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@ Where are we?

We know a general way to obtain FLMM methods of the form

s n
y(") - Tmfl(tn) +TB Z Wan(tj?y(j)) + T“Z w”*jf(tj’ym)’
j=0 Jj=0

@ starting from the polynomials (p, o) of an implicit order p method,
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@ Where are we?

We know a general way to obtain FLMM methods of the form

s n
y(") - Tmfl(tn) +TB Z Wan(tj?y(j)) + T“Z w”*jf(tj’ym)’
j=0 Jj=0

@ starting from the polynomials (p, o) of an implicit order p method,

@ we have seen how to compute the convolution coefficients w,,

@ we have seen how to compute the starting nodes w,,,

B we need to discuss how we compute the starting values for a multi-step method,

B we still need to discuss how we can efficiently treat the memory term.
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Computing the starting values

To initialize the computation we need the values y(©, ... y() s+ 1, s=[Al = A, 1U{p—1}
with p the order of convergence of the FLMM, and
A1 ={veR|v=i+ja, ijeNv<p—-1}
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To initialize the computation we need the values y(, ... y() s+ 1, s =[Al = A, 1U{p—1}
with p the order of convergence of the FLMM, and
A1 ={veR|v=i+ja, ijeNv<p—1}

® We know y(® from the initial condition, thus we have to solve for the remaining ones.

® To avoid mixing methods we evaluate all the approximations at the same time by solving

yili Tm—1(t1) (w1 + wio)fy f(t1>)/E1;)
2 2
y Tm-1(t2) (w2 +wa )y ft2,y'?)
=" e , e Qel+Weln|
y(s) Tm—1(ts) (ws + Ws,O)fO f(ts»y(s))

where

Wo Wil Wiz oo Wi

w1 Wo Wo1 W22 -+ W2

Q = . . . s W =
Ws—1 Ws2 Wo Ws1 Ws2 - Ws, s
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® We know y®) from the initial condition, thus we have to solve for the remaining ones.

® To avoid mixing methods we evaluate all the approximations at the same time by solving
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® This will be in general an s x dim(y)) nonlinear system that we need to solve before starting

the iteration.
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Computing the starting values

To initialize the computation we need the values y(, ... y() s+ 1, s =[Al = A, 1U{p—1}
with p the order of convergence of the FLMM, and
A1 ={veR|v=i+ja, ijeNv<p—1}

® We know y®) from the initial condition, thus we have to solve for the remaining ones.

® To avoid mixing methods we evaluate all the approximations at the same time by solving

yW Tm—1(t1) (w1 4+ wyo)fo f(tr,ym)

y@ Tm—1(t2) (wo + wa0)fo f(ta, y?)
= . +T* _ +T* QAR I+WoI) _

y(s) Tm—l(ts) (ws + Ws,O)fE) f(ts)y(s))

® This will be in general an s x dim(y)) nonlinear system that we need to solve before starting
the iteration.

® |f the value of « is not very small, viz s is moderate, and the system of ODEs is moderate this
is manageable.
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Treating the memory term

If we compute the sum on the coefficients w); naively for
s n—1
y(n) = Tmfl(tn) + Tﬁ Z anf(tj)yU]) + ™ Z wnfjf(tpym) + T“wof(tmy("))»
Jj=0 Jj=0

we end up having a O(N?) cost! If we do not perform this task efficiently the numerical
solution degenerates in an unworkable task as we either refine our grid or enlarge our
computational domain.
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If we compute the sum on the coefficients w); naively for

s
y(") = Tmfl(tn) + Tﬁ Z anf(tj)yu

n—1
]) +T* Z w,,,jf(tj,y(j)) + T“wof(tmy(")),
j=0 Jj=0

we end up having a O(N?) cost! If we do not perform this task efficiently the numerical

solution degenerates in an unworkable task as we either refine our grid or enlarge our
computational domain.

B We can try to “forget” part of the lag-term,
I We can consider using a stretched grid towards ty to reduce N,
JB We can try an approach with nested meshes to reduce the load,

JB We can exploit the fact that this is a convolution and adopt some FFT tricks.
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The FFT trick (Hairer, Lubich, and Schlichte )

The treatment remains the same indifferently for both Pl and FLMM method, let us focus
here on the generic formulation

n
y(n) ::(bn'+’:£: Cnfjﬂ”
j=0
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The FFT trick (Hairer, Lubich, and Schlichte 1985)

e |f we now want to compute the next r approximations we can separate the lag term as

r—1 n
y(n) :¢H+ch,j6-+zcn,jf}, nef{r,r+1,...,2r—1}
j=0 Jj=r

@ \We can use FFT!

If we call 5,(n,0,r—1) = ij;é cnjfi, ne{r,r+1,...,2r — 1}, the set of partial sums

each of length r we can evaluate them with FFT in O(2rlog,(2r)).
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¢ |f we now want to compute the next r approximations we can separate the lag term as

r—1
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® We can apply the same process recursively if we double every time-interval under
consideration
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The FFT trick (Hairer, Lubich, and Schlichte 1985)

@ \We can use FFT!

If we call S5,(n,0,2r—1) = erol ¢njfj, and Sq(n,2r,3r —1) = J3r2r1 cn—jf; the set of

partial sums of lengths 2r and r we can evaluate them with FFT in O(4rlog,(4r)) and
O(2rlog,(2r)) respectively.

® We can apply the same process recursively if we double every time-interval under
consideration
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The FFT trick (Hairer, Lubich, and Schlichte )

® We can iterate the process for the 4r
approximations in the interval
n € {4r,...,8r—1}, together with the partial
T, sums S4,(n,0,4r — 1), Sy, (n,4r,6r — 1),
S/(n,6r,7r — 1) that can be evaluated in
So O(8rlog,(8r)), O(4rlogy(4r)) and
T O(2rlog,(2r)) respectively,

TH

T,

SZr

I ar
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The FFT trick (Hairer, Lubich, and Schlichte )

Tr

TH

T,

Th

S2r

SZr

2r %

® We can iterate the process for the 4r
approximations in the interval
n € {4r,...,8r—1}, together with the partial
sums S4,(n,0,4r — 1), Sy, (n,4r,6r — 1),
S/(n,6r,7r — 1) that can be evaluated in
O(8rlog,(8r)), O(4rlogy(4r)) and
O(2rlog,(2r)) respectively,

® At each level we have to complete the
recursion by computing
n

T:(p,n) :Z Cn*j'?) p={tr,
j=p

nellr,r+1,...,(0+1)r—1},
0=0,1,2,....
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The FFT trick (Hairer, Lubich, and Schlichte 1985)

TH

To determine the whole cost we just have to sum
the various components

T

T
4 52r

Th

S2r

I 8t
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2
r
52r
p
L A 8t
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TH

