»2(t) =0 (at least) mtimes for t =0,

/{(')’,ﬂZ(t) = ® y— Tm1ly;0] =0 (at least) mtimes for t =0,

%y — Tmaaly; 0D (t) + q(t) = 17 *(y — Tm—1ly;0])(t) = 0 (at least) mtimes for
t=0, 17/40



A Peano existence theorem for first order equations
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Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

— hl L ' _ el —
ye)= Y ot + e | (=l ye) ds, m= e

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C[0, h], we can rewrite (FODE) as:

I[’(?,t]z(t) _ Therefore g(t) = 0 (at least) mtimes for t = 0, but

d <m-—1 = 0.
Iy — T ly;01)(8) + q(e) B =ML
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Lemma

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

m—1 g t
WO =Y A+ o | (=D My, m= [al.

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C|0, h], we can rewrite (FODE) as:

15 42(t) = 17 *(y — Trn-1ly; 01)(¢t)
and apply RLD[’(’J";]"‘ to both side of the equation.
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Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind
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Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C[O0, h], we can rewrite (FODE) as
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A Peano existence theorem for first order equations

Under the same hypotheses of the previous Theorem. A function y € C([0, h]) is a solution
of the initial value problem (FODE) if and only if it is a solution of the nonlinear Volterra
integral equation of the second kind

ye) = Y ot + e | (= ym) ds, m= o

Proof. We need to prove both the implications.(=) follows by direct computation. (&) Is
a bit more laborious. Let us define z(t) = f(t,y(t)) € C[0, h], we can rewrite (FODE) as

Z k! Ok Jo(t_T)a_lf(T,y(T))dT.

by recalling the definitions of Tm-1ly,0] and the RL-integral.
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A Peano existence theorem for first order equations

The other two results we will need (and that we are not going to prove) are

Theorem (Ascoli-Arzela)

Lef F C C([a, b]) for some a < b, and assume the sets to be equipped with the supremum
norm. Then F is relatively compact' in C([a, b]) if F is
¢ uniformly bounded, 3C > 0 s.t. ||f|lcc < CVFf € F,

® equicontinuous ¥V e > 0 36 > 0 such that Vf € F and all x, x* € [a, b] with
Ix — x*| < & we have |[f(x) — f(x*)] < e.

Schauder’s Fixed Point Theorem

Lef (E, d) be a complete metric space, let U be a closed convex subset of E, and let
A: U — U be a mapping such that the set {Au : u € U} is relatively compact! in E. Then
A has at least one fixed point.

LA subset whose closure is compact.
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A Peano existence theorem for first order equations

Let us look again at the statement of the Theorem.

Theorem (Diethelm and Ford , Theorem 2.1, 2.2)

Let 0 < & and m = [e|. Moreover let {y((]k) eR} 4, K >0, and h* > 0. We define

<K}

and let the function f : G — R be continuous. Furthermore, define

B if M=0
M= sup [f(t,2)l, h=4 | ’
(t,2)€G min{h*, (KT(e+1)/M7"},  else.

m—1

y— tky, (k)/k'
k=0

G:{(t)y) Oh* :

Then, there exists a function y € C([0, h]) solving (FODE).
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A Peano existence theorem for first order equations

Proof. If M =0, then f(x,y) =0 for all (x,y) € G, then we can explicitly write the
solution as

3
_

— 5

y:[0,h] = R y(t) = 0
= k!

x
Il

therefore a solution exists.
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A Peano existence theorem for first order equations

Proof. If M > 0, let us apply the Lemma and rewrite our problem as a Volterra equation:

=Yt o [yt an m =,

k=0 0

and introduce the polynomial T satisfying the boundary condition and the space U

T(t) = Z s U=y eclon) : ly—Tlx < K.

