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Subdiffusion equations

At the end of the last lecture we had observed the following behavior:

Ordinary T = 1.00e+00 Fractional T = 1.00e+00 Absolute Error

for the solution of:
caD%u =0.05V%u, «=0.3,1.

The visual effect seemed to be a slowing down of the diffusion.
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Brownian motion (Metzler and Klafter )

® Consider a 1D lattice with cell size Ax,

® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,
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® Consider a 1D lattice with cell size Ax,
® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,

® The process can be modelled by the master equation
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Brownian motion (Metzler and Klafter )

® Consider a 1D lattice with cell size Ax,
® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,
® The process can be modelled by the master equation

1 1
Wit +At) = W1 (t) + =

2 J 2VVj+1(t)
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® Consider a 1D lattice with cell size Ax,
® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,

® The process can be modelled by the master equation
1 1
W;(t + At) = EVijl(t) + §V|/j+1(t)

® The master equation defines the pdf to be at position j at time t + At depending on
the population of the two adjacent sites j + 1 at time t.
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® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,
® The process can be modelled by the master equation
1 1
W;(t + At) = EVijl(t) + §V|/j+1(t)
® The master equation defines the pdf to be at position j at time t + At depending on
the population of the two adjacent sites j + 1 at time t.
® The prefactor 1/2 tells us that the process is isotropic with respect to the left/right
direction.
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Brownian motion (Metzler and Klafter )

Consider a 1D lattice with cell size Ax,

® |n discrete time steps of span At a test particle jumps to one of its neighbour sites,

The process can be modelled by the master equation

1 1
W;(t + At) = EVijl(t) + §V|/j+1(t)

The master equation defines the pdf to be at position j at time t + At depending on
the population of the two adjacent sites j + 1 at time t.

The prefactor 1/2 tells us that the process is isotropic with respect to the left/right
direction.

If we let At — 0, Ax — 0 and do a Taylor expansion in both A and Ax we get

oW,
W(t + At) :Wj(t)+Ata—tf+0([At]2), for At — 0,

JW  (Ax)2 2W

Ix + > 0x2 + 0([Ax]%), for Ax — 0,

Wis(£) =W(x, t) % Ax

2/45



Brownian motion (Metzler and Klafter )

We now substitute the expansions

W;(t + At) :v\/j(t)+m%+0(mﬂ2), for At — 0,

ow N (Ax)? 9°W
0x 2 0x?

Wit1(t) =W(x, t) + Ax + O([Ax]?), for Ax — 0,

1 1
W (& 4+ A8) = S 1(6) + 2 Wy (0
obtaining
ow 5 1, ,0°W 3
W(x,t)+ Atﬁ +0 (At ) = W(x,t)+ EAX 32 +0 (Ax )
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Brownian motion (Metzler and Klafter

)

We now substitute the expansions

oW,
W(t + At) =W;(t) + Ata—tf + 0([At]?), for At — 0,

AW (Ax)? 2w

3
Ix + > 2 + O([Ax]?),

Wit1(t) =W(x, t) + Ax

1 1
Wit + At) = SWia(6) + 5 Wysa (1

obtaining
W Ax?2W
ot  2At 0x?

+ 0 (AC + At)
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Brownian motion (Metzler and Klafter

)

We now substitute the expansions

oW,
W;(t + At) ZV\/j(t)JrAta—twrouAt]?), for At — 0,

AW (Ax)? 2W

_ 3
Wit1(t) =W(x,t) £ Ax T e T O([Ax]?),
in 1 )
W;(t + At) = EVijl(t) + §VVj+1(t)
obtaining
W EW e - 2
ot tox2’ 1 AxD0 2At

for Ax — 0,
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Brownian motion

ow 2w
ot X2
Let us call X the random variable measuring the distance covered in two consecutive jumps

® Assume that the pdf of X (appropriately normalised) has existing moments
X=) X, X2
i

and mean time-span At between any two individual jump events.
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Brownian motion

ow 2w
ot X2
Let us call X the random variable measuring the distance covered in two consecutive jumps

® Assume that the pdf of X (appropriately normalised) has existing moments
X=) X, X2
i

and mean time-span At between any two individual jump events.
® Then the central limit theorem assures that exists
- w5 2
X X2 —-X ,
V= A (Mean velocity) K = AT (Diffusion coefficient)

and that

1
Wi t) = 5 e P (/awae)
1
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Brownian motion: the Fourier domain

We can rewrite

W(x,t) = exp (—X2/4K1t) .

1
2Kt

in the Fourier domain as

W (k,t) = exp(—Kik>t), Wo(x) = lim W(x,t) = 8(x),

t—0+
that solve the Fourier transformed diffusion equation

ow

5. = KWk, 1),

that is a relaxation equation, for a fixed wavenumber k.
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From the discrete to the continuous

The Continuous Time Random Walk model (CTRW):

@ Both the length of a given jump, and the waiting time elapsing between two
successive jumps are drawn from a pdf P(x, t)
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@ Both the length of a given jump, and the waiting time elapsing between two
successive jumps are drawn from a pdf U\ (x, t)

R The jump length pdf

Jump length

A(x)dx produces the probability for a jump length in the interval (x, x + dx).
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@ Both the length of a given jump, and the waiting time elapsing between two
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R The jump length pdf

© The waiting time pdf

Waiting time

w(t)dt produces the probability for a waiting time in the interval (t,t + dt).
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From the discrete to the continuous

The Continuous Time Random Walk model (CTRW):

@ Both the length of a given jump, and the waiting time elapsing between two
successive jumps are drawn from a pdf P(x, t)

R The jump length pdf
400
A = | ixy s

0
© The waiting time pdf

w(t) = J P(x, t) dx

—00

® If the jump length and waiting time are independent random variables then:

Y(x, t) = w(t)A(x)
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Characterization of CTRW

To categorise different CTRW one can look at the quantities

+o00
T = J tw(t) dt, (Characteristic waiting time),
0
and
+o00
y?2 :J x?A(x) dx (Jump length variance),

—00

specifically, are they finite? Do they diverge?
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Characterization of CTRW

To categorise different CTRW one can look at the quantities

+o00
T= J tw(t) dt, (Characteristic waiting time),
0

and
+00
y?2 :J x*A(x) dx (Jump length variance),
—00
specifically, are they finite? Do they diverge?
The master (Langevin) equation for this process is then given by

+oo +oo
n(x, 1) =J dfo At n(x, 1 (x — X', t — t) + 5(x)5(1),

—0Q

Pdf of having arrived at position x at time t — 1(x, t) — having just arrived at x’ at time t’

—1n(x’, t’) — with initial condition (x).
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Characterization of CTRW

Then if we use

nx,t) = roo dx’rm dt'n(x'y 7(x — x', £ — ') + 5(x)5(b),

—00 0
we can write the pdf of being in x at time t as

t t

nix, t"W(t —t'),dt, Y(t)=1 —J w(t’)dt’,
0

Wi(x,t) = J

0

where the latter is the cumulative probability assigned to the probability of no jump event
during the time interval t —t’.