To determine the whole cost we just have to sum
the various components

T, S, ® Assume that N = 2"

T e O(Nlog, N) for 5./,

+ O(N/2log, N/2) for 2 S,

+ O(N/alog, N/a) for 4

+ rlr+1)/2 for the N/r convolutions T,

T,

52r

2° g 8

6/34



The FFT trick (Hairer, Lubich, and Schlichte )

T,

52r

2r

52r

To determine the whole cost we just have to sum

the various components
® Assume that N = 2"
® O(Nlog, N) for 5.,
+ O(N/2log, N/2) for 2 S5,
+ O(N/alog, N/a) for 4
+ rlr+1)/2 for the N/r convolutions T,

® |n general:

N N N N
N10g2N+2§10g2§+4zlog2Z+
LS N+Nr( r+1) N
pp BT Ty 0 Py
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The FFT trick (Hairer, Lubich, and Schlichte 1985)

To determine the whole cost we just have to sum
the various components

® Assume that N =2™
® O(Nlog, N) for 5.,

T T T T T TInm T T Tm T T T

108 ||~ N
=*= N log,(N)?

10° + O(N/2log, N/2) for 2 S5,

+ O(N/alog, N/a) for 4
10* + r(r+1)/2 for the N/r convolutions T,

® |n general:
102 log

2 P
N r —|— 1 5
100 100 102 103 10* 10° ,Zo Nlog, 55 + N—— = O(N(log; N)7).
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Short-memory principle (Ford and Simpson )

We can try to use a “fixed memory length” to reduce the computational (and memory) load.

y(tnia) = y(ta) + r(1“) J " (o1 — 0 (1, x(1) T
! v a1 a—1
+WJO ((tn+1_T) _(tn—T) )f(T,y(T))dT, x e (0)1).
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We can try to use a “fixed memory length” to reduce the computational (and memory) load.

Y(tns1) = y(ta) + r(l(x) L:H(tnﬂ )%t x(1) d

1 - o—1 a—1
+r(o<)J0((t”+1_T) — (ta— D Yf(1,y(1))dr, e (0,1).

Let us introduce now a fixed window Ty of memory, then

1 th—Twm
E:‘WL (nsr — 1) — (0 — DY (3, y (1)) dr
tn_TM
sg’() JO (npr — 0% — (8 — 1) V) dr
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th1
Yltos1) = ylta) + r(la) J (tws1 — T (1, x(1)) dt

+ L Jtn((tn+1 — T)(Xil - (tn — T)(xil)f(’t,y(’t)) dT, = (0) 1)-

(o) Jo
Let us introduce now a fixed window Ty, of memory, then
1 th—Tm
E:‘J ((trr1 — 0 = (ta — 1) (T, y(7)) dT
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() Jo
M

ol (o) |(T+ Tw)* =ty — T + 15
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We can try to use a “fixed memory length” to reduce the computational (and memory) load.
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! v o—1 a—1
+rde(leﬂ —(t, —T)* ) f(T,y(1))dT, € (0,1).

Let us introduce now a fixed window Ty, of memory, then
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Short-memory principle (Ford and Simpson )
We can try to use a “fixed memory length” to reduce the computational (and memory) load.

Vitnea) = ylt) r(la) Jt:+1(tn+1 — 1) (1, x(1)) dt
1 o xX— xX—
+F()L (1 — O = (tn — D D (T,y(1))dr, o€ (0,1).

Let us introduce now a fixed window Ty, of memory, then

1 th—Tm
Ez‘J (taer — 1% — (80— D% V)f (1, y (7)) d

I(ed) Jo
th— TM
g’wj (tns1 — 1) — (8 — 1)) d
(o) {Jo
M Ty+t tht1
= J 2% 1dz — J z%71 dz| (MeanValue Theorem)
Mo Tm tn
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Short-memory principle (Ford and Simpson

We can try to use a “fixed memory length” to reduce the computational (and memory) load.

Yltor1) = y(ta) + r(l(x) L"“(tm )% (g, x(1)) dr

T Jt"((tm %y — ) N y(0) dT,

IMNoa)

Let us introduce now a fixed window Ty, of memory, then

0

1 T o1 o1 M e
E= [ [ e =0 = =01t e ] < L T

€ (0,1).

x e (0,1).
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Short-memory principle (Ford and Simpson )

We can try to use a “fixed memory length” to reduce the computational (and memory) load.

_ 1 th+1 1
y“"“)‘y“””r(oc)L (tper — 1) (1, x(1)) d

1 [t _ _

+ e | i =05 = (6 =0 Dy a0,
Med) Jo

Let us introduce now a fixed window Tps of memory, then If we have a global error bound

Eglobal With step-length T we just need to choose

M l/l—oc
Ty>(—2 . ae(0,1),
M (r(fx)Egmbal) (0,1)

while if we have a local error bound Ejoc

Mt O\
T, [ 0,1).
M > (r(cx)aocal) » «c(0l
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Short-memory principle (Ford and Simpson )

® In case o € (0,1) the short memory method with fixed length can be effective and the
length T is independent of the full interval of integration.
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Short-memory principle (Ford and Simpson

® In case o € (0,1) the short memory method with fixed length can be effective and the

length T is independent of the full interval of integration.

@ Similar bounds can be written for the case « > 1, that is

E < T“‘) o> 1.

M (i
F(OC) n+1
But now to preserve the order of accuracy, we must choose

Eglobalr(‘x)

ax—1
TI\/I > tn+1 - M )

that we will make us lose all the computational gain.

o> 1,
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Short-memory principle (Ford and Simpson

® In case o € (0,1) the short memory method with fixed length can be effective and the

length T is independent of the full interval of integration.

@ Similar bounds can be written for the case « > 1, that is

E < T“‘) o> 1.

M (i
F(OC) n+1
But now to preserve the order of accuracy, we must choose

Eglobalr(‘x)

ax—1
TI\/I > tn+1 - M )

that we will make us lose all the computational gain.

The idea can be refined by using nested meshes.

o> 1,
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Nested meshes

Zeroing out the memory term is too drastic, we may want to relax this.
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Scaling properties

. tf(v)
o0 = | s

dt
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Nested meshes

Zeroing out the memory term is too drastic, we may want to relax this.

Scaling properties

tf(wr)
IS af(wt) =w* | ————
o,af(wt) =w Jo (t—)

dt
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Nested meshes

Zeroing out the memory term is too drastic, we may want to relax this.