20/ 40



A Peano existence theorem for first order equations

Proof. If M > 0, let us apply the Lemma and rewrite our problem as a Volterra equation:

w1 [ a1
"0 =3 + e | oty = e,

® (Jis closed and convex,
* U cC([o, hl),
= U is a non empty Banach space (at least T € U).
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A Peano existence theorem for first order equations

Proof. If M > 0, let us apply the Lemma and rewrite our problem as a Volterra equation:

m-l tk (k) 1 t a—1
:Zﬁyo +F()J (t—=D)* f(ny(t))dr, m=«l,

: X
k=0 0

and introduce the polynomial T satisfying the boundary condition and the space U

T(t) = Z ¥y U=y ecllo,n) : fly— Tl < KJ.
Let us define the operator:

t
(Ay)(t) = T(t) + FJ (t —1)* 1f(t, y(1)) dt.
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A Peano existence theorem for first order equations

Proof. If M > 0, let us apply the Lemma and rewrite our problem as a Volterra equation:

y=Ay, (AY)(t) =T+ lj (t — 1) L1, y(1)) dr.
I'(x) Jo

@ we have to prove that A has a fixed point by the following steps:
1. proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.

20/ 40



A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0 <t; <tb <h

(Ay) () — (Ay)(t2)] :r(la) Ll(n )L (g, (1)) dT— Lz(tz )L (1, y (1)) de
~ra || T =0 = =1 e an

—j (t2 — 0% (1, y (1)) dr

t

r (8 — 0% — (5 — 1) de

0 t1

(ty — )%t dT>
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A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0<t; <thr <h

(Ay)(81) — (Ay) (1)l =r(lcx) Ll(tl — )% f(r, y (1)) e — Lj(m 1) (1, y (1)) de
~ra || T =0 = = ey ae

—j (t2 — 1% (7, y (1)) dr

<M (Jt (0% — (fp— )™ Y| de s 2B t”“)
0 0.6
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A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0 <t; <th <h

(4y)(0) ~ (A)(e)] < o <L (1 =% — (6 — 1)1 dr+ “2—;1)) .

If o« =1 the first integral vanishes.
If x <1, x—1<0, and hence (t; —T)* 1 > (tr — T)* L, thus we remove the |- | and

B 1 1
J (=D = (=D =Z(tf — 5 + (o — t1)*) < = (2 — 11)™,
0 [0 6 [0 6

If « > 1 we have (t; —T)% 1 < (tp —T)*!
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A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0<t; <th <h

2M/r(act1)(t2 — 1), <1,
M/r(a+1)((tp — t1)* + t5 — 1), o> 1.

[(Ay)(t1) — (Ay)(t2)| < {

Therefore,
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M/r(a+1)((tp — t1)* + t5 — 1), o> 1.

[(Ay)(t1) — (Ay)(t2)| < {
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® Ay is continuous since |(Ay)(t1) — (Ay)(t2)] — 0 for to — t,
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A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0<t; <th <h

2M/r(act1)(t2 — 1), <1,
M/r(a+1)((tp — t1)* + t5 — tf), o> 1.

[(Ay)(t1) — (Ay)(22)] S{

Therefore,
e Ay is continuous since |(Ay)(t1) — (Ay)(t2)] — 0 for to — ty,
e for y € U and t € [0, h] we find

1

t
[(Ay)(t) — T (1) )] L(t—T)“lf(T,y(T))

Mo+ 1) < 1 MKF(oc+1)
m “T(+1) M

1 1
< —— _Mt* < Mh*
“T(a+1) ~ MNa+1)

=K.

(Hp: h<K
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A Peano existence theorem for first order equations

Proof. Step 1. Letustake 0<t; <th <h

2M/r(act1)(t2 — 1), <1,
M/r(a+1)((tp — t1)* + t5 — 1), o> 1.

[(Ay)(t1) — (Ay)(t2)| < {

Therefore,
® Ay is continuous since |(Ay)(t1) — (Ay)(t2)] — 0 for to — t,
e fory € U and t € [0,h] we find |(Ay)(t) — T(t)| < K
= AyeUifyeU.
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.

Step 2. First we prove that the set is bounded, let z € A(U) and t € [0, h]

t

12(8)] = (A (8)] <I| T loo + r(la)L(t—T)“—1|f(r,y(T))|dr

<[ Tloo + Mh™ < || Tl + K.

1
MNa+1)
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.

Step 2. First we prove that the set is bounded, let z € A(U) and t € [0, h]

1z(t)] < [| Tloo + K.