If both T and £2 are finite the long-time limit corresponds to Brownian motion, e.g.,
w(t) = T lexp(—t/x), T =, A(x) = (47162) 72 exp(—**/402), Z2 = 202, we recover the
standard diffusion equation.
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The CTRW in the Fourier-Laplace domain

We take

t t

W(x, t) :J nix, t"W(t —t),dt, Y(t)=1 —J w(t’)dt’,

0 0
and rewrite it again in the Fourier-Laplace domain (Fourier for the space variable,
Laplace for the time one) as

Wik = L) Vb(k) [~

= —i2mkx
v 1—U(ku) Wo(k) = Wo(x)e dx.

—0o0

In the Brownian case

w(u)~1—ut+ O(1?), Ak)~1—02k>+ O(k*), Wo(x)=5(x)
then
1

Wikow) = ke

Ki= ‘72/’[.
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The case of long rests

The characteristic waiting time T = faroo tw(t) dt diverges, but the jump length
variance Y2 = fJ_r;’ x2\(x) dx is finite.
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® To realize this we can select
w(t) ~ Ay (V)1 0<a<1,
® For the jump pdf we use again the Gaussian jump length
A(x) = (4102) "2 exp(—x*/40?).
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The case of long rests

The characteristic waiting time T = fgoo tw(t) dt diverges, but the jump length
variance Y2 = f:;'z x2\(x) dx is finite.

® To realize this we can select
wit) ~Ax (V)7 0<a<l,
® For the jump pdf we use again the Gaussian jump length
A(x) = (4102) "2 exp(—x*/40?).
® To get the form of the equation we first go to the Laplace domain:
w(u) ~1— (ut)%,
® and then obtain the expression for W (k, u) in the Fourier-Laplace space

Wk, u) = MoW/u/ (14 Kgu=*k2).
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The case of long rests

To get an expression of the equation we use the Laplace transform for fractional integrals:

L {I[B’o;] W (x, t)} =u *W(x,u), o >0,

and together with
WO(k]/u

Wik u) = g sy

we infer the fractional integral equation

W(X) t) - WO(X) = I[O,t]Koc W(X) t)'

x2
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The case of long rests

To get an expression of the equation we use the Laplace transform for fractional integrals:

c {/[gf;]W(x, t)} — U W(x,u), >0,

and together with
WO(k)/u
(1 + Kyu*k2)"

we infer the fractional integral equation, and apply derivative w.r.t. to time

Wk, u) =

0 0 02
T (W(x,t) — Wo(x)) = T I[O,t}Kocﬁ Wi(x,t) ).
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To get an expression of the equation we use the Laplace transform for fractional integrals:
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Wk, u) =
we infer the fractional integral equation

ow 02
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The case of long rests

To get an expression of the equation we use the Laplace transform for fractional integrals:

c {I[B:’t‘]W(x, t)} — 0 W(x,u), >0,
and together with
WO(k)/u
Wku)= ———"——.
o) = A ke

we infer the fractional integral equation

ow 02
= RI—D[(XO,t] Ko‘ﬁ W(X, t).

ot
We can compute also the mean squared displacement
d? 2K
2 -1 : x o
t)y =L lim ———= W (k = ——t"%
b {klgcl) dk? ( ’u)} N1+ «)
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The case of long rests

We have obtained a Fractional Differential Equation:

ow 0?2
ot~ RDoakegs

W(X> t)) O<axl1
but this is not the model we started looking at, that was
62
CAD[%,tJW:Koc@W(X, t), 0<ax<l1

@ Are they related?
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2

a2W( , 1), O<ax<l1

caDE g W = Kq

@ Are they related? It turns out that this is indeed the case (Sokolov and Klafter
the proof involves doing some work in inverting Fourier-Laplace transform.
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The case of long rests

We have obtained a Fractional Differential Equation:

ow 02

W = RLD[O(;J_-}K(X@ W(X) t), O<a<l1

but this is not the model we started looking at, that was

2
CADOtW K02W( , 1), O<axl1
@ Are they related? It turns out that this is indeed the case (Sokolov and Klafter ),

the proof involves doing some work in inverting Fourier-Laplace transform.

We now have an interpretation of what a Fractional Derivative with respect to time is. We
will come back to this when we will speak about fractional derivative with respect to space.
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“Exponential” Fractional Integrators

We start from the FDE

{CADf;mu(t) +Ay(t) = £(1),

x€Rsg, AER, u(t) :[ty, T] — R.
U(O) = Uo,

Then we rewrite the solution as

t
u(t) = eoc,l(t — to; A)Uo +J eoc,oc(t —5;A)f(s) ds, €x,p = tﬁ_lEoc,B(_)\t“)>
to

for Exp(z) the Mittag-Leffler (ML) function with two parameters.

13/45



“Exponential” Fractional Integrators

We start from the FDE

{CADf;mu(t) +Ay(t) = £(1),

x€Rsg, AER, u(t) :[ty, T] — R.
U(O) = Uo,

Then we rewrite the solution as

t
u(t) = eoc,l(t — to; A)Uo +J eoc,oc(t —5;A)f(s) ds, €x,p = tﬁ_lEoc,ﬁ(_)\t“)>
to

for Exp(z) the Mittag-Leffler (ML) function with two parameters.
@ \We can use this formulation to build different PI rules,

13/45



“Exponential” Fractional Integrators

We start from the FDE

{CADf;mu(t) +Ay(t) = £(1),

x€Rsg, AER, u(t) :[ty, T] — R.
U(O) = Uo,

Then we rewrite the solution as

t
u(t) = eoc,l(t — to; A)Uo +J eoc,oc(t —5;A)f(s) ds, €x,p = tﬁ_lEoc,ﬁ(_)\t“)>
to

for Exp(z) the Mittag-Leffler (ML) function with two parameters.
@ \We can use this formulation to build different PI rules,
@ We can use it to address the problem

caDp, g U(t) + Ay(t) = F(U(t)), U(0) = Up.

