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The Multigrid ldea

‘® A word of caution

These methods start from a simple idea, but the confusion of their explanation grows
exponentially with the degree of generality and abstraction that one wants to impose.
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The Multigrid ldea

@ A word of caution

These methods start from a simple idea, but the confusion of their explanation grows
exponentially with the degree of generality and abstraction that one wants to impose.

Our plan

Therefore we will start explaining them in a completely abstract framework.
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The Multigrid ldea

@ A word of caution

These methods start from a simple idea, but the confusion of their explanation grows
exponentially with the degree of generality and abstraction that one wants to impose.

- Therefore we

will start from the simplest 1D example, and work on that.
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The Multigrid ldea

@ A word of caution

These methods start from a simple idea, but the confusion of their explanation grows
exponentially with the degree of generality and abstraction that one wants to impose.

- Therefore we

will start from the simplest 1D example, and work on that.

Good introductions are contained in the books (Briggs, Henson, and McCormick 2000;
Trottenberg, Oosterlee, and Schiller 2001; Vassilevski 2008), for the more theoretically
inclined the best high-level presentation is in (Xu and Zikatanov 2017).
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Multigrid based on geometry: Poisson

Let us consider the following boundary value problem

{ _UXX( ) ( ) XE(Ovl)v
u(0) =u(1) =0.

If we apply standard centered finite difference discretization on the grid
Qn = {x}72 = {kh} and h = 1/(n + 2), that gives rise to the linear system

, fec’(0,1]).

2 —1 0
. -1 2 -1
prAm =1t Ap= 10
~1 2
K 0 -1
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Multigrid based on geometry: Poisson

The matrix A, is a very peculiar type of matrix for which we now everything, specifically:
Av) = A,

with eigenvalues and eigenvectors

o im 0 _ . ijm o
Ai=2 2(:os<n+1>, v —sm<n+1>,/,1—1,...,n.
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Multigrid based on geometry: Poisson

The matrix A, is a very peculiar type of matrix for which we now everything, specifically:
Av) = A,

with eigenvalues and eigenvectors
Ai=2—2cos al , vl — sin yr , Lhj=1,...,n.
n+1 / n+1

® |f we sample the eigenvectors we get
i oscillating functions,
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Multigrid based on geometry: Poisson

The matrix A, is a very peculiar type of matrix for which we now everything, specifically:

Av) = A,

with eigenvalues and eigenvectors

Ai=2—2cos al , vl — sin yr , Lhj=1,...,n.
n+1 J n+1

® |f we sample the eigenvectors we get
oscillating functions,

® They represent exactly the frequency in the
span of the grid function Fourier series.
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Multigrid based on geometry: Poisson

The matrix A, is a very peculiar type of matrix for which we now everything, specifically:
At = \ivlD),

with eigenvalues and eigenvectors

)\,-:2—2cos<nlj_rl>’ Vj(i)zsm<n’f1>, ij=1,...,n.

We divide arbitrarily this set of frequencies in two subsets:

Low frequencies {v(i) =sin(iy) : y= nJII, j=1....,ni=1,...,n/2—1¢,
High frequencies {v(i) =sin(iy) : y= njjrrl, j=1,....ni=n/2,...,1
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobil

1 1
ulk ) —u®) 4 polf— Au0)) = </n - 2A,,> ul® 4 5F

D, =diag(A,) = 21,
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobil

1 1
k) =y 4 po1(p— Ay = </n - 2A,,) ulk) 4 SF

D, =diag(A,) = 21,

® The iteration matrix is then J, = I, — A,/2, with the information we have on the
spectrum, we observe that: p(J,) — 1 for n — 400 so slow convergence! A sorry
state of affairs.
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobil

ulh ) = [(1 —w)lh+w (/n 1

1
(k) L =
2An>} u'’’ + wa,

® The iteration matrix is then J, = I, — A,/2, with the information we have on the

spectrum, we observe that: p(J,) — 1 for n — +o00 so slow convergence! A sorry
state of affairs.

® Maybe we can weight the iteration to make things better
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobi!

ulk ) = [(1 —w)lp +w (/n - ;An)} ulh 4+ %wf,

® The iteration matrix is then J, = I, — A,/2, with the information we have on the

spectrum, we observe that: p(J,) — 1 for n — +o0 so slow convergence! A sorry
state of affairs.