Scaling properties
Given p € N we then have

tf(wPr)
l[%,t}f(wpt) kil Jo (t —T)l—« dr

@ We can use the weight on the mesh
QXf(nt) =~ l["é’ﬂf(nfr), step length T
to compute
Qpp-f(nwPT) = [ 4 f(nwPT), step length wPt

® In summary for any p € N we get
n

QXf(n7) Z Wi f(jT) & Qppf(nwPT) = WP"‘Z wn—if(jwPT).
Jj=0 Jj=0 9/34



Nested meshes (Ford and Simpson 2001)

Nested mesh
Given T € R", the mesh M; = {tn, n € N}. Selected w,r,p €N, w >0, r > p, we have
My,px O M,,rr and we decompose the interval as

0,t] =0, t—w"TJU[t—w"T,t —w™ T]U-- - Ult—wT,t—TIU[t—T,1]

for m € N the smallest integer such that t < w1 T.
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Nested meshes (Ford and Simpson 2001)

Nested mesh
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Nested mesh
Given T € R", the mesh M; ={tn, n € N}. Selected w,r,p € N, w > 0, r > p, we have
Mypr D Mrr and we decompose the interval as

0,8] =[0,t—w™TIUt—w" T, t—w™ 1T]U---Ult—wT,t—T]U[t— T,

for m € N the smallest integer such that t < w™ ! T,

1—«x

@ This links the scaling property with the singularity of the type 1/(t — 1)
suggesting that we should distribute the computational effort logarithmically, and not
uniformly.

® \We rewrite our integral as

[ay

m—

/[o(;’ﬂf(t) = /[oj_ffT,t]f(t) + Z I[‘):_WHI T,t—WiT]f(t) + /[o(;’tfwmﬂf(t)
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Nested mesh
Given T € R", the mesh M; ={tn, n € N}. Selected w,r,p € N, w > 0, r > p, we have
Mypr D Mrr and we decompose the interval as

0,8] =[0,t—w™TIUt—w" T, t—w™ 1T]U---Ult—wT,t—T]U[t— T,

for m € N the smallest integer such that t < w™ ! T,

1—«x

@ This links the scaling property with the singularity of the type 1/(t — 1)
suggesting that we should distribute the computational effort logarithmically, and not

uniformly.
® We rewrite our integral using the scaling property as
m—1
/[%,t]f(t) = /[OtLT,t}f(t) + Z W’“/[",_ffwT’tf-,-]f(w’t) + W'"“l["é’tfﬂf(wmt).
i=0
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Nested meshes (Ford and Simpson )

In the discrete approximation of
m—1
I[%,t]f(t) = /f,_f_-,—yt]f(t) + Z W"“I[o,_f_w-,-)t_-,-]f(w"t) + Wm“/[%’t_-,—]f(wmt),
i=0
we approximate
%[FW"H T,tfw"T}f(t) ~ z,iT,[t,Wiﬂ T,tfwiT}f(t)
and substitute

’“Q'Orc)t wT,t— T]f( ) ch Jt— WI+1Tt W’T]f(t)‘
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Nested meshes (Ford and Simpson 2001)

In the discrete approximation of

m—1
I af(t) =K 7 gf()+ > wWeIE o pf (W) + w™ I, f(wt).
i=0
we approximate
‘(1”(?,[t—w’”r1 T,t—w'T] ft) = ‘O'a(/"”c,[t—w’”r1 T,t—w'T] f(t)

and substitute
wOL Wt e () = O it i (2.

Theorem (Ford and Simpson , Theorem 1)

The nested mesh scheme preserves the order of the underlying quadrature rule on which it
is based.
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Nested meshes (Ford and Simpson 2001)

In the discrete approximation of

m—1
I af(t) =K 7 gf()+ > wWeIE o pf (W) + w™ I, f(wt).
i=0
we approximate
'(1”(:[t—w’”r1 T,t—w/T] ft) = ‘O‘scv"”r,[t—w’”rl T,t—w'T] f(t)

and substitute
’“Q(xt wT,t— T]f( ) Q“ Nt—wi 1T t— w'T]f(t)’

Theorem (Ford and Simpson , Theorem 1)

The nested mesh scheme preserves the order of the underlying quadrature rule on which it
is based.

Proof. For integration over a fixed interval [0, t] the choice of T fixes (independent of h) the
number of subranges over which the integral is evaluated, on each of them we have en error O(h”).
11/34



Nested meshes (Ford and Simpson )

® The first benefit is that we evaluate a fixed number of quadrature coefficients and
then re-use them on all successive intervals,
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Nested meshes (Ford and Simpson )

® The first benefit is that we evaluate a fixed number of quadrature coefficients and
then re-use them on all successive intervals,

B This approach cost O(w™) with respect to O(w?™) of the full method,
& We could use linear extrapolation techniques to improve the results.

& Selecting the various parameter may need a bit of tuning.

12/34



¢/> Available codes

With respect to the ordinary case for which there exists many reliable and high-performance
codes, the choices for computing the solution of fractional differential equation is much
more sparse.
® From (Garrappa 2018)
<[> FDE_PI1_Ex.m - Explicit Product-Integration of rectanguar type
<[> FDE_PI1_Im.m - Implicit Product-Integration of rectanguar type
<[> FDE_PI2_Im.m - Implicit Product-Integration of trapezoidal type
<[> FDE_PI12_PC.m - Product-Integration with predictor-corrector
® From (Garrappa 2015)
<[> FLMM2 Matlab code - Three implicit second order Fractional Linear Multistep Methods.

M A remark

All these methods use direct-solver for the Newton method inside them, there is space to
make improvement on the solution strategies. Furthermore, a challenge that yet remains:
can we find a strategy that combines the convolution features and savings on the memory?

13/34


https://www.dm.uniba.it/members/garrappa/software_folder/fde_pi1_ex.m
https://www.dm.uniba.it/members/garrappa/software_folder/fde_pi1_im.m
https://www.dm.uniba.it/members/garrappa/software_folder/fde_pi2_im.m
https://www.dm.uniba.it/members/garrappa/software_folder/fde_pi12_pc.m
http://www.mathworks.com/matlabcentral/fileexchange/47081-flmm2

What do we have now

We know a general way to obtain FLMM methods of the form

s n
y(n) = Tmfl(tn) JFTB Z Wan(tbyU)) +T“Z wnfjf(tj)ymh
j=0 j=0

@ starting from the polynomials (p, o) of an implicit order p method,
@ we have seen how to compute the convolution coefficients w,,
@ we have seen how to compute the starting nodes W j,

@ we know how we can compute the starting values for a multi-step method by solving a
nonlinear system with Newton,

@ we have some hints on how we can efficiently treat the memory term.
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A worked out example

Let us write everything for a case, let us start from the 2" order BDF formula for ODEs

2
(n) _ Ztfyin,

(n+2) _ & mer) 4 1 &

y 3 3

y
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A worked out example

Let us write everything for a case, let us start from the 2" order BDF formula for ODEs

2
() — 7Tfn+2)

(n+2) _ & mer) 4 1 &

y 3 3

y

e First of all we write down the (p, o) polynomials
defining the scheme:

_p2 41 _ 2
p(C)=¢ 3C+3, G(C)—3C.
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A worked out example

Let us write everything for a case, let us start from the 2" order BDF formula for ODEs

2
(n) - 7Tfn+2)

(n+2) ﬂy(n+1) n 1 2

y 3 3

y

® First of all we write down the (p, o) polynomials x=05
defining the scheme: | | ‘

4 1 2
-2 — = — = — 2
p(Q)=C—3C+3,  old=3C
® Then we compute the generating function w({)

_p/9 _ 2
o) 3(1—43+2/s)

w(C)
(Y@= : ¢ <1}

15/34



A worked out example

Now we need to expand the convolution coefficients of
04

WN(Q) = (@) = 2 (144734 /3)
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A worked out example

Now we need to expand the convolution coefficients of

W () = (@(Q)* = S (1734 E/3)

Theorem (Henrici , Theorem 1.6¢, p. 42)

where coefficients v,ﬁ"” can be evaluated recursively as

n o
1
=1 =3 <—(a+n i 1) av,%)
=
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Now we need to expand the convolution coefficients of
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A worked out example

Now we need to expand the convolution coefficients of

04

W (Q) = (@) = S (1~ 4¢/3 4 /3] =,

°* w,=2%3x0,,
® ay =43, a =13, a2, =0if j > 3, thus using

n .
1
o®=1, o¥=Y <(oc+ ) 1) )

4 n
Jj=1
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A worked out example

Now we need to expand the convolution coefficients of

04

W (Q) = (@) = S (1~ 4¢/3 4 /3] =,

°* w,=2%3x0,,
® ay =43, a =13, a2, =0if j > 3, thus using

n .
() - (o) (oc+1)) (o)
J:

® we get g =1, W1 = 43y = 4%/3,

4 —1 4 (21—
(Dn:* ]-+(x (bnfl“‘* M_]- a)n72-
3 n 3

16 /34



A worked out example

0.6

0.4

0.2

©

O O

100 200

® Since the a; are a finite small number, we can

compute the coefficients in an O(N) operations,

omega = zeros(1,N+1) ;
onethird = 1/3 ; fourthird = 4/3;
twothird_oneminusalpha = 2/3%(1-alpha);
fourthird_oneminusalpha = 4/3*(1-alpha);
omega(l) = 1 ; omega(2) = fourthird*alpha*omega(l);
forn =2 : N
omega(n+1) = (fourthird -
— fourthird_oneminusalpha/n)*omega(n) + ...
(twothird_oneminusalpha/n - onethird)*omega(n-1);
end
omega = omegax*((2/3)~ (alpha));
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A worked out example

0.8F

0.6

0.4

0.2

D

100

o = 0.5.

% ]

® Since the a; are a finite small number, we can

compute the coefficients in an O(N) operations,

® \We can solve CAD[%%]y(t) = 2y(t), y(0) =1

vy —y@2)| order
270 1.44e-04 1.61
2~ 4.42¢-05 1.71
28 1.28e-05 1.79
279 3.57e-06 1.84
2710 9.68e-07 1.88
211 2.85e-07 1.76
2712 8.17e-08 1.80
2713 2.20e-08 1.84
2714 6.27e-09 1.87
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A worked

out example

0.8¢ B
0.6 8
0.4p 8
O
@]
0.2 % 8
100 200
o = 0.5.

® Since the a; are a finite small number, we can
compute the coefficients in an O(N) operations,

® We can solve CAD[%%]y(t) = 2y(t), y(0) =1

® For the starting weights we have to solve a 3 x 3
Vandermonde system:

11 1 Wn,O b1
01 \/E Wntl| = by
01 2 Wnyg b3

number of time-step times.

Reuse

Since we have a fixed time-grid we can reuse the same
factorization for the Vandermonde system and compute all

the weights in a single sweep. ,
17 /34



Fractional Brusselator

The Brusselator is a model of the autocatalytic chemical reaction, it is described by

x1=a—(u+1)xg + x2x
{1 (L4 1)x1 + X x2, a0,

oo 2
X = WX — X7 X2,

® If u> a° 4 1 then a single Brusselator has a
unique limit cycle,
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Fractional Brusselator

The Brusselator is a model of the autocatalytic chemical reaction, it is described by

x1=a—(u+1)xg + x2x
{1 (L4 1)x1 + X x2, a0,

X2 = px1 — x2x2,
® If u> a° 4 1 then a single Brusselator has a
unique limit cycle,

® If (a—1)%2 < u < a®+1 all the orbits tend to the
steady state.
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Fractional Brusselator

The Brusselator is a model of the autocatalytic chemical reaction, it is described by

: 2
{>‘<1 a (H-Zl)xl + X X2, a0,

X2 = UX1 — X{ X2,

a=1,; mu=4,;
- 8

param = [ a , mu ] ;
f_fun = @(t,y,par) [ ...
par(1) - (par(2)+1)xy(1) + y(1)~2xy(2) ; ... 6 :
par(2)*y (1) - y(1)"2*xy(2) 1 ;
t0 =0 ; T = 100 ; 4 H =
yo=1[1; 1] ;
[T,Y] = ode45(@(t,y) 2 |
— f_fun(t,y,param), [t0,T],y0);
figure(1) 0 ! ! |
plot(Y(:,1),Y(:,2),'k-",y(1,1),y(2,1),'ro") 0 2 4 6
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Fractional Brusselator

The Brusselator is a model of the autocatalytic chemical reaction, it is described by

D%x(t) =a— 1 z
{CA (O =a—(tDxtade, o

caD%x(t) = uxy — xfxo,

8 T

T T
—— Fractional Brusselator
- Ordinary Brusselator |

alpha = [0.8,0.7] ;

h = 1le-2;

[t, y1 =

— fde_pil_ex(alpha,f_fun,t0,T,y0,h,param) ;

The cycle of the single fractional Brusselator is

contained in the region 21 i
a 2a 1+ 0 w \ \
{(xl,Xz) : <X1<,0<Xz<M} 0 2 4 6
n+1 v a
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Fractional Brusselator

The Brusselator is a model of the autocatalytic chemical reaction, it is described by

{CAD“IX(H =a—(u+1)x —|—X12X2,

a,p>0.
caD®x(t) = uxi — xixo,

alpha = [0.8,0.7] ;

h = 1le-2;

(t, yl = @ Of interest (Wang and Li

— fde_pil_ex(alpha,f_fun,t0,T,y0,h,param) ; )
The cycle of the single fractional Brusselator is ]lc:mdlr;.g ;:he Is_,m_allest lvalugs %1, ;xz
contained in the region _or which a limit cycle exist Is o

interest.

a 2a
{(xl,xz) : <x1<—, 0<x0 <
H ®

uﬂ+M}
+1 a

18/34



Bagley-Torvik Model (Bagley and Torvik 1986)

Stoke's Second Problem

Can we determine the behavior of a
half-space of Newtonian, viscous
fluid undergoing the motion induced
by the prescribed uniform sinusoidal
motion of a plate on the surface?
Vi(t)
RIGID PLATE .

o

Newtonian J
Fluid
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Bagley-Torvik Model (Bagley and Torvik )

If we write down the equation of motion we find

Stoke’'s Second Problem dv 32y

Can we determine the behavior of a pa — P2

half-space of Newtonian, viscous

fluid undergoing the motion induced ® o is the fluid density, | is the viscosity, v is the
by the prescribed uniform sinusoidal profile of the transverse fluid velocity.

motion of a plate on the surface?