13/45



Evaluation of the ML function

For both the approaches we need reliable ways for computing the ML function on both
the real line and with matrix argument.
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the real line and with matrix argument.

Scalar case Inversion of the Laplace transform via the Optimal Parabola Contour
selection algorithm (Garrappa ),

Matrix argument To apply algorithm for matrix-function evaluation we may need also the
value of the derivative of the ML function, e.g., Schur-Parlett type
algorithm (Garrappa and Popolizio ; Higham and Liu ).

In general, we expect to mostly need matrix function—times—vector operations:

y = Exp(A)v, AcR™" yveR"
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Evaluation of the ML function

For both the approaches we need reliable ways for computing the ML function on both
the real line and with matrix argument.

Scalar case Inversion of the Laplace transform via the Optimal Parabola Contour
selection algorithm (Garrappa ),

Matrix argument To apply algorithm for matrix-function evaluation we may need also the
value of the derivative of the ML function, e.g., Schur-Parlett type
algorithm (Garrappa and Popolizio ; Higham and Liu ).

In general, we expect to mostly need matrix function—times—vector operations:

y = Exp(A)v, AcR™" yveR"

We postpone it to after we have discussed the actual necessities we have.
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Pl - “Exponential” Fractional Integrators

We start from the formula

t
u(t) = exs(t — to; At +J exalt — sAF(s)ds, enp = tP 1 Enp(—ALY),

to
and select a grid {t,-},{\io, then
1 ot

ultn) = exalta — toiNwo + 3 | enalta — siNF(5) ds.
j=0"4
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t
u(t) = exs(t — to; At +J exalt — sAF(s)ds, enp = tP 1 Enp(—ALY),

to

and select a grid {t,-},{\io, then

U(tn)—eocl( — to;A)up + T ZJ eoccx ((t=t)/r —r;T™ A)f(tj'i‘rT)dr-

® |n general we have
eoc,ﬁ(t;}\) = TB_leoc,B(t/T; TA)

® For s € [tj, tjy1] let us consider the change of variables s = tj + rt, r € [0,1]
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Pl - “Exponential” Fractional Integrators
Then a Pl rule for

u(tn)—ecxl( tO» U0+T ZJ emc (t— tJ T—FT A)f(tj—l-l’”[)dr.

is obtained by selecting q + 1 distinct nodes 0 < cg < ¢ < --- < ¢g < 1 and replacing
f(t; + rt) with

q
tj—l—l’T = Z L[q] f(ti+ct), rel0,1], L,Eq] Lagrange basis element of degree q.
=0
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Pl - “Exponential” Fractional Integrators

Then the PI rule is

n—1

q
U( n = eal( — to; A yo+T°‘ Z(,U(E (n—j;t }\)f(tj—}—CgT).
j=0 €¢=0

is obtained by selecting q + 1 distinct nodes 0 < cg < ¢ < --- < ¢g < 1 and replacing
f(t; + rt) with

q
tj+r’t Z L[q] f(ti+ct), rel0,1], L,Eq] Lagrange basis element of degree q.
=0

And selecting the weights

1
wl[lq;“](n,z) = J ex,u(n—j— r;z)LEq}(r) dr.
0
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Pl - “Exponential” Fractional Integrators

Theorem (Garrappa and Popolizio , Theorem 4.2)
Let o« > 0 and f(t) € C9*2([tg, T1). The error of a g-step exponential Pl rule is given by

C(gq}

g
e (g+1) +1+
—(q+ 1)!J ex,a(tn — ;A9 (s)ds + O(T977%),

to

u(t,) — y(n = gatl

where the constant C([)q] depends only on the nodes ¢.

® Forg=2,¢ =0, cgt =12 ¢ =1, one finds Cém =0, thus an interpolatory formula

of order O(T9+1+%),
@ The general idea is to select nodes ¢ in such way that

1
C\[fﬂ :J we(ré&(l—v,1—r)dr, veR,
0

for & the Hurwitz zeta function, are zeroed out in the error expansion for the method.
17/45



The MOL /Matrix case

Let us go back to the case that sparked our interest in going “exponential”, that was the
MOL problem

caDS gult) + Au(t) = g(t), t>0,
u(0) = ug.

By the variation of constant formula, we have seen that we can express the solution as
t

u(t) = Exa(—tAuo + L(r ) E, (Al — 5)%)g(s) ds.
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The MOL /Matrix case

Let us go back to the case that sparked our interest in going “exponential”, that was the
MOL problem

caDS gult) + Au(t) = g(t), t>0,
u(0) = ug.

By the variation of constant formula, we have seen that we can express the solution as
t

u(t) = Exa(—tAuo + L(r ) E, (Al — 5)%)g(s) ds.

® In the general case we then have to apply one of the Pl rules to compute the integral
term,

e |f g(s) = ZZ:O skvy for some vectors, we can compute the integral on the right-hand
side in closed form and obtain

q
u(t) = Ex1(—t*A)yo + > Tk + D)t Ey qrpsr(—t*A)vi, >0,
k=0 18/45



Matrix functions: the normal case

If Ais a normal matrix, and f is a function existing on the spectrum of A, then

fFIA) = UFANUY, UPU =1, A=diag(h,...,\y), Auj =Aw;, U= [ug,...,u,.

This is, e.g., sufficient for the cases in which
® A is the discretization of a self-adjoint operator,
® Ais symmetric.

Eyp(z) is an analytic function, and therefore we can compute it for every possible
eigenvalue A in the spectrum of A.
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Matrix functions: the normal case

If Ais a normal matrix, and f is a function existing on the spectrum of A, then
f(A) = UFAUH, UMU =1, A=diag(Ar,..., ), Auj=Au;, U=[ug,...,u,l.

This is, e.g., sufficient for the cases in which
® A is the discretization of a self-adjoint operator,
® Ais symmetric.

Eyp(z) is an analytic function, and therefore we can compute it for every possible
eigenvalue A in the spectrum of A.