® Maybe we can weight the iteration to make things better. The iteration matrix is
now Ji = I, — §A,. The best spectral conditioning for uf = Amax(J¥) is obtained for
put < ¥ Vw € (0,1). Therefore, we have only made the convergence worse..
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobi!

uktD) = [(1 —w)lhh+w (I,, — ;Anﬂ u® 4+ %wf,
We hold the line, let us write everything in the eigenvector basis:
el0) = Za;v(i), J9 = VAYVT where AY = diag(u?),
i=1

at the kth step (for u = A, f the true solution) we find
= el =(U)ke® = V(A9 VTl = v(A%)ka

n . k
= g 1 — 2wsin?® il oz,-v(").
— 2(n+1)

a—uk
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobil

ulk ) = [(1 —w)lhh+w </n - %An)] ul 4 %wf,

We hold the line, let us write everything in the eigenvector basis:

n . k
T—uk = _ e ()
u—u Z(l 2w sin (2(n+1))> a;v\.

i=1

The ith entry of (%) is defined in terms of the ith eigenvalues of he

i k 2 k
/8,- = (1 — 2w SiIl2 (m)) o =~ (]_ — wEhQ) Q.
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobil

ulk ) = [(1 —w)lh +w (I,, - ;A,,)] ulf 4 %wf,

We hold the line, let us write everything in the eigenvector basis:

n . k
gk — Cosin? (T ()
u—u Z(l 2w sin (2(n+1)>> ajvy.

i=1

Working only in the high-frequency

We choose an optimal w that minimizes the absolute values of the 3; in the high
frequencies, i.e., wopt = 2/3.
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobi!

ulk ) — [(1 —w)l+w </n — %An)] uk) + %wf,

Initial error Error after 2 iterations

Solver as smoother

S e we e # fo e w0 w0z In the domain of the high
erer st erins e frequencies, for whatever value of k,

we find that the error has become a
smooth function.
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Multigrid based on geometry: Jacobi

Now we have put some notation in place, but let us try solving our system with the
simplest method we know: Jacobi!

ulk ) — [(1 —w)l+w </n — %An)] uk) + %wf,

Initial error Error after 2 iterations

Solver as smoother

In the domain of the high

frequencies, for whatever value of k,

Error after 8 iterations Error after 16 iterations

we find that the error has become a
smooth function.

But the convergence is always bad..
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Multigrid based on geometry: Error equation

® | et us suppose that we have computed an approximation u of the solution u through
some iterations of the optimally weighted Jacobi.
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Multigrid based on geometry: Error equation

® | et us suppose that we have computed an approximation u of the solution u through
some iterations of the optimally weighted Jacobi.

@if only we knew the error...
If we could compute in some way the error e then the solution of the linear system could be
obtained asu=u+e

® If we wanted to compute it, we could solve the linear system

Ae=Aua—Au=f—Au=r.
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Multigrid based on geometry: Error equation

® | et us suppose that we have computed an approximation u of the solution u through
some iterations of the optimally weighted Jacobi.

@I only we knew the error...

If we could compute in some way the error e then the solution of the linear system could be
obtained asu=u+e

® If we wanted to compute it, we could solve the linear system

Ape=Au—Au=f-Au=r.

Still no gain?
We are back solving a linear system with the same coefficient matrix. Nevertheless, having
swapped from the need of computing u to e gives us the chance to exploit the information

that the error has been smoothed.
7/58



Multigrid based on geometry: Grids

Let us consider the grids (for an odd n):

Qh:{ aul :izl,...,n},
n+1
2im n—1 i n—1
Qop = ci=1,... = ci=1,...
2h {n+1 i ) ) 2 } {n21+1 i ) ) 2 }7

We restrict the matrix and the residual vector on the coarse grid to solve the error
equation
Qp~Aju=f ufe Rn,

~ n—1

Qop ~Anre=r1, eTe R 2.
2
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Multigrid based on geometry: Grids

-

o

We restrict the matrix and the residual vector on the coarse grid to solve the error
equation

Qh WAnu = f7 ll,fe an

~ o~ ~ n—1
Qop ~~A,1e=r, eTe R 2.
2
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Multigrid based on geometry: the whole idea

1. We apply the smoother to smooth the error in the high frequency,

2. We use our coarsening strategy for the error equation
2.1 a restriction operator Iﬁh 2 Qp — Qop,
2.2 a prolongation operator Igh : Qap — Qp,
2.3 the discretization matrix at the lower level, i.e., An71/2.