- p(t)

RIGID PLATE o

Newtonian

L
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Bagley-Torvik Model (Bagley and Torvik )

If we write down the equation of motion we find

Stoke's Second Problem ud2\7(s,z)

Can we determine the behavior of a plsv(s,z) = v(0,x)] = dz2
half-space of Newtonian, viscous
fluid undergoing the motion induced ® o is the fluid density, | is the viscosity, v is the
by the prescribed uniform sinusoidal profile of the transverse fluid velocity.
motion of a plate on the surface? ® \We apply Laplace transform to the equation
D) v =Lu(s),
RIGID PLATE .
Newtonian .,o |‘
\Fluid
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Bagley-Torvik Model (Bagley and Torvik )

Stoke's Second Problem

Can we determine the behavior of a

half-space of Newtonian, viscous
fluid undergoing the motion induced
by the prescribed uniform sinusoidal

motion of a plate on the surface?
———= V(1)
RIGID PLATE /.
.

Newtonian |
| Fluid /
\

If we write down the equation of motion we find

v(s,z) = Vp(s) exp (\/FT:Z)

® o is the fluid density, | is the viscosity, v is the
profile of the transverse fluid velocity.

® \We apply Laplace transform to the equation
v=_Lv(s),

® \We solve and impose the boundary condition
given by the v, = LV, (s),
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Bagley-Torvik Model (Bagley and Torvik )

If we write down the equation of motion we find
Can we determine the behavior of a 6(s,2) = VupV/sv(s, 2) WTSV
half-space of Newtonian, viscous
fluid undergoing the motion induced
by the prescribed uniform sinusoidal

® o is the fluid density, | is the viscosity, v is the
profile of the transverse fluid velocity.

motion of a plate on the surface? ® \We apply Laplace transform to the equation
V,(t) v=Lv(s),
R'G'Dl PLATE ‘ ® \\e solve and impose the boundary condition
Newtonian | . -
| Fuid | given by the v, = LV, (s),
\\ / ® Since the shear stress is given by

Z o(t,z) = uv,(t, z) we can write its Laplace
transform.
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Bagley-Torvik Model (Bagley and Torvik )

If we write down the equation of motion we find
Stoke's Second Problem 1
Can we determine the behavior of a 6(s,2) = VoL { F(1/2)t1/2} * L{ve)
half-space of Newtonian, viscous

fluid undergoing the motion induced ® p is the fluid density, p is the viscosity, v is the
by the prescribed uniform sinusoidal profile of the transverse fluid velocity.
motion of a plate on the surface? ® \We apply Laplace transform to the equation
Y, v =Lv(s),
Newtonian R'G'D| PLATE g |‘ ® We solve and impose the boundary condition
| Fluid | given by the v, = LV, (s),
\\ / ® Since the shear stress is given by

Z o(t,z) = uv,(t,z) we can write its Laplace
transform.

® Finally we invert it.
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Bagley-Torvik Model (Bagley and Torvik )

If we write down the equation of motion we find

Stoke's Second Problem 1 Jt

Can we determine the behavior of a o(t,z) = \/@F(l 2) o(t — 1) v(7, 2) dr.
half-space of Newtonian, viscous
fluid undergoing the motion induced ® o is the fluid density, 1 is the viscosity, v is the
by the prescribed uniform sinusoidal profile of the transverse fluid velocity.
motion of a plate on the surface? ® \We apply Laplace transform to the equation
A v=_Lv(s),

— RIGIDPLATE e |‘ ® We solve and impose the boundary condition

| Fuid | given by the v, = LV, (s),

i\ / ® Since the shear stress is given by

z o(t,z) = uv(t, z) we can write its Laplace
transform.
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Bagley-Torvik Model (Bagley and Torvik )
If we write down the equation of motion we find
Stoke's Second Problem

Can we determine the behavior of a
half-space of Newtonian, viscous
fluid undergoing the motion induced
by the prescribed uniform sinusoidal
motion of a plate on the surface?

1
o(t,2) = /ilpcaDyyry v(t, 2).

p is the fluid density, p is the viscosity, v is the
profile of the transverse fluid velocity.

We apply Laplace transform to the equation
v =Lv(s),

—_— Vp(t)

RIGID PLATE .. ® \We solve and impose the boundary condition

; i T
'. Hoontan /' given by the v, = LV)(s),
‘\ / e Since the shear stress is given by

|
|
|
°

Z o(t,z) = uv;(t,z) we can write its Laplace
transform.
- Finally we invert it.
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Bagley-Torvik Model (Bagley and Torvik )

Assumptions:

® The spring is massless and its oscillations do not disturb
the fluid,

® The area A of the plate is sufficiently large as to produce in
the fluid adjacent to the plate the velocity field and
stresses we just derived,

x4

Immersed Plate
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Deriving the equation:
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Bagley-Torvik Model (Bagley and Torvik )

Assumptions:

® The spring is massless and its oscillations do not disturb

the fluid,
® The area A of the plate is sufficiently large as to produce in
K the fluid adjacent to the plate the velocity field and

stresses we just derived,

Deriving the equation:
mX = Fx = —KX — 2A0(t,0)

Using the expression for the strain and V,(t,0) = X(t) we find

X .
} mX + 2A\/ipcaDyyy X + KX = 0.
Immersed Plate ’
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Linear Multi-Term FDEs

The Bagley-Torvik model is an example of a Linear Multi-Term FDE, that is, something of

the form

AQcaDCy(t) +Ag_1caD™@ y(t) + -+ - + A2caD*?y(t) + ArcaD™y(t) = f(t, y(t)),

with

e \;eRVi=1,...,Q,

*0<xg < <...<xg-1<axgand xg #0.
For this problem we have mg = max m;, m; = [«;], i =1,..., Q initial conditions:

1 _ —1
y(to) = yo,y'(to) = iV, ..., y(ma=D (1) = yime™),
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Linear Multi-Term FDEs

The Bagley-Torvik model is an example of a Linear Multi-Term FDE, that is, something of
the form