What about the non-normal and nond-diagonalizable case? For diagonalizable matrices, we
can use the eigendecomposition at the same way.
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Matrix functions: the Jordan Canonical Form

Jordan Canonical Form

We recall that any matrix A € C"™" can be expressed in Jordan canonical form as

A 1
Ak

ZYAZ = J = diag(h,..., Jp),  for J = J(Ae) = h € CmXmic
S

Ak

where Z is nonsingular and my + mp + ...+ mp, = n. If each block in which the eigenvalue
Ak appears is of size 1 then Ay is said to be a semisimple eigenvalue.
® This is a theoretical object, it is useful to prove and define things, not to implement

things.
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Matrix functions: the Jordan Canonical Form

Jordan Canonical Form

We recall that any matrix A € C"™" can be expressed in Jordan canonical form as

A 1
~ . A
Z71AZ = J=diag(h, ..., ), for Jp = J(Ak) = ,

G (kaka)
1

Ak

where Z is nonsingular and my + mp + ...+ mp, = n. If each block in which the eigenvalue
Ak appears is of size 1 then Ay is said to be a semisimple eigenvalue.

® This is a theoretical object, it is useful to prove and define things, not to implement
things.

® Now that we have a decomposition of the matrix, we need to introduce a suitable
definition of being defined on the spectrum.
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Matrix functions: the general case

Let us denote by Aj,...,As the distinct eigenvalues of A, and by n; the order of the largest
Jordan block in which the A; appears, i.e., the index of the eigenvalue A;.

Defined on the spectrum
The function f is defined on the spectrum of A if the values

FON), j=01,....,n—1, i=1,...s,

exist, where fU) denotes the jth derivative of f, with () = f.
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Matrix functions: the general case

Let us denote by Aj,...,As the distinct eigenvalues of A, and by n; the order of the largest
Jordan block in which the A; appears, i.e., the index of the eigenvalue A;.

Defined on the spectrum
The function f is defined on the spectrum of A if the values

FON), j=01,....,n—1, i=1,...s,
exist, where fU) denotes the jth derivative of f, with (0 = f.

y:\ Again for the ML function and o > 0 we have no problem with this.
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Matrix functions: the general case

Matrix function

Lef f be defined on the spectrum of A € C"™ ", which is represented in Jordan canonical
form as Z7AZ = J,

f(A) = Zf(N)Z 7t = Zdiag(f(h),...,F(Ip))Z7Y,

where (mj—1)
FA) /() ... T

(i) = F(A) '

f'(Ak)

f(A)

Moreover, let f be a multivalued function and suppose some eigenvalues occur in more
than one Jordan block. If the same choice of branch of f is made in each block, then we

say that f(A) is a primary matrix function.
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Matrix functions: computing f(A) and f(A)v

To march our scheme for
t

u(t) = Exa(—t*AJup + Jo(t— §) L Epa( At — 5))g(s) ds.

we need to compute operations of the form f(A)v, nevertheless, we will have to compute

f(-) at least on some small matrix.
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To march our scheme for

t
u(t) = Eaa(—t" Ao + | (£ 5)" L Eual-Alt — 5)")gls) ds.
0
we need to compute operations of the form f(A)v, nevertheless, we will have to compute
f(-) at least on some small matrix.

Schur decomposition and matrix functions

Given a matrix A there exist always a matrix @ such that @*Q =/, and a upper triangular
matrix T such that A= QTQ*. Then, if f is defined on the spectrum of A we can
compute f(A) as f(A) = Qf(T)Q*.
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Matrix functions: computing f(A) and f(A)v

To march our scheme for

t
u(t) = Eaa(—t" Ao + | (£ 5)" L Eual-Alt — 5)")gls) ds.
0
we need to compute operations of the form f(A)v, nevertheless, we will have to compute
f(-) at least on some small matrix.

Schur decomposition and matrix functions

Given a matrix A there exist always a matrix @ such that @*Q =/, and a upper triangular
matrix T such that A= QTQ*. Then, if f is defined on the spectrum of A we can
compute f(A) as f(A) = Qf(T)Q*.

But how do we compute the matrix function of an upper triangular matrix?
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Matrix functions: the upper triangular case

Assumption we assume that T is such that each block T;; has clustered eigenvalues, and
distinct diagonal blocks have far enough eigenvalues.

© If the assumption doesn't hold we look for a block permutation.

(T11)11 (Tia)ie

[ 0 (T1,1)2,2 12 -‘

{ 0 (T22)11 (T2,2)1,2J
0 (T22)2,2

A Close eigenvalues may lead to severe
accuracy loss, even far apert eigenvalues can
produce more inaccurate answers than
expected, see (Davies and Higham ).
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Matrix functions: the upper triangular case

Assumption we assume that T is such that each block T;; has clustered eigenvalues, and
distinct diagonal blocks have far enough eigenvalues.

© If the assumption doesn't hold we look for a block permutation.

[(TM)“ (T,1)1,2 T1)2 ® To evaluate f(T;;) we use the Taylor
0 (T1,1)20 series in O
{ 0 (T22)11 (T22)12
0 (T22)2,2 oo (k)
f(Tii) = Z i M-,
k=0

for o = trace(Ti,i)/m, m = dim(T;;), and
M = T,',,' —ol.
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Matrix functions: the upper triangular case

Assumption we assume that T is such that each block T;; has clustered eigenvalues, and
distinct diagonal blocks have far enough eigenvalues.
© If the assumption doesn't hold we look for a block permutation.
For the off-diagonal blocks we apply the

(Ti1)11 (Ti1)12 T block-Parlett recurrence
[ 0 (T1,1)22 1,2 w Fii=f(Tii),i=1,...,m
0 (T22)11 (T22)12 for j = ?, sl dlo
0 (T22)22 fori=j—1,j—2,...,1do

Solve Sylvester equation for F;;:
TiiFjj—Fij Ty = FiiTij— TijFjj
+ 3o (Fise— Tiej — TikFiey).
end
end

24 /45



Matrix functions: the upper triangular case

Assumption we assume that T is such that each block T;; has clustered eigenvalues, and
distinct diagonal blocks have far enough eigenvalues.

© If the assumption doesn't hold we look for a block permutation.

(T11)11 (Tia)ie

[ 0 (T1,1)22 T2

{ 0 (T22)11 (T2,2)1,2J What we need
0 (T22)2,2

To use the algorithm we have sketched out,
we need to be able to compute the derivatives
of the ML function sufficiently accurately.
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Derivatives of the ML function

The key observation for this task is

dk & (4 k) K 2 T(+k+1)2 .