For the emicontinuity, let 0 < t; < t, < h we found (for o < 1)

(An)(8) — (e < =2 -

(x+1) (x+1)

the expression on the right is independent of y,t;, and to.

(tz—tl)(xg riéo(, if|t2—t1|<5.
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.

Step 2. First we prove that the set is bounded, let z € A(U) and t € [0, h]

2()] < [ Tlloo + K.

For the emicontinuity, let 0 < t; < t, < h we found (for ¢ > 1)

(Ay)(t1) — (Ay) ()l < (2 —8)%+ & — 1),

(x+1)
M

(Mean Value Theorem) :m((t2 —t1)* 4 a(tr — 1)), T € [t1, ta] C [0, A
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder’s Fixed Point Theorem for the victory V.

Step 2. First we prove that the set is bounded, let z € A(U) and t € [0, h]

1z(t)] < [| Tloo + K.

For the emicontinuity, let 0 < t; < t, < h we found (for o > 1)

I(Ay)(t1) — (Ay)(t2)] Sm

M
<
“TMa+1)

(2 —t1)* +t5 — 1),
((t—t1)* + (tp — t1) A1)
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
2. showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.

Step 2. First we prove that the set is bounded, let z € A(U) and t € [0, h]

1z(t)] < [| Tloo + K.

For the emicontinuity, let 0 < t; < t, < h we found (for o« > 1)

(Ay)(t) — (Ay) ()l < (0% +adh* —1), if |2 —tr| <9,

(x+1)

the expression on the right is again independent of y,t;, and to.
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A Peano existence theorem for first order equations

Proof. Our plan:
v/ proving that Ay € U,
v showing that A(U) ={Au : u € U} is relatively compact (Ascoli-Arzela),
3. apply Schauder's Fixed Point Theorem for the victory V.
Finally we have all the ingredients:
e £E=C([0,h]), U={y €C([0,h]) : |ly — T|leo < K} is a closed, convex subset of E.

® \We have proved that the operator A is such that {Au : u € U} is relatively compact
in E.

= By Schauder’s Fixed Point Theorem we have the existence of at least a solution. [
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A Peano existence theorem for first order equations

Proof. Our plan:

v proving that Ay € U,

v showing that A(U) = {Au : u € U} is relatively compact (Ascoli-Arzela),

v apply Schauder’s Fixed Point Theorem for the victory V.

Finally we have all the ingredients:
o E=C([0,h]), U={y € C([0,h]) : |ly — T|loo < K} is a closed, convex subset of E.
® \We have proved that the operator A is such that {Au : u € U} is relatively compact

in E.
= By Schauder’s Fixed Point Theorem we have the existence of at least a solution. [

A EL
We have proved existence: what about uniqueness?

<[> A programming idea

We could use the fixed-point iteration as an algorithm for obtaining a solution.
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Uniqueness of the solution a-la-Picard-Lindelof

As for the classical calculus case, to prove uniqueness we need Lipschitzianity of the system
dynamics w.r.t. to the second component.
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Uniqueness of the solution a-la-Picard-Lindelof

As for the classical calculus case, to prove uniqueness we need Lipschitzianity of the system
dynamics w.r.t. to the second component.

Weissinger's Fixed Point Theorem

Assume (U, d) to be a nonempty complete metric space, and let 3; > 0 for every j € N
and such that Zf.io [3; converges. Furthermore, let the mapping A : U — U satisfy the
inequality -

dAu,Av) <Bid(u,v), VjeN, VYVuvel.

Then A has a uniquely determined fixed point u*. Moreover, for any uy € U, the sequence
(Aug)?2, converge to this fixed point.
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Uniqueness of the solution a-la-Picard-Lindelof

As for the classical calculus case, to prove uniqueness we need Lipschitzianity of the system
dynamics w.r.t. to the second component.

Weissinger's Fixed Point Theorem

Assume (U, d) to be a nonempty complete metric space, and let 3; > 0 for every j € N
and such that Zf.io [3; converges. Furthermore, let the mapping A : U — U satisfy the

inequality

d(Au, Av) < Bjd(u,v), VjeN, Vuvel.