3. We can make additional distinctions between high and low frequencies for the error
equation with respect to the actual grid €2, and a coarser grid €4y, to iterate our
coupling of smoothing iterations and iterative refinement by coarsening

4. We do something peculiar on the coarsest grid in which we face a very small linear
system, possibly a single linear scalar equation, that can be solved efficiently by a
direct method.
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Multigrid based on geometry: the algorithm

Data: {A«}o,, /, {5,51)}2:,, {SLQ)}Q:,, {1102, and {IE_ 39—, byd_,, initial guess u").

Output: Approximation uY*™? to the solution of x;.

Input: u(j + MGM(Ak,bk,xk' sk, v1,v2,7)

vy steps of presmoother S( ) applied to Akx(J) =by ; // Presmoothing

Compute the residual rm =by — Akxk(’) ; // Coarse Grid Correction
Restrict the residual rm = I:_lrf;”;
if k =1 then

‘ Direct solver for Akflegll;

else
for i = 1 ,v do
‘ ek 1= MGM(Ak 1,0k—1,0,k — 1,11, 1v2,7)
end
end
Prolong the error eg) = I,f_le,(;” 1
Update the approximation x,(f) (J) + ec’>

(+1) )

Vo steps of postsmoother S( ) apphed to Awx; = b, with initial guess x;”/ ;  // Postsmoothing

10/58



Multigrid based on geometry: convergence

We express the previous algorithm as the product by an iteration matrix M;:

Mo = 0, k=0,
Mic= (S0 (I = Iy ko~ M)A A (52) k=1,

@ Idea: it is a stationary method, thus it converges iff p(Mj) < 1.

11/58



Multigrid based on geometry: convergence

Convergence theorem

Let A € R™" be SPD. Assume that the prolongation operators I,’(‘_1 have full rank and
that the Galerkin conditions holds

Ill:—l = (Ili(_l)Ta Ak—l = Ill:_lAkI/l((_l, Vk=1- 1,. . .,0,

Ik A7l

KAt T Ay, satisfies

Furthermore, if the orthogonal projector Il = | —

Ver36 >0 : [|SPexld < llexlld — 61l Tkexll%,

independently of e, and k, then the multigrid method with v =1, v; =0 and v > 1 (no
pre—smoother), has a converge factor bounded above by /1 — §; with é; < 1.
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Multigrid based on geometry: convergence

Convergence theorem

Let A € R™" be SPD. Assume that the prolongation operators I,’ffl have full rank and
that the Galerkin conditions holds

o = (DT Ay = TAdE Yk=1—1,....0,
Furthermore, if the following condition holds
Ve 3oy >0 (IS exll} < llewls — 02/TIeS, e,

independently of e, and k, then the multigrid method based with v =1, v; > 1 and
vy = 0 (no post-smoother), has a converge factor bounded above by 1/4/1 + ds.

11/58



Multigrid based on geometry: convergence

Convergence theorem

Let A € R™*" be SPD. Assume that the prolongation operators /f_; have full rank and
that the Galerkin conditions holds

Ill:—l = (I[I:il)Ta Ak—l = Ill((ilAk/;((_l, Vk=1- 1, .. .,O,
Finally, if both estimate

Ver 361 >0 ¢ [1SPex]|3 < llexll — 61l Tkex%,
Ve3> 0 : [|SMer|d < llexld — 82lTISL exll3,

holds, for a pre— and post-smoother an estimate of the convergence factor is given by

w/1—51/1+(52.
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Concluding the example

We test the simple recursive implementation from

<[> E6-SimpleGMG/ex_toepmultigrid.m

We consider the 1D Poisson problem with
® Jacobi smoother with optimal parameter,
® nuy = vy = 2 smoother steps,
® Use linear interpolation,
® Impose Galerkin conditions,

¢ Use multigrid as a solver.