—E = = = kIEK!

dzk xp(2) JZO MNoj+ok+p) T(k+1) j;j!l“(ocj—i—ock—i-ﬁ) oot (2)
where

+00

1 r1+vy)Z
) 2 Jrieg + )

Explz) =

is called the Prabhakar function.
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Derivatives of the ML function

The key observation for this task is

dk &+ k)2 K & T+k+1)2 .
—E = = = kIEFH]
azF e (?) JZO Mloj+oak+B) T(k+1) j;j!l“(ocj—i—ock—i-ﬁ) ok (2)
where .
1 & T1+vy)2
Ey (Z) = . p )
P ry) %JIF(CXJ +B)

is called the Prabhakar function.
Its efficient computation can be obtained, similarly to the ML function, by means of a
Laplace transform inversion

SOQ/_B

m, 9‘{(5) > 0, |tO(ZSi(X| < 1.

c{PE) (1)} (5) =
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Computing the Prabhakar function (Garrappa 2015)

We select t =1 in

c{PTEY (172)} (5) = il

m, 9{(5) > 0, |t06257(x| < 1.
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Computing the Prabhakar function (Garrappa )

Having selected t = 1 we have

oy—P
c{E @} 6 = oy W >0, =<1
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Computing the Prabhakar function (Garrappa )

Having selected t = 1 we have

v s“y_ﬁ . S(X—ﬁ
L {EDC,B(Z)} (5) == m, 9‘{(5) > 0) |ZS O(| < 1, Hk(Z;Z) == W.
® Since
d* k!

@Ea,ﬁ(z) = KE G p(2) = 50 L e*Hy(s;z)ds = Ii(z),

26 /45



Computing the Prabhakar function (Garrappa )

Having selected t = 1 we have
oy—B o—B
Y __S - oy °
L {Eoc,[i(z)} (S) = (S‘X—Z)V’ i)f{(s) > 0, |zs ‘X| <1, Hk(Z,Z) = W.

® Since

dk k!

@Ea,ﬁ(z) = KE G p(2) = 50 L e*Hy(s;z)ds = Ii(z),

® we use the Optimal Parabolic Contour we have already
discussed in Lecture 2 to determine the deformation of

the Bromwich line to evaluate

jm_ Kih N

k7 omi
j=—N

e®WH, (o(uy); 2) 0" (u)).




/> An alternative option (Higham and Liu )

We needed the ML derivatives to apply Schur-Parlett to non-diagonalizable matrices.
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/¥ An alternative option (Higham and Liu )

We needed the ML derivatives to apply Schur-Parlett to non-diagonalizable matrices.

Diagonalization by perturbation

Let A be nonnormal

A=A+E

for E a suitable perturbation is likely to be diagonalizable. Diagonalizable matrices are
dense in C"*", for a given A and machine precision € then the best approximate
diagonalization can be measured in terms of

o(Ae) = iEn\f/'O'(A, V,E €)= lEnf{K2 Je+ HEHZ}

)
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/¥ An alternative option (Higham and Liu )

We needed the ML derivatives to apply Schur-Parlett to non-diagonalizable matrices.

Diagonalization by perturbation

Let A be nonnormal

A=A+E

for E a suitable perturbation is likely to be diagonalizable. Diagonalizable matrices are
dense in C"*", for a given A and machine precision € then the best approximate
diagonalization can be measured in terms of

oA, &) = inf (A, V, E, ) = inf {ka(V)e + | E]l2).

We can expect to measure on f(A) by estimating
1f(A+ E) = f(A) S ILe(A, B)Il < [[Le (AL ET,
for L¢(A, E) the Fréchet derivative of f at A in direction E, ||Lf(A)|| = HIEHaXI{HLf(A, E)||}.
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/¥ An alternative option (Higham and Liu 2021)

Fréchet derivative
The Fréchet derivative of a matrix function f : C"™" — C"*" at a point X € C"™*" is a
linear mapping L : C"™*" — C"™" E — L¢(X, E) such that for all E € C"™" we find

F(X+E)—f(X) = L(X,E) = o[ EID.
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/¥ An alternative option (Higham and Liu 2021)

The Fréchet derivative of a matrix function f : C"™" — C"*" at a point X € C"™*" is a
linear mapping L : C"™*" — C"™" E — L¢(X, E) such that for all E € C"™" we find

f(X+E)—f(X)—L(X,E) = o(]|E]]).
Thus, in our estimate we have
[F(A+E)—F(A S ILe(A B < IL(AIIE],

and therefore the change in f induced by E grows as ||Lf(A)||2]|E||2 and there are many
cases in which |[L¢(A)||2 > 1.
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/¥ An alternative option (Higham and Liu 2021)

The Fréchet derivative of a matrix function f : C"™" — C"*" at a point X € C"™*" is a
linear mapping L : C"™*" — C"™" E — L¢(X, E) such that for all E € C"™" we find

F(X+E)—f(X) = L(X,E) = o[ EID.

Thus, in our estimate we have
[F(A+E)—F(A S ILe(A B < IL(AIIE],

and therefore the change in f induced by E grows as ||Lf(A)||2]|E||2 and there are many
cases in which |[L¢(A)||2 > 1.

@ The idea from (Higham and Liu 2021) is to use a structured perturbation:
“take E to be upper triangular standard Gaussian matrix.”
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/¥ An alternative option (Higham and Liu )

The idea in few steps
1. Compute the Schur decomposition A = QTQ",
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1. Compute the Schur decomposition A = QTQ",
2. Consider the perturbed matrices T =T + E
® T is still upper triangular,

® Eigenvectors can be compute by back-substitution: (T — ti)vi=0,i=1,...

3. Compute in precision uy the diagonalization
T=VDVl D =diag(}A)),
with distinct A;,
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1. Compute the Schur decomposition A = QTQ",
2. Consider the perturbed matrices T =T + E
® T is still upper triangular,

® Eigenvectors can be compute by back-substitution: (T — ti)vi=0,i=1,...

3. Compute in precision uy the diagonalization
T=VDVl D =diag(}A)),

with distjnct ApL
4. Form f(T) = VF(D)V~L in precision up
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/¥ An alternative option (Higham and Liu 2021)

The idea in few steps

1. Compute the Schur decomposition A = QTQ",
2. Consider the perturbed matrices T =T + E

e T is still upper triangular,

® Eigenvectors can be compute by back-substitution: (T — ti)vi=0,i=1,...,m,
3. Compute in precision uy the diagonalization

T=VDV, D =diag)),

with distjnct ApL
4. Form f(T) = VF(D)V~L in precision up

What precision do we need?