Then A has a uniquely determined fixed point u*. Moreover, for any uy € U, the sequence
(Aug)?2, converge to this fixed point.

The plan
&S Reuse the same set U, and map A from the existence proof,

=< Prove the inequality and give an expression of the «; in term of the Lipschitz constant.
21/40



Uniqueness of the solution a-la-Picard-Lindelof

(Theorem
Let 0 < o« and m = []. Moreover, let yo(o),..., ém_l) € R, K >0, and h* > 0. We define the
same set G:

m—1
y— Z th v Ji| < K} ,
k=0

and let the function f : G — R be continuous and Lipschitz w.r.t. the second entry

G:{(t,y) : te[0,h"] :

If(t,y1) — f(t,y2)| < Lly1 — yol,

for some L > 0 independently of t, y;, and y». Then, for h such that

h* if M=0
M= sup [f(t,z)], hz{ : ' :

(t.0)e6 min{h*, (KT (ectD/u/7),  else.

there exist a uniquely defined y € C[0, h] solving (FODE).
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
: - (Le*) _
Ay —A < — |y — .
[Ay = Ayl < r(1+og.)\|y Ylloo
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that

. . (Lt“)j ~
Ay =AYl < ——L Iy = 7l
[Ay =AY < r(1+og)Hy 4l

Base case: j = 0 follows by the definition.
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
; i (Lt*Y N
Ay — A < —" |y — .
[Ay = A¥|oo < r(1+og')Hy Yoo

Inductive hypothesis: we assume it true for j — 1 and prove it for j.

Inductive step:
1Ay — A7l =[|AA — 1y) = AATF)||oo

=g 2 ||| =0 [ Ay ) — e A5
(Lipschitz) < o) 021‘/1};[0 (w— T)“—l }Aj_ly(’r) . Aj_lf/(’t)l dt
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
; . (Lt*y
Ay — A < — 7
[Ay —Ayllo < F1 T o) Hy Yloo-

Inductive hypothesis: we assume it true for j — 1 and prove it for j.
Inductive step:
1Ay — A7l = AA — 1y) = AA 7)o
sup J (w—1)*! }Afﬁly( ) — Ayt } dt
F(CX) o<w<tJo

44547 " _ -1 _ A1y
< Jy U 2 [0 = 4 )

(Lipschitz) <
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
; i (Lt*Y N
Ay — A < —" |y — .
[Ay = A¥|oo < r(1+og')Hy Yoo

Inductive hypothesis: we assume it true for j — 1 and prove it for j.
Inductive step:
1Ay — A7l = AA —1y) = AAX 7)o
L (v . .
SJ (w—1)%1 sup ‘Afﬁly(w) — Afflj/(w)‘ dt

(e Jo 0<w<t
U ! o a—1a(j-1) Y
() <= o £ P Y s ly(w) — yw)lar
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
; i (Lt*Y N
Ay — A < —" |y — .
[Ay = A¥|oo < r(1+og')Hy Yoo

Inductive hypothesis: we assume it true for j — 1 and prove it for j.

Inductive step:
1Ay — A7l =|AA — 1y) = AA 7)o

U ! o a—1la(j-1) w) — v(w
(M) <5omTT 20=T L(t Y aup () y(w)ldr
at (w)] Jt(t — )11 gr

ST+ o —1)) oS08, YW =Y
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that
, . (Lt“)j ~
Ay — A < — |y — .
[Ay =AY < r(1+og.)||y Voo

Inductive hypothesis: we assume it true for j — 1 and prove it for j.
Inductive step:
Ay — A7)0 =l|AA —1y) — AN 7)o
- y(w) — 7 (w)
< - su w)—ylw
ST+ ol — 1) otwee” 7
L
<
T Ml+a(j—1

t
J S e A
0

ly— g NN+ ali—1))
N T e T I )
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a
solution.
We prove by induction on j that

. . (Lt“)j _
Ay —AYloc < =—=Ily — Vlloo-
Ay = Ay < r(1+og)||y il

Inductive hypothesis: we assume it true for j — 1 and prove it for j.
Inductive step:

Ay — Ayl =[|AA —1y) — AN |00

. L ly—71 Mr(1+alj—1))
STar1+ ol — 1" Y™ Tt o)
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We prove by induction on j that

Ay = W3l < ol

y Yoo > M1+ o) Y — Ylloo-
Inductive hypothesis: we assume it true for j — 1 and prove it for j.
Inductive step:

. . ([_ “
Ay = Ay < W\\y Voo
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Uniqueness of the solution a-la-Picard-Lindelof

Proof. We are under the same hypotheses of the Existence Theorem, thus (FODE) has a

solution.
We proved by induction on j that
) . (Lt*) (Lh)*
Ay —A < — - = S Sk
Ay — Al < F(1+og Hy Voo = oilly = ¥lloos & M1t og)

To appIy Weissinger s Fixed Point Theorem we need to prove that the series

Z Xj = Z r 1 + converges

Mittag-Leffler

m
N
|
+
' 8
N
R

= Z m >0 is an entire function.
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State of the art

We have proved that the Cauchy problem

cDpgy(t) = f(t,y(1)), tel0,T]

>0, m=[«l, dky(O)_ (k) k=0,1 1
dtk =Y > =0 L.e,m—=1

admits
e for f continuous a local solution in C([0, h]), h < h*,

e for f continuous and Lipschitz in the second entry a local and unique solution in
C([0, h]), h < h*.
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State of the art

We have proved that the Cauchy problem

cDpgy(t) = f(t,y(1)), tel0,T]

>0, m=[«l, dky(O)_ (k) k=0,1 1
dtk =Y > =0 L.e,m—=1

admits
e for f continuous a local solution in C([0, h]), h < h*,

e for f continuous and Lipschitz in the second entry a local and unique solution in
C([0, h]), h < h*.

For classical ODEs this is the point in which one starts proving extension results for the
solutions. They exist also for the Fractional case. We are going to state them without
proof.
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Extension results

Corollary

Assume the hypotheses of the existence Theorem, but substitute G with the domain of
definition of f, i.e., G = [0, h*] x R. Moreover, assume that f is continuous and that there
exist constants ¢; > 0,cp > 0, 0 < p < 1 such that

f(t,y)§c1+cg|y|“, V(t,y)GG.
Then, there exists a function y € C([0, h*]) solving (FODE).

® Since G is no longer compact we need to demand a suitable bound explicitly,
Weierstrasse Theorem no longer applies,

e A sufficient condition on f to imply the decay we need is for f to be continuous and
bounded on G,

A Our condition is violated already by linear equations!
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Extension results

Theorem

Let 0 < o« and m = [«]. Moreover, let yéo),..., ém_l) € R and h* > 0. We define the set
G =1[0,h"] xR and let f : G — R be continuous and fulfill a Lipschitz condition with
respect to the second variable with a Lipischitz constant L that is independent of t, y;, and
y2. Then there exist a uniquely defined function y € C([0, h*]) solving the (FODE).

& For a proof see the proof of Theorem 6.8 from (Diethelm 2010, pp 96-102) that is
inspired by the proof for Volterra integral equations in (Linz 1985, Theorem 4.8).

© We can now solve linear equations

caDp gy (t) = f(t)y(t) +g(t),  f,g€C([0,h]), L=|flloo < oo.
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G =1[0,h"] xR and let f : G — R be continuous and fulfill a Lipschitz condition with
respect to the second variable with a Lipischitz constant L that is independent of t, y;, and
y2. Then there exist a uniquely defined function y € C([0, h*]) solving the (FODE).

& For a proof see the proof of Theorem 6.8 from (Diethelm 2010, pp 96-102) that is
inspired by the proof for Volterra integral equations in (Linz 1985, Theorem 4.8).

© We can now solve linear equations
caDp oy (t) = f(t)y(t) +g(t),  f,g €C(0,h"]), L=|f]lec < 0.

© Do we know hot to solve by hand any simple FODE?
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Simple cases and representation formulas

The simplest ODE we know ho to solve is the relaxation equation

y'(t) =Ay(t), te€l0,T],

y(0) = yo y(t) = yo exp(At).