1074

Error

1077

1071

\Q\
‘s,
|
4
Iteration
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Concluding the example

We test the simple recursive implementation from

<[> E6-SimpleGMG/ex_toepmult igrid.m

63 Iteration 5 Time 6.72e-03

127 Iteration 5 Time 5.61e-03
255 Iteration 6 Time 1.91e-02
511 Iteration 5 Time 5.40e-02
1023 Iteration 6 Time 1.42e-01
2047 Iteration 6 Time 5.85e-01

We consider the 1D Poisson problem with Convergence result on finer meshes

® Jacobi smoother with optimal parameter, Size
Size

® nuy = vy = 2 smoother steps, Size

® Use linear interpolation, Size

® Impose Galerkin conditions, Size
L. Size

® Use multigrid as a solver. Size

4095 Iteration 6 Time 2.36e+00
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Concluding the example

We test the simple recursive implementation from

<[> E6-SimpleGMG/ex_toepmultigrid.m

We consider the 1D Poisson problem with Convergence result on finer meshes

® Jacobi smoother with optimal parameter, Size 63 Iteration 5 Time 6.72e-03
Size 127 Iteration 5 Time 5.61e-03
Size 255 Iteration 6 Time 1.91e-02
® Use linear interpolation, Size 511 Iteration 5 Time 5.40e-02

e Impose Galerkin conditions, Size 1023 Iteration 6 Time 1.42e-01
Size 2047 Iteration 6 Time 5.85e-01
Size 4095 Iteration 6 Time 2.36e+00

Tests and extensions

The code contains other test problems with which you can play around. To get better
performances you could re-implement the algorithm in a non recursive way.

® nu; = vy = 2 smoother steps,

® Use multigrid as a solver.
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More general geometries

One of the major question is now:

“How do we find interpolation operators and smoother
satisfying the convergence theorem?”
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More general geometries

One of the major question is now:

“How do we find interpolation operators and smoother
satisfying the convergence theorem?”

® For structured matrices (Toeplitz, Circulant, 7-algebra, etc.) we can discharge the
problem on the properties of some functions describing the spectrum. Unfortunately,
this is usually possible only when the matrix is obtained from the discretization of a

PDE on a structured or uniform grid.
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More general geometries

One of the major question is now:

“How do we find interpolation operators and smoother
satisfying the convergence theorem?”

e For structured matrices (Toeplitz, Circulant, T-algebra, etc.) we can discharge the
problem on the properties of some functions describing the spectrum. Unfortunately,
this is usually possible only when the matrix is obtained from the discretization of a
PDE on a structured or uniform grid.

® |n general, our linear system could be coming from an optimization problem, being
the Laplacian of a graph, being the discretization of a differential operator on an
unstructured grid

The way forward

We will reformulate the algorithm to use only purely algebraic properties of the matrix.

13/58



Revisiting the components: A-convergent smoothers

To build the “source agnostic” Multigrid we start by revisiting the constitutive components.

Theorem (A-convergent spliting)

Let A be SPD. Assume that for a given M the iteration matrix / — M~ A has an A-norm
less than one, or, equivalently that

11— A2M~TAY?|| < 1.
The symmetrization M = M(M + MT — A)~'MT satisfies
() =M "A=(—-MTAI—MA),
(i) M — A is Symmetric Positive Semideﬁnite
(il) (11 = A2M=LAY| = |1 — AV A,
(iv) ||l = A/2PMTAY?| <1 & M+ MT — A SPD
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Revisiting the components: 2 x 2-block factorization

Given A € R"*" SPD, we let J and P be two rectangular matrices with n rows so that
we can consider the 2 x 2-block factorization:

A:[A R

_ T _ pT
r B]’ A=J"AJ, B=P AP.

We now suppose having two matrices M =~ A and D =~ B with D SPD, where "=~
(usually) means that M and D are A/B-convergent splitting.

15/58



Revisiting the components: 2 x 2-block factorization

Given A € R™" SPD, we let J and P be two rectangular matrices with n rows so that
we can consider the 2 x 2-block factorization:
A R
A =
[ﬁ B

We now suppose having two matrices M =~ A and D ~ B with D SPD, where "~
(usually) means that M and D are A/B-convergent splitting.