To have k1(V)up < u we select for cpu ~ min; | diag(t,1/ — :1'2)2)|

CmU?

up S - = k = “size of the Jordan block” > 2.
maxi;j |t,'J| (maxiq |ti,j|/cmu + ]_)
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From small to large matrices

We now know how to compute Ey g(A) for a small matrix A, either with
MR Classical Schur-Parlett algorithm with Laplace inversion technique for the needed
derivative of the ML function (Garrappa and Popolizio 2018),

<[> https://it. mathworks.com /matlabcentral /fileexchange/66272-mittag-leffler-function-with-
matrix-arguments

I Multiprecision derivative-free Schur-Parlett algorithm (Higham and Liu 2021),
<[> https://github.com /Xiaobo-Liu/mp-spalg
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From small to large matrices

We now know how to compute Ey g(A) for a small matrix A, either with
MR Classical Schur-Parlett algorithm with Laplace inversion technique for the needed
derivative of the ML function (Garrappa and Popolizio ),

<[> https://it. mathworks.com /matlabcentral /fileexchange/66272-mittag-leffler-function-with-
matrix-arguments

I Multiprecision derivative-free Schur-Parlett algorithm (Higham and Liu ),
<[> https://github.com /Xiaobo-Liu/mp-spalg
What about /arge matrices?
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From small to large matrices

We now know how to compute Ey g(A) for a small matrix A, either with

MR Classical Schur-Parlett algorithm with Laplace inversion technique for the needed
derivative of the ML function (Garrappa and Popolizio 2018),
<[> https://it. mathworks.com /matlabcentral /fileexchange/66272-mittag-leffler-function-with-
matrix-arguments
I Multiprecision derivative-free Schur-Parlett algorithm (Higham and Liu 2021),
<[> https://github.com /Xiaobo-Liu/mp-spalg

What about /arge matrices?

@ Projection methods for matrix functions

We can exploit the subspace projection idea, take V € R"*¥ spanning a given subspace W
f(Ava VF(VTAV)VTv  VTAV e Rk k< n.
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Krylov Projection Methods

Different methods are obtained for different choices of the projection spaces W (A, v).
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Krylov Projection Methods

Different methods are obtained for different choices of the projection spaces W (A, v).

A general framework

Given a set of scalars {01,...,0, 1} C C (the extended complex plane), that are not

eigenvalues of A, let
k—1
gs(2) = [, (6= 2).

The rational Krylov subspace of order k associated with A, v and gx_1 is defined by

Qu(A V) = g1 (AT Ki(A V), Ki(A,v) = Span{v, Av, ..., A7),
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Krylov Projection Methods

Different methods are obtained for different choices of the projection spaces W (A, v).

A general framework

Given a set of scalars {01,...,0x_1} C C (the extended complex plane), that are not
eigenvalues of A, let

a1l2) =[] (57— 2).

The rational Krylov subspace of order k associated with A, v and gx_1 is defined by

Qu(A,v) = [k 1 (A Ki(A,v),  KilA,v) = Span(v, Av, ..., A< Tv).

A matrix expression

Given {p1, ..., tk—1} C C such that o; # pjz, we define the matrices

Cj = (LLJ'O'J'A —1) (GJ'I = A)il, and Q(A,v) = Span{v, Civ,..., Cx_1--- GGV}
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Krylov Projection Methods: special cases

A matrix expression

Given {1, ..., k1) C C such that o # ufz, we define the matrices

CJ' = (LLJ'O'J'A — I) (GJ'/ - A)il, and Qk(A,V) = Span{v, C]_V, ey Ck,1 ce C2C1V}.

Polynomial Krylov Wi (A, v) = Ki(A,v) set uj =1 and o = oo for each j,
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CJ' = (LLJ'O'J'A — I) (GJ'/ - A)il, and Qk(A,V) = Span{v, C]_V, ey Ck,1 ce C2C1V}.

Polynomial Krylov Wi (A, v) = Ki(A,v) set uj =1 and o = oo for each j,
Extended Krylov Whi_1(A, v) = Span{v, A~1v, Av,..., A~ (k"1y Ak=1y}) set

-y _ J (1,00), forj even,
(k> ;) _{ (0,0), for j odd.
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Krylov Projection Methods: special cases

A matrix expression

Given {1, ..., k1) C C such that o # ufz, we define the matrices

CJ' = (LLJ'O'J'A — I) (GJ'/ - A)il, and Qk(A,V) = Span{v, C]_V, ey Ck,1 ce C2C1V}.

Polynomial Krylov Wi (A, v) = Ki(A,v) set uj =1 and o = oo for each j,
Extended Krylov Whi_1(A, v) = Span{v, A~1v, Av,..., A~ (k"1y Ak=1y}) set

-y _ J (1,00), forj even,
(k> ;) _{ (0,0), for j odd.

Shift-And-Invert Wi (A, v) = Span{v, (¢/ — A)7v,..., (o/ — A)~k=Yy}, take p; = 0 and
0; = o for each j,
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The ML function (Moret and Novati )

To estimate the convergence behavior of general projection methods in the non-normal we
need the concept of field of values (or numerical range.)
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To estimate the convergence behavior of general projection methods in the non-normal we
need the concept of field of values (or numerical range.)

Field of Values/Numerical Range

Given A € CV*N we denote its field of values as
(x, Ax)

(%, %)

W(A):{ , U#XE(CN},

where (-, -) represents the Euclidean inner product.
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The ML function (Moret and Novati )

To estimate the convergence behavior of general projection methods in the non-normal we
need the concept of field of values (or numerical range.)

Field of Values/Numerical Range

Given A € CV*N we denote its field of values as
(x, Ax)

(%, %)

W(A):{ , U#XE(CN},

where (-, -) represents the Euclidean inner product.

It has many properties, e.g., W(A) C D(0, ||A]]) (disk centered on 0 with radius ||A||), is
compact, sub-additive W(A+ B) C W(A) + W(B), unitarily invariant
W(UAUM) = UW(A)UH, etc. see (Benzi ).

33/45



The ML function (Moret and Novati )

Assumptions:
(A1) We assume that 3a > 0, 6 € [0,7/2) such that

W(A) C Zg,, ={A € C : |arg(A) —a| < 0}.
(A2) >0, x € (0,2) be such that a/2 < t—0, ¢ > 0 and

7T
> < pu < min{m, ort}f, p<mw—6.