R3>A<0, {
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Simple cases and representation formulas

The simplest ODE we know ho to solve is the relaxation equation

y'(t) =Ay(t), tel0, Tl

y(0) = yo y(t) = yoexp(At).

R>A<0, {

Relaxation FODE
Let « >0, m = [«] and A € R. The solution of the Cauchy problem

CAD[O,t]Y(t) = )\Y(t)) Y(O) = Yo, y(k)(o) = 0, k = 132)'°')m_ 1>

is given by
y(t) = yoEu(At), t>0.

® The previous existence result tells us that the problem has indeed a unique solution.
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Solution of the relaxation FODE

Two parameters Mittag-Leffler

+o00 x
Exp(z) = Z m, 3 >0 is an entire function.
k=0

To see that this is the case we can use Stirling formula and root test
Stirling: T(x + 1) = (x/e)* v27tx(1 + o(1)) for x — +oo0,
Root test: Y % a, converge absolutely if C = limsup,,_, o ¢/lasl < 1.

We write

oc+[5/_,‘
5 = (joci fs) (27(ej + B))7¥(1+ o(1)) — 0 for j — oo.

Thus the radius of convergence is infinite.
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Solution of the relaxation FODE

OC>O, m= (O[I) CAD[O,t}y(t):AY(t)) Y(O):}/O) y(k)(O):O’ k:1,2,...,m—1,

L. y(0) = yoEx(0) = yo since
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Solution of the relaxation FODE

(X>O) m= (O[I) CAD[O,t}y(t):A)/(t)) Y(O):}/O) y(k)(O):O’ k:1,2,...,m—1,

L. y(0) = yoEx(0) = yo since

z Z2

Mot D)  TRat1) "
2. fax>1, m>2 y®0)=0 k=1,2,...,m—1
At® A2 2
t)=1 el
YO =14 s T e T

imposing the condition on the derivatives implies

yW(t) =

Ex(z) =1+

Matl—k TRatl—k) 50
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Solution of the relaxation FODE

o> 0, m=[al, caDpqay(t) =Ay(t), y(0) =y, y¥(0)=0, k=1,2,....m—1,

Let py(t) =tk

+00 AJJ dm +00 %J[T
D, = caDy E @ —a jox
CAZl0,aY1H) = cAFlod = T(jo+1) " g JZ_O Mo+ 1)
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Solution of the relaxation FODE

o« >0, m=[al|, caDyogy(t) =Ay(t), y(0)
Let py(t) =tk
+o00
(Apa)Y
D = caD
CAY[o,1Y\1) = CAVo,1] {Z{: Mo+ 1)

+oo  dm
/m o jt”’)\ Pjx
FUa+1

= Y0,

y®(0) =0,

dm +o00

AjFUa
MNjo+1)
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400 oo
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Solution of the relaxation FODE

o> 0, m=[al, caDpay(t) =Ay(t), y(0) =y, y*(0)=0, k=1,2,....m—1,
Let pi(t) = tk

+o0

Apa & Npju
D = caD, =
cAFloa Yl = catlod {Zru +1] U dtm {Zruaﬂ

+00 “+oo
_/m o« jt’")\ Pjo /m o Z >\Jpjoc m
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Solution of the relaxation FODE

o> 0, m=[al, caDpay(t) =Ay(t), y(0) =y, y*(0)=0, k=1,2,....m—1,
Let pi(t) = tk

+o0

7\p¢x < )\Jpj(X
caDo,y(t) = caDp, {ZFU +1] =l dtm {ZFUochl

+00 oo
_/m o« jt’")\ Pjo /m o Z >\Jpjoc m
F(joH— 1) Mjoue+1—m)

+o00
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Why only continuous solutions?

The existence theorems we have seen give us a solution y(t) € C([0, h]), can we have more?
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Regularity for ODEs

y'(t) = f(t,y(t)),

o
A0 =0 = JEIE
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Why only continuous solutions?

The existence theorems we have seen give us a solution y(t) € C([0, h]), can we have more?