Let rg = b — Aug;

Use method M for (JTAJ)x = JTry,;

Compute the residual r,, = b — Au,, = b — Aug — Adxp, = (I — AJM ™I )rg;

] ., A=JTAJ, B=PTAP.

Algorithm 1: Product iteration method
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Revisiting the components: 2 x 2-block factorization

Given A € R™" SPD, we let J and P be two rectangular matrices with n rows so that
we can consider the 2 x 2-block factorization:
A R
A =
[ﬁ B

We now suppose having two matrices M =~ A and D ~ B with D SPD, where "~
(usually) means that M and D are A/B-convergent splitting.

Let rg = b — Aug;

Use method M for (JTAJ)x = JTry,;

Compute the residual r,, = b — Au,, = b — Aug — Adxp, = (I — AJM ™I )rg;

Use method D for (PTAP)w = PTr,,;

Compute the residual r,, = b — Au,, = b — Au,, — APw = (| — APD'PT)(I — AJM~1JT)ry;

] ., A=JTAJ, B=PTAP.

Algorithm 2: Product iteration method
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Revisiting the components: 2 x 2-block factorization

Given A € R™" SPD, we let J and P be two rectangular matrices with n rows so that
we can consider the 2 x 2-block factorization:

A R
A_[ﬁB

We now suppose having two matrices M =~ A and D ~ B with D SPD, where "~
(usually) means that M and D are A/B-convergent splitting.
Let rg = b — Aug;
Use method M for (JTAJ)x = JTry,;
Compute the residual r,, = b — Au,, = b — Aug — Adxp, = (I — AJM ™I )rg;
Use method D for (PTAP)w = PTr,,;
Compute the residual r,, = b — Au,, = b — Au,, — APw = (| — APD'PT)(I — AJM~1JT)ry;
Use method M for (JTA)x = J'r,,,;
The new residual is
Thew = b — Allpe,, = b — Au,, — AJx = (I = AJM~TJT)(I — APD=IPT)(I — AJM~1JT)rg
Algorithm 3: Product iteration method

] ., A=JTAJ, B=PTAP.
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Revisiting the components: 2 x 2-block factorization

Given A € R™" SPD, we let J and P be two rectangular matrices with n rows so that
we can consider the 2 x 2-block factorization:
a [A R

_ T _ pT
. B], A=JTAJ, B=PTAP.

We now suppose having two matrices M =~ A and D =~ B with D SPD, where "~
(usually) means that M and D are A/B-convergent splitting.

Residual iteration matrix

The residual iteration E, is therefore given by:
E,=b— Atpe, =b— Au,, — AJx = (I = AIM™TJT)(I = APDPTY(I — AUMTIIT),

thusu—ug = A lrg — U — Upew = A 'Trpew since AE = E, A
E=(—=JMTJTAU—=PDIPTAY(I— IMIJTA) = ALEA.
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Reuvisiting the components: 2 x 2-block factorization

Lemma

If M and D are convergent smoother then ||Ee|la < ||e] 4.
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Revisiting the components: 2 x 2-block factorization

Lemma
If M and D are convergent smoother then ||Ee||a < |le||a-

Block-factorizations and product iteration methods

We implicitly define the product iteration method
=B A= (I—JM - TJTAY(I - PDIPTA)(I — JMTIITA).
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Revisiting the components: 2 x 2-block factorization

Lemma
If M and D are convergent smoother then ||Ee||a < |le||a-

Block-factorizations and product iteration methods

We implicitly define the product iteration method
=B A= (I—JM - TJTAY(I - PDIPTA)(I — JMTIITA).