Method of choice: we use polynomial Krylov method K, (A, v):

AV = ViHp + hm+1,me+lerz> Span V,, = Span{v,-},fll = ’Cm(A>V)> Hpm = Vrlr—,lA Vim

We want to bound:

Rm = (x)ﬁ(—A)V — VmEa,B(_Hm)ely m Z 1.
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The ML function (Moret and Novati )

We first express the error in integral form, starting from (Podlubny , Theorem 1.1)

dA,  z€ G (&, p),

1 exp(AY* )\ F/=
Exp(2) JC( T oasz
&1

= Do A—z

where

e Ve>0,0<pu<m

C(‘E)H):U {Cl(s,u)z{k cA=cexplip), —u<oe<u} \

Gle,u) ={A : A =rexp(xin), r> ¢l | — Gtew

® The contour C(e, ) divides the complex plane into two /
domains, G~ (g, ) and G (g, 1) lying respectively on the
left and on the right of C(e, ).
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An Expression for the Error

From the previous we find

_ 1
Qo

Evpl(—A) L( PN AT, oA € 6 (e
&1

and together with
Rm = cx,[i(_A)V_ VmEoc,B(_Hm)ela m2>1,

we write
1

Qo

m

j exp(\VIAT /5 (A, A,
Cle,n)

for
dm(A) = A+ A" tv — Vi (M + Him) " teq
=M+ A) v — Vo (A + Hp) TV,

36/45



An Expression for the Error

Observe now that

SmA) = M+ A) v — Vi (M + Hp) TVHY = Ay,

37/45



An Expression for the Error

Observe now that
SmA) = M+ A) v — Vi (M + Hp) TVHY = Ay,
By using the Arnoldi relation, since v11 L Ve

VHAI+ AV, = A + Hp,

37/45



An Expression for the Error

Observe now that
SmA) = M+ A) v — Vi (M + Hp) TVHY = Ay,
By using the Arnoldi relation, since v11 L Ve
VHAI+ AV, = A + Hp,

Therefore we have
An(AM+ AV, =0.

37/45



An Expression for the Error

Observe now that
SmA) = M+ A) v — Vi (M + Hp) TVHY = Ay,
By using the Arnoldi relation, since v11 L Ve
VHAI+ AV, = A + Hp,

Therefore we have
An(AM+ AV, =0.

For an arbitrary y € C™ we have then
A+ Ay — V(M + Hp) VY = A (v — (A + A)Viy) = Ampm(A)v,

where p,(z) is a polynomial of degree < m with p,,(—A) = 1.
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An Expression for the Error

We have therefore proved that

18m (AN < 1A+ A) ™ = Vi (A + Hi) VA [ o (A)V ], Vi € Pimlz] with pin(—2) = 1.

By using (Diele, Moret, and Ragni , Lemma 2) we also have the following
expression
[T by
SmN)|| = ——2———||(M + A) v |-
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An Expression for the Error

We have therefore proved that
1m( AN < [N+ A) ™ = VoA + Hor) VP AV, VP € Peml2] with pm(—A) = 1.
By using (Diele, Moret, and Ragni 2008/09, Lemma 2) we also have the following

expression
. HJ 1 hjsay
| det (Al + Hp)l
To obtain the first bound we call then

D(A) = dist(\, W(—A)) VYA€ Cle, ).

18m(A)[| = I+ A) V-

Representation function
Using (A1) and (A2) we can find a function v(¢) such that

= [Mlexp(xip) € Cle,u) D(A) = v(@)Al, v(@)=v>0.
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A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)
Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[Rm| <

exp(M) eril hjt1, <u n exp(—M(| cos(W/a)| + 1)))

mymFLpMmetB—1 -\ moux—1+p
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A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)
Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[Rm|| <

exp(M) [T hja, (u eXp(—M(ICOS(“/oc)IJrl)))

mymFLpMmetB-1 -\ mou—1+p

Proof. We use ||(A/+ A)71|| < D(A)~! and W(H,,) € W(A) in the error expression R,

1 _
1Rl = —J exp(AV N5 (), dA
Cle,p)

27T

|dA].

S R
271 Cle,) D(}\)m""l
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A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)

Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[Rmll <

rvm+1 pfmotp—1 =

exp(M) [ 1124 Ay, (u eXp(—M(ICOS(“/oc)I+1))>
o mx—1-+p '

Proof. We use ||(A/+ A)71|| < D(A)~! and W(H,,) € W(A) in the error expression R,

[Rml| <

[0 e,
%(/1-#/2)»

with

}\1/“ )\1*5/« _ 53 e
L :J |exp (A7) | A < 2516,,,J exp(e’* cos(#/«)) do.
Gilen) 0

D(A)m+T * v(p)mtl
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A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)

Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

IRl < exp(M) [ T2 hjs1, (u exp(—M(| cos(W/a)| + 1))) '

ymFLpMmetB—1 -\ « moux—1+p

Proof. We use ||(A/ + A)7|| < D(A)™! and W(H,,) € W(A) in the error expression Ry,
Mo hiy1 _ m Yo
Rl < 11250 (2515’—'” J exple " eoslo/)) dcp+/2),

27T 0 v(p)mtl
with y y s .
AV NP/ 2 oo oF —rx
/2:J [expl Bnﬂ an < mﬂj r e eplreleosyol) o,
Coe,n) DU\) v € r

Ve
o> ds < 2ccexp(—e |cos(u’{z¢3|ﬁ)_l ‘
et/ s (ma+ B —1)vmtle « 3045

2 J+°° exp(—s| cos(W/«)])
T ym+l



A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)
Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[Rm| <

rym+1 pymotp—1 .

exp(M) eril hjt1, (u n exp(—M(| cos(W«)| + 1))>
o max—1+p ’

Proof. We use ||[(A/+ A)7Y|| < D(A)~! and W(H,,) € W(A) in the error expression R,

ma+p—1

mohi1g _ n Ve ) o
| Rmll < M 2&1:'"{ exp(e CZi(l(P/a))d N o exp(—e¥¥| cos(W/a)|)
2mx 0 V(o) (mx+ B — 1)vm+ie™ %

The result follows then by setting ¢ = M* and simplifying the expression.
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A First Error Bound

Theorem (Moret and Novati , Theorem 3.2)
Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[Rmll <

exp(M) TT7Z; hjsa, (u . exXD(=M(lcos(w/x)| + 1))>

ymFLpMmetB—1 -\ mou—1+p

Proof. We use ||[(A/+ A)~Y|| < D(A)~! and W(H,,) € W(A) in the error expression Ry,

ma+p—1

IR < T2 hja, pelsE-m J“ exp(e"/® Coi(l‘f’/oc)) do + 2 exp(—e"*| cos(W/a))

27to 0 V((p)m (mOC—I—B—l)Vm"'ls =
The result follows then by setting ¢ = M* and simplifying the expression. 0
A With the same proof another bound for the case of small « can be obtained.
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A First Error Bound: small os