AQcaDCy(t) +Ag_1caD™@ y(t) + -+ - + A2caD*?y(t) + ArcaD™y(t) = f(t, y(t)),

with
e \;eRVi=1,...,Q,
*0<xg < <...<xg-1<axgand xg #0.
For this problem we have mg = max m;, m; = [«;], i =1,..., Q initial conditions:

1 _ —1
y(to) = yo,y" (to) = yiV, ..., yme V(o) = yimet),

© How can we solve them?
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Linear Multi-Term FDEs

We need to recall one of the properties we have seen of the Caputo derivatives
(P1) /F;O’T]CAD[(;O’T]Y(U = }/(t) - Tmfl[}/) to](t),

(PZ) /[EO,T] CAD[O;O’T]y(t) = I[EO,T} RLD[OtCO,T] [_y(t) — T [y; to](t)] _
B [y (8) = Tralystol(£)], B > o
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Linear Multi-Term FDEs

We need to recall one of the properties we have seen of the Caputo derivatives
(P1) 15, 1caDR, ry (1) = y(t) = Timaly, tol(2),
(P2) I +/caDR py(t) = /[to JRLDG, 1 y (1) = To-alys ol (8)] =

/[EO,;‘.][ (t) = Tm1ly; 0l (8)], B > o

We start from the multi-term equation

AQcaD™y(t) +Aq_1caD 1y (t) + - -+ AocaD*?y(t) + A caD*y(t) = f(t, y(t)),
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Linear Multi-Term FDEs

We need to recall one of the properties we have seen of the Caputo derivatives
(Pl) /[%O’T]CAD[OEO’T]Y( ) = )/(t) - Tm—l[Y) tOMt),

(P2) 1 1caDg my(t) = 1E 1 riDE 1 ly(t) = Trmoaly; ol (8)] =

’&%Mﬂ—nmeMne>m
We start from the multi-term equation

AQIE);OC?T] [CAD(XQy( — _IOt(OQT Z A,CAD y + f(t»)’(t)) )

* we multiply both sides by /3%,
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Linear Multi-Term FDEs

We need to recall one of the properties we have seen of the Caputo derivatives
(Pl) /[o,_fO’T]CAD[o;O’T]Y( ) = )/(t) - Tm—l[Y) tOMt),

(P2) 1 1caDg my(t) = 1E 1 riDE 1 ly(t) = Trmoaly; ol (8)] =

B () — Toalys ol (£)], B> o
We start from the multi-term equation

A ; 1
y(t) = Tmgaly, tol Z Yo 2y ™ () = T lys toJ(t)HE/{;gﬂf(t,y(tn

e we multiply both sides by l[(:f.,.]
® we use P; on the left-hand side, P, on the right-hand side,
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Linear Multi-Term FDEs

We need to recall one of the properties we have seen of the Caputo derivatives
(Pl) /[o,_fO’T]CAD[o;O’T]Y( ) = )/(t) - Tm—l[Y) tOMt),

(P2) 1 1caDg my(t) = 1E 1 riDE 1 ly(t) = Trmoaly; ol (8)] =

B () — Toalys ol (£)], B> o
We start from the multi-term equation

i ; 1
y(t) = Tomg1ly, tol( Z;\ [ J—Tm,-fl[y;toutn+E/{;§ﬂf(t,y(tn

e we multiply both sides by l[(:f.,.]
® we use P; on the left-hand side, P, on the right-hand side,

® and re-arrange to get an expression for the solution.
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Linear Multi-Term FDEs: generalizing Pl rules

First we do a bit of rewriting of

Q—
1
() = Tmgaly, tol( Z A ‘Zj{ Y y(t) = Tom1ly; tol (8)] + E/{;‘;‘jﬂf(t,y(t))
® we employ the usual fractional integral for polynomials:
m— 1 k4—a
—to (k) o€ {or, .y X1}
24 ) ) )
/[to,t]Tm 1.y)t0 ;) r ( 0)) me{m1,...,mQ_1}.
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Linear Multi-Term FDEs: generalizing Pl rules

First we do a bit of rewriting of

Q—
Aj 1
y(t) = Ting-1ly, ol Z Ao 2y ™ () = Timalys tol (8)] + E/{’g‘jﬂf(t,y(t))

® we employ the usual fractional integral for polynomials:

m— 1 k4—m
—to o€ {agy ... 0001}
* T (k) ) ) )
[to,t] ' m—1 [y tol( ;) Ik (to), me{my,...,mo_1}.
® We use it to simplify the expression
Q-1 mj—1 k+o< ;i
~ A; tO Qi
T(t) = Tmgalystol () + Y - Y (to).

— AQ e Fk+ocQ—oc,+1)
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Linear Multi-Term FDEs: generalizing Pl rules

First we do a bit of rewriting of
Q—

I(X K 1 o
Z tﬁt] +)\ /[tf Ft, y()).
i=1

® we employ the usual fractional integral for polynomials:

m— 1 k+oc
E _to K E 10Ty eny XO—
I[ot.fo,t]Tm 1y,t0 r )(to), {oa, »y XQ 1}>
k=0

me{my,...,mo_1}.

® We use it to simplify the expression

Q—

m;i—1 tO k+ch ;i

1
~ A
— f (k)
T(t) = Tmgaly; tol(t) + ) Ao > M k+ocQ—oc,+1) (to)-

i=1 k=0

23/34



Linear Multi-Term FDEs: generalizing Pl rules

Now we have an expression that we can treat by adapting one of the Product Integral rules

1
i (XQ OC, xXQ
Z)\ N R W LTI
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Linear Multi-Term FDEs: generalizing Pl rules

Now we have an expression that we can treat by adapting one of the Product Integral rules

1
i (XQ OC, xXQ
Z)\ N R W LTI

We can start from the explicit rectangular product integral rule on a uniform grid

Q-1 n—1
. , T
(n) _ o l Qi (ag— fX: (xq
y'" = TI(t,) ;_1 o Q— E b, i )\Q JEO b, 1f tj,y )

with
b = (n+1)*=n"Ya, n=1,...,N.
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Q-1
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Linear Multi-Term FDEs: generalizing Pl rules

Now we have an expression that we can treat by adapting one of the Product Integral rules

ZA’ 9%y (1) + 00 (it y(1)).

tO)t] )\Q [tO

We can start from the implicit rectangular product integral rule on a uniform grid

Q-1

y(n):ﬂt,,)—z Ai g oc,an"‘j’ )y ) )\ anjl tj, yY).

i=1 Q

with
b = (n+1)*=n"Ya, n=1,...,N.

We can do it similarly for the Implicit Trapezoidal Rule and then for the
Predictor-Corrector method (Diethelm )-
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Linear Multi-Term FDEs: generalizing Pl rules

©® Can we do something similar for FLMMs?
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©® Can we do something similar for FLMMs?
& We don’t know how to determine the starting values wp; for the quadrature. Thus this
approach is not viable.