Regularity for ODEs

keN, fecC Yy — K,y + kl xR), y'(8) =&, y(2)), = y(t) e Ck.
y(0) = yo

We can reuse our example computation:

f(t) = (t—a)P, r(r(ﬁﬂ) (t—a)f ™ BZNABR > [a] —1

B+1—«)
If we select a =0, o =1/2, B = 1/2, then
{CAD[o,ﬂy(t) = T(3/2),

J(0) = 0 = y(t) =Vx.

From an analytic right-hand side we got a non differentiable solution.
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Why only continuous solutions?

1® Take-home message

Regularity of the right-hand side of the (FODE) is not sufficient to ensure regularity of the
solution.

[ Some more restrictive conditions under which regularity can be ensured can be found
in (Diethelm 2007), to give an idea, one have to further ensure conditions for the
zeros of z(t) = f(t, y(t)).

® Furthermore, if the solution of (FODE) is analytic, but not a polynomial of degree
[] — 1, then f is not analytic.
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Why only continuous solutions?

1® Take-home message

Regularity of the right-hand side of the (FODE) is not sufficient to ensure regularity of the
solution.

[ Some more restrictive conditions under which regularity can be ensured can be found
in (Diethelm 2007), to give an idea, one have to further ensure conditions for the
zeros of z(t) = f(t, y(t)).

® Furthermore, if the solution of (FODE) is analytic, but not a polynomial of degree
[oc] — 1, then f is not analytic.

® This will be important when we try do design numerical methods, since many results
on convergence order usually rely on the regularity of the solution. Going high-order in
the fractional settings is not in general an easy task!
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The Mittag-Leffler Function

The E, p(z) takes the role of the exponential function when moving from ODEs to FODEs.

+00 %
Eoc,[s(z):;)r((xk_i_m, x, p > 0.

© How can we compute it?
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The Mittag-Leffler Function

The E, p(z) takes the role of the exponential function when moving from ODEs to FODEs.

+00 %
E(X’B(Z):;)F((Xk-i-ﬁ)’ «, 3 > 0.

© How can we compute it?
M Using the series representation,
B A quadrature formula applied to an integral representation,
B1 Inversion of the Laplace transform.

Laplace Transform

For a real- or complex-valued function f(t) of the real variable t defined on R the
(two-sided) Laplace transform is defined as

+0c0
F(s) = L{f}(s) = J e *tf(t)dt.
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Inverting the Laplace Transform

If we want fo compute f(t) and have access to F(s) = L{f}(s) we can perform a numerical
inversion, that is

Flt) = - Jmo tF(s) ds
I, T PR € ) I(2)

where
® (0 —ioo, 0+ ioco) is called the Bromwich line,

® ¢ is such that all the singularities of F(s) lies to x
the left R(s) = 0. ‘

A Branch lines

If F(s) is a multivalued function we need to add a
branch-cut to make the integrand single-valued.
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Inverting the Laplace Transform

To numerically approximate the integral

1 o+ioco
f(t) = J etF(s) ds.
27T

o—ioco
we always need a change of variable, the exponential term oscillates wildly and decays

slowly along the Bromwich line.
We have to change the countour of integration to something more suitable, i.e., we change

1 +00
s=s(u) o £(8) = j_ e WEE(s(u))s (u) du,

and then approximate the integral with the trapezoidal rule with spacing h

N
h
fan(t) = o e IF (s(up))s (uk),  uk = kh.
k=N
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Inverting the Laplace Transform

© What is the best contour?
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Inverting the Laplace Transform

© What is the best contour?

® Parabolic contour:

Q
N

s =p(iv+1)? —00 < U< 00
® Hyperbolic contour:

s = w1+ sin(iv — «)), —00 < U< 00
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Inverting the Laplace Transform

© What is the best contour?

® Parabolic contour:
s =p(iv+1)? —00 < U< 00

® Hyperbolic contour: I

s = w1+ sin(iv — «)), —00 < U< 00 1 1 \X\A 1
J s R(2)
e Talbot contour:

s=—0+ ubcot(xb) + i0v, <<
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Inverting the Laplace Transform

© What is the best contour?