Theorem (Moret and Novati , Theorem 3.2)
Let assumptions (A1) and (A2) hold, then for m > 1 and for every M > 0 we have

[§)
[Rmll <

mrym+1 pgmotp—1 .

xp(M) T T2y hjvay (u exp(—M(| cos(W/a)| + 1)))
o max—1+p ’

Corollary (Moret and Novati , Corollary 3.3)

Let assumptions (A1) and (A2) hold. Let m > 1 be such that mx+ 3 > 0, then for every
M >0, we have

[Rmll <

4Vm+1 Mmx T .

exp(M)TTi% 1y 4M* 6 (0 exp(—M(1 + | cos(+/a)]))
<oc M| cos(W/«)| )
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A First Error Bound: some observations

& The ML function is entire for « > 0 = superlinear convergence for large enough m:

exp(1)\ M =
M:moc—l—[S—l = ||RmHO< < Xp( )> Vi(m+1)th+1xj.
=1

M
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& The ML function is entire for « > 0 = superlinear convergence for large enough m:

exp(1)\ M =
M:moc—l—[S—l = ||RmHO< < Xp( )> Vi(m+1)th+1xj.
=1

M

& To better understand this, we use that for every monic polynomial of degree m we find
m
[T h1 < lam(A)vl,
j=1

Therefore, if we take g, as the monic Faber polynomial associated to a closed
convex subset QO O W(—A) we get the bound in terms of the logarithmic capacity vy
of Q.
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A First Error Bound: some observations

& The ML function is entire for « > 0 = superlinear convergence for large enough m:

exp(1)\ M =
M:moc—l—[S—l = ||RmHO< < Xp( )> Vi(m+1)th+1xj.
=1

M

& To better understand this, we use that for every monic polynomial of degree m we find
m
H hjy1j < 2y™,
j=1

Therefore, if we take g, as the monic Faber polynomial associated to a closed
convex subset QO O W(—A) we get the bound in terms of the logarithmic capacity vy

of Q.
= we have discovered: (1)\ ™

exp Y\7T

IRl o (ZE) T ()",
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Specialized bounds

The bound can be refined under stricter hypotheses.
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Specialized bounds

The bound can be refined under stricter hypotheses.

Theorem (Moret and Novati , Theorem 3.5)

Assume that A is Hermitian with o(A) C [a, b] C [0, +00). Assume that 0 < ax < 1, B > «.
Let u < 7/2, am/> < u < at. Then for every index m > 1 and for every M > 0 we have

[Rmll <

AP (1 exp(—M(L + | cos(#/a))) o
. (&+ e )exp(M)oD(u(M sl

for ®(u) = u+vu?—1, u(z) = (b+zl+la+zl)/p—a.
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Specialized bounds

The bound can be refined under stricter hypotheses.

Theorem (Moret and Novati , Theorem 3.5)

Assume that A is Hermitian with o(A) C [a, b] C [0,+00). Assumethat 0 < x < 1, > «.
Let u < 7/2, am/> < u < at. Then for every index m > 1 and for every M > 0 we have

4M7i_[5 (E N exp(—M(1 + |cos(u/oc)|))) exp(M)® (u(M* exp(in)))~".

Ryl <
IRl < o M| cos(¥/«)]

for ®(u) = u+ Vu? —1, u(z) = (Ib+zl+latzl)/p—a.

Limiting relation
If «x =0, B =1, we have Egi(—z) = (1 +2)71, |z| < 1. Then setting u = 7t and letting

M =1, we find 4(mexp(l) —exp(—1))
D (u(1))m

[Rmll <
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The Shift-and-Invert Method (Moret and Novati )

We remain under the assumptions (A1) and (A2) and consider the matrix
Z=(l+hA) h >0,
together with the space K,(Z,v).
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The Shift-and-Invert Method (Moret and Novati )

We remain under the assumptions (A1) and (A2) and consider the matrix
Z=(l+hA) h >0,
together with the space K,(Z,v).

We can write the analogous Arnoldi relation for U, = [ui,...,uy] spanning K,(Z,v):

ZUm = UnSm + Smi1,mUmi1€n, Sm=U"zU,,.

The approximation is then given by
y=f(Alvayn, = V,f(Bn)er where (I + hB;,)Sm = 1.

We can repeat the general error analysis using
1
27

R = Excp (AW — UnExg(—Bnm)er J exp(AY<)AT#/<h (\) dA,
C(e,m)

for bm(A) = (M + A)"1v — Un(M + B) ey,
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Error bound (Moret and Novati 2011)

Theorem (Moret and Novati , Theorem 4.3)

For every matrix A satisfying (A1) and (A2), assume 0 < < 1 and 3 > o. Then, there
exists a function g(h), continuous in any bounded interval 0 < h; < h < hy, such that for
m=2 g(h)

Rnl £ =——.
|Rnll < EX2

44 /45



Error bound (Moret and Novati 2011)

Theorem (Moret and Novati , Theorem 4.3)

For every matrix A satisfying (A1) and (A2), assume 0 < o« < 1 and 3 > o. Then, there
exists a function g(h), continuous in any bounded interval 0 < h; < h < hy, such that for

m=2 (h)

g
Rn| < =——.
|Rnll < EX2

Theorem (Moret and Novati , Theorem 4.5)

Assume that A is Hermitian with o(A) C [a,+00), a> 0. Assume 0 < x < 2/3 and B > «.
Then, for every m > 1 we have

KiQuh's Ko h®/= ( h—l/“)
5 exp ,

[Rm|| <

Qtvomi  m-12P\ "7

M=

1
where Q= maxg<|l<sans €xp (h 7% cos ¢/«) (1 —cos @) z , with K1, K> constants.
0<]|<3oxt/a p ® )
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ML function, what have we found?

& The polynomial method suffers both for small « values and for large field of values.

Q& For the shift-and-invert method the convergence doesn't deteriorate with the size of
W(A), its uniform with respect to the h parameter.

# To obtain a complete method one still has to find a way to repeatedly compute the

matrix functions in
t
u(t) = Eaa(—t" Ao + | (£ =) Exal—Alt — 5)%)gls) ds.
0

f'\ Research ideas: finding better rational approximations/poles/expansions together
with error analysis for the ML function.

Other extensions

A variant with restart is discussed in (Moret and Popolizio 2014), the combination with
other matrix-functions in (Moret and Novati 2019).
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