25/34



Linear Multi-Term FDEs: generalizing Pl rules

©® Can we do something similar for FLMMSs?
& We don't know how to determine the starting values w,; for the quadrature. Thus this

approach is not viable.
Available codes (Garrappa 2018):

<[> MT_FDE_PI1_Ex.m - Explicit Product-Integration of rectanguar type
<[> MT_FDE_PI1_Im.m - Implicit Product-Integration of rectanguar type
<[> MT_FDE_PI2_Im.m - Implicit Product-Integration of trapezoidal type

<[> MT_FDE_PI12 PC.m- Product-Integration with predictor-corrector
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https://www.dm.uniba.it/members/garrappa/software_folder/mt_fde_pi1_ex.m
https://www.dm.uniba.it/members/garrappa/software_folder/mt_fde_pi1_im.m
https://www.dm.uniba.it/members/garrappa/software_folder/mt_fde_pi2_im.m
https://www.dm.uniba.it/members/garrappa/software_folder/mt_fde_pi12_pc.m

Linear Multi-Term FDEs: back to Bagley-Torvik

We reached the equation

mX + 2A, ﬁupCAngfﬂx + KX =0.

m= 10; A = 6; K = 3;

mu = 2; rho = 2;

alpha = [2 3/2] ;

lambda = [m 2#A*sqrt(muxrho)] ;
f_fun = @(t,X) -K*X;

J_fun = @(t,X) -K;

t0 =0 ; T = 100 ;
X0=10[0, 21;

h = le-2;

[t, X] = mt_fde_pil_ex(alpha, lambda, f_fun,
< t0, T, X0, h);
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Linear Multi-Term FDEs: back to Bagley-Torvik

We reached the equation

mX + 2A, ﬁupCAngfﬂx + KX =0.

m=10; A = 6; K = 3; 8

mu = 2; rho = 2;

alpha = [2 3/2] ; 6| 7
lambda = [m 2#A*sqrt(muxrho)] ;

f_fun = @(t,X) -KxX; 41 .
J_fun = @(t,X) -K;

t0 =0 ; T = 100 ;

X0=1[0, 21; 21 .
h = 1le-2;

[t, X] = mt_fde_pil_ex(alpha, lambda, f_fun, 0 . ‘ .

< t0, T, X0, h);
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MAGNITUDE-10% in/(1b-sec?)

PHASE (DEGREES

Linear Multi-Term FDEs: back to Bagley-Torvik
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=
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Fig.6 The phase of the transfer function for Case 1
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Equivalent formulations of the Multi-Term FDEs

In the integer-order case we know how to rewrite the equation

Y1) = F(t,y" (), .,y D (), (1), Y0 =y, j=0,1,...,n—1,

as a system of first-order equations.
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Equivalent formulations of the Multi-Term FDEs

In the integer-order case we know how to rewrite the equation

Y1) = F(t,y" (), .,y D (), (1), Y0 =y, j=0,1,...,n—1,

as a system of first-order equations.
© Can we do something similar in the fractional case?
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Equivalent formulations of the Multi-Term FDEs

In the integer-order case we know how to rewrite the equation

Y1) = F(t,y" (), .,y D (), (1), Y0 =y, j=0,1,...,n—1,

as a system of first-order equations.

(A1) Let us assume that our multi-term equation is of the form
1 (0) =y
cADy(8) = F(t, cAD™ 1y (1), ..., caD™ (e),y(1)), (O =Yo0
j=0,1,...,n—1,

for ot > ox)—1 > -+ > 1 >0, O(J'—O(jflSle:1,2,...,k,0<061§1.
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Equivalent formulations of the Multi-Term FDEs

In the integer-order case we know how to rewrite the equation

Y1) = F(t,y" (), .,y D (), (1), Y0 =y, j=0,1,...,n—1,

as a system of first-order equations.

(A1) Let us assume that our multi-term equation is of the form

yU(0) =y,

caD*y(t) = f(t, caD**y(t),...,caD* (1), y(t)), 7
i=0,1,...,n—1,

for ot > ox)—1 > -+ > 1 >0, o — -1 < 1Vj:1,2,...,k, 0< o <1.
(A2) Assume also that 0; € Q Vj =1,2,...,k, and that M is the least common multiple
of K1y XDy oo vy K.
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Equivalent formulations of the Multi-Term FDEs

Theorem (Diethelm , Theorem 8.1)
Under the assumptions (A1) and (A2), set y = 1/m, and N = My, then the IVP is

equivalent to

caDYyo(t) = y1(t),

caDYy1(t) = ya(t) - :

. | N
yi(0) = )

0 otherwise.

caDYyn—2(t) = yn-1(t),

CADY}/N—I(t) = f(t)yO(tLyockfl/M(t)) soe )yocl/M(t)>y(t))

= whenever y = (yo,...,yn_1)" with yo € CI*1[0, b], for some b > 0, is a solution of
the N-dimensional system, then y = y; is a solution of the multi-term FDE.
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Equivalent formulations of the Multi-Term FDEs

Theorem (Diethelm , Theorem 8.1)
Under the assumptions (A1) and (A2), set y = 1/m, and N = My, then the IVP is
equivalent to

)
caDYyo(t) = y1(t),
caDYy1(t) = ya(t) , .
. ’ (0 N,
yi(0) = )
0, otherwise.

caDYyn—o(t) = yn-1(t),
\CADYyN—l(t) = f(t,yO(t)»y‘Xk_UM(t)) . ')yvtl/M(t)>y(t))

& whenever y € Clo ([0, b]) is a solution of the multi-term FDE, then the vector
function y = (y, caDYy, caD¥y, ..., caDN"1Y)T solves the N-dimensional system.
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Equivalent formulations of the Multi-Term FDEs

We can relax (A2) from the rationality requirement to a requirement on being
commensurable?.

(A2)" Let 1 > otx > 0tk—1 > ... > o1 > 0 and assume the equation to be commensurate,

then we define &; = /oy for j =1,...,k, let M be the least common multiple of the
denominators of the values &g, ..., &k.

Theorem (Diethelm , Theorem 8.2)

Under the assumption (A1) and (A2)', set Y = «1/i1 and N = Mou/oy, then the equivalence

relation of the N-dimensional system and of the multi-term FDE holds as in the previous
result.

2Two non-zero real numbers & and B are said to be commensurable if their ratio /g € Q.
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Equivalent formulations of the Multi-Term FDEs

We can relax (A2) from the rationality requirement to a requirement on being
commensurable?.

(A2)" Let 1 > otx > 0tk—1 > ... > o1 > 0 and assume the equation to be commensurate,

then we define &; = /oy for j =1,...,k, let M be the least common multiple of the
denominators of the values &;,..., &.