® Parabolic contour:
s =p(iv+1)? —00 < U< 00

® Hyperbolic contour: I

s = w1+ sin(iv — «)), —00 < U< 00 1 1 \X\ 1
//j//r o R(z)
e Talbot contour:

s=—0+ ub cot(xB) + iOv, <<

Selecting contour and parameters depends on the error analysis.
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Inverting the Laplace Transform

&b All the contours exploit the fact that est decays rapidly as 93(s) — —oo,
® Trapezoidal rule for integral on the real line for which the integrand decay sufficiently
rapidly is exponential:

Theorem (Trefethen and Weideman , Theorem 5.1)

Suppose that w is analytic in the strip |J(x)| < a for some a > 0. Suppose further that w(x) — 0
uniformly as [x| — 400 in the strip, and that for some M it satisfies

+o00
J |w(x +ib)|dx < M, Vb € (—a,a),

—00
then for any h > 0, the trapezoidal rule wy, y with step-size h exists and satisfies

wn— | wi) dx] < —2M
)T ol -1

—0o0

and the quantity 2M on the numerator is as small as possible.

36/40



Inverting the Laplace Transform

&b All the contours exploit the fact that et decays rapidly as 9(s) — —oo,

® Trapezoidal rule for integral on the real line for which the integrand decay sufficiently
rapidly is exponential:

Steepest descent contours

For some functions it is possible to use a technique called “saddle point technique” from
complex analysis to estimate the asymptotic of complex integrals. This determines the
optimal steepest descent contour.

References for the general problem are:

Talbot: Dingfelder and Weideman 2015; Trefethen, Weideman, and Schmelzer 2006;
Weideman 2006,

Parabolic & Hyperbolic: Weideman and Trefethen 2007.
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Our case: we’ve got poles and a branch cut

In our case the function for which we can compute the Laplace transform is
enp(t;A) = tPLE 5 (tA), tE Ry, AeC.
That is given by
s B

Eap(tA) = Y

R(s) >0, As™ < 1.

37/40



Our case: we’ve got poles and a branch cut

In our case the function for which we can compute the Laplace transform is
enp(t;A) = tPLE 5 (tA), tE Ry, AeC.
That is given by
s B

Eap(tA) = Y

R(s) >0, As™ < 1.
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Our case: we’ve got poles and a branch cut

In our case the function for which we can compute the Laplace transform is
enp(t;A) = tPLE 5 (tA), tE Ry, AeC.

That is given by

s
Eap(tA) = Y

R(s) >0, As™ < 1.

® There are non-integer powers = £, g is a multivalued function and a branch-cut on
the real negative semi-axis is needed,

® \We have also the poles for 6 = arg(A)

g_] 1/Dc |A|1/o¢ i2

A There could be lots of poles! Finding suitable contours is difficult.
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Cauchy’s residue theorem to the rescue

We can use Cauchy's residue theorem if we have too many poles

1
ex,p(t; ) = Z Res(e”Eqp(s;A), s*) + o L e Eqxp(s;N) ds.

S*ESE

: . L J(z)
S is the set of all singularities lying on the

rightmost part of the complex plane delimited | :
by C,

X
We can compute the residual in close form: — /

1 *
Res(e*Eqxp(s;A), %) = &(5*)1*%S £,
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The full algorithm (Garrappa )

To build the full algorithm few technical steps are needed:

1. Finding an ordering of the poles,

R(s) + s

bls)=—7——,  0=0(s5) <blsy) < < d(s]),
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3. The regions R; are the analyticity regions to use in the Trefethen and Weideman result,

4. Obtain bounds on the discretization error and use it to determine optimal p;, step-size
h; and number of quadrature nodes Ny,

5. Select the best region R; w.r.t. the lowest computation and reduction of round-off
errors.
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4. Obtain bounds on the discretization error and use it to determine optimal p;, step-size
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errors.
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Summary and anticipations

We did
@ Uncovered properties of Riemann-Liouville Derivatives,
@ Introduced the Caputo Derivative,

@ Formulation, existence and uniqueness results for FODEs,

@ The Mittag-Leffler function and its computation.
Next up
B Numerical methods for the integration of FODEs.
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