Theorem (Diethelm , Theorem 8.2)

Under the assumption (A1) and (A2)', set v = %1/ and N = Max/ay, then the equivalence

relation of the N-dimensional system and of the multi-term FDE holds as in the previous
result.

@ Existence and uniqueness results can be obtained for the single term reformulation,

& See (Ford and Connolly 2009) for other reformulations and comparisons.

2Two non-zero real numbers & and B are said to be commensurable if their ratio /g € Q.
30/34



The Method of Lines

Consider a partial differential equations of the form
Find u(x,t) st. up=Lu, x€ QCRI telCRy,

where L is a differential operator, either linear or nonlinear, coupled with the opportune
boundary conditions, and given suitable initial conditions.
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The Method of Lines

Consider a partial differential equations of the form
Find u(x,t) st. up=Lu, x€ QCRI telCRy,

where L is a differential operator, either linear or nonlinear, coupled with the opportune
boundary conditions, and given suitable initial conditions.

A classical way of approaching this task is using a Method Of Lines (MOL) approach,
that is

1. we discretize w.r.t. the space variables with some method (e.g., Finite
Elements/Differences/Volumes, meshfree/meshless methods, spectral methods...)

Mu; = F(t,u), MecR"™M F:RxR™ - R™ u:R— R"™.
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The Method of Lines

Consider a partial differential equations of the form
Find u(x,t) st. up=Lu, x€ QCRI telCRy,

where L is a differential operator, either linear or nonlinear, coupled with the opportune
boundary conditions, and given suitable initial conditions.

A classical way of approaching this task is using a Method Of Lines (MOL) approach,
that is

1. we discretize w.r.t. the space variables with some method (e.g., Finite
Elements/Differences/Volumes, meshfree/meshless methods, spectral methods...)

Mu; = F(t,u), MecR"™M F:RxR™ - R™ u:R— R"™.

2. now we have a (possibly nonlinear, non-autonomous) system of ODEs to which we can

apply an integrator.
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PDEs with fractional derivatives with respect to time

We can think of using the methods we have seen until now for solving PDEs in which the
derivative with respect to time has been substituted by the fractional derivative in the

Caputo sense

Find u(x,t) s.t. caD%u =Ly, x€ QCRY telCR,.
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We can think of using the methods we have seen until now for solving PDEs in which the
derivative with respect to time has been substituted by the fractional derivative in the

Caputo sense
Find u(x,t) s.t. caD%u=Lu, x€ QCRY telCR,.

Examples:
B Time-fractional diffusion equation

caDfu = div(p(x) grad u) — g(x)u+ F(x,t), 0<a<1.
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We can think of using the methods we have seen until now for solving PDEs in which the
derivative with respect to time has been substituted by the fractional derivative in the

Caputo sense
Find u(x,t) s.t. caD%u=Lu, x€ QCRY telCR,.

Examples:
B Time-fractional diffusion equation

caDfu = div(p(x) grad u) — g(x)u+ F(x,t), 0<a<1.
@ Time-fractional advection-dispersion equation

caDfu =div(p(x) grad u) — vgrad(u), 0< o <1.
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PDEs with fractional derivatives with respect to time

We can think of using the methods we have seen until now for solving PDEs in which the
derivative with respect to time has been substituted by the fractional derivative in the

Caputo sense
Find u(x,t) s.t. caD%u=Lu, x€ QCRY telCR,.

Examples:
B Time-fractional diffusion equation

caDfu = div(p(x) grad u) — g(x)u+ F(x,t), 0<a<1.
@ Time-fractional advection-dispersion equation
caDfu =div(p(x) grad u) — vgrad(u), 0< o <1.
B Time-fractional Schrodinger equation

2

L
(iITo)*caDip = —ﬁv%p + Ny, O0< o<l
m
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Examples:
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Caputo sense

Find u(x,t) s.t. caD%u=Lu, x€ QCRY telCR,.

Examples:
B8 Time-fractional Burgers equation equation
caDfu = v + AuPuy,, 0< o<1 p>0.
@ Time-fractional Korteweg—de Vries equation

caDfu = ugx + AuPuy, 0<a<1, p>0.
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PDEs with fractional derivatives with respect to time

We can think of using the methods we have seen until now for solving PDEs in which the
derivative with respect to time has been substituted by the fractional derivative in the

Caputo sense

Find u(x,t) s.t. caD%u=Lu, x€ QCRY telCR,.
Examples:
B8 Time-fractional Burgers equation equation
caDfu = v + AuPuy,, 0< o<1 p>0.
@ Time-fractional Korteweg—de Vries equation
caDfu = ugx + AuPuy, 0<a<1, p>0.
@ Time-fractional (incompressible) Navier-Stokes equation
{CAD;*(U V)u=vV2u—1vp+f,
V.-u=0.

O<ua<l.
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 0.00e+00 Fractional T = 0.00e+00 Absolute Error

B & 8 8

@

°

oo o

33/34



An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 1.00e-01 Fractional T = 1.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 2.00e-01 Fractional T = 2.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 3.00e-01 Fractional T = 3.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 4.00e-01 Fractional T = 4.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of
caDfu=0.05V2u, o =0.3,1.
and integrate it with the FBDF2 with T = 1072.

Ordinary T = 5.00e-01 Fractional T = 5.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.
and integrate it with the FBDF2 with T = 1072.

Ordinary T = 6.00e-01

Fractional T = 6.00e-01

Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 7.00e-01 Fractional T = 7.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 8.00e-01 Fractional T = 8.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of

caDfu=0.05V2u, o =0.3,1.

and integrate it with the FBDF2 with T = 1072.

Ordinary T = 9.00e-01 Fractional T = 9.00e-01 Absolute Error
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An example with diffusion

Let us consider the case of
caDfu=0.05V2u, o =0.3,1.
and integrate it with the FBDF2 with T = 1072.

Ordinary T = 1.00e+00 Fractional T = 1.00e+00 Absolute Error
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An example with diffusion

Let us consider the case of
caDfu=0.05V2u, o =0.3,1.
and integrate it with the FBDF2 with T = 1072.

Ordinary T = 1.00e+00 Fractional T = 1.00e+00 Absolute Error

can you describe the observed behavior?
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Conclusions and next steps

@ We have completed the construction of several schemes for the integration of FODEs,
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time-fractional diffusion equation?
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Conclusions and next steps

@ We have completed the construction of several schemes for the integration of FODEs,
@& We have discussed the case of FODEs with multiple terms and different orders,

@ We started looking into some time-fractional PDEs using the Method of Lines together
with our FODEs algorithms.

B Can we better describe this “subdiffusive” behavior we have observed in
time-fractional diffusion equation?

B For linear problems can we investigate the “exponential” fractional integrators?
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