Theorem
Let M= M(M+ MT — A)~LMT, given the following block-factored matrix

[ M Ol [M+MT -~ O] [MT JTAP
T |PTAJ 0 D|| O I

[on ]S

we express explicitly the operator as
B~ =[J,P|B[J,P]T = JM T+ (I— M TJTAPDLPT(I— AUMIT).
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Revisiting the components: 2 x 2-block factorization

What did we just prove?
1. We can build a block-factorization preconditioner B~ as [J, P]B[J, P]7,

2. The matrix B is obtained from the approximate block-factorization of the two-by-two
block matrix A = [J, P]TA[J, P],

3. The stationary matrix iteration / — B~'A can be expressed as the product
(= JIM™TITAY(I = PDTIPTAY (I — JMTITA),

that act on Range(J), Range(P), and Range(J).
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Revisiting the components: 2 x 2-block factorization

What did we just prove?
1. We can build a block-factorization preconditioner B~ as [J, P]B[J, P]7,

2. The matrix B is obtained from the approximate block-factorization of the two-by-two
block matrix A = [J, P]TA[J, P],
3. The stationary matrix iteration / — B~'A can be expressed as the product

(= JIM™TITAY(I = PDTIPTAY (I — JMTITA),
that act on Range(J), Range(P), and Range(J).

We have written, using block factorization, a method of the type we saw in our
geometric example on the 1D Laplacian. The high and low frequency spaces are then
represented as the images and kernels of the J and P maps.
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Two-grid preconditioner
For J = I then [J, P]T has full column rank since [/, P][I, P]" = I+ PPT is SPD.

Two-grid preconditioner

Given a smoother M for A and an interpolation matrix P, and let D be an SPD
approximation to B = PT AP, such that

© M+ MT — Ais SPD (equivalently, ||/ — A2M~TAY?|| < 1).
e D—Bis SPD.

Then, given the block matrix
G| M O (MT +M—A)~L O] [MT AP
T |PTA I ) D|| O /
we define the preconditioner B3¢ = [/, P1B[I, P]T or, equivalently,
Byt =M "+ (I— AM~Y)TPD'PT(1— M~ A).
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Two-grid preconditioner: convergence

What can we say about the convergence properties of such method?

19/58



Two-grid preconditioner: convergence

What can we say about the convergence properties of such method?

Convergence constant

We would like to estimate the best constant

vIAV < v Brev < Kygv' Av.
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Two-grid preconditioner: convergence

What can we say about the convergence properties of such method?

Convergence constant

We would like to estimate the best constant

vIAV < v Brev < Kygv' Av.

Theorem
Assume that J and P are such that any vector v can be decomposed as v = Jw + Px. We
introduce the projectors T4 = PB"'PTA= P(PTAP)~'PT and let
M=MT(M+ MT — A)~' M. The best constant K is given by

wT Mw wT Mw

K= S inf — =S inf =% 0
veRan;}()l—TrA) W:V:(II—TI'A)JW vT Av l;pw:v:(ll—wA)Jw VTA(I = 7TA)V
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Two-grid preconditioner: convergence

What can we say about the convergence properties of such method?

Convergence constant
We would like to estimate the best constant

vIAV < v Brev < Krgv' Av.

Theorem
Assume that J and P are such that any vector v can be decomposed as v = Jw + Px with
[J, P] invertible. We introduce the projectors m4 = PB~'PTA = P(PTAP)~'PT and let
M= MT(M+ MT — A7 M. The best constant K is given by

TR
T W ITA( = ma)dw

K

19/58



Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
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Two-grid preconditioner: convergence

For the two-grid case we have J = I/, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

T~
w' Mw

K1¢c =su inf —_—
e va:VZ(IfTFA)W v Av
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Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

wT Mw
Krg = inf —_—
e S%pw:v:l(lll—ﬂ',q)w v Av
inf | (raw + (I — 7a)v) T M(maw + (I — WA)V)]
=su
v (1= 7)) TA( = 7a)v)

* We introduce 7, = PI\7IC_1PT/\~/I — P(PTI\~/IP)_1PT/\~4,
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Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

WTMW
Kre = inf 2 7%
e Sl\];pw:vzl(rll—wA)w v Av
inf [ (maw + (I — 7)v) T M(maw + (I — m)v)]
P (1= 7a) TA( — 7a)v)

® We introduce 7y, = PI\~/IC_1PT/\~/I — P(PT/\N/],D)—lpTM,
= the infy [] is attained a w such that ma(v —w) = 75v, i.e,

AZ'PTA(v —w) = M 'PT Mv

20/58



Two-grid preconditioner: convergence
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Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

WTMW
Kre = inf 2 7%
e Sl\];pw:vzl(rll—wA)w v Av
inf [ (maw + (I — 7)v) T M(maw + (I — m)v)]
P (1= 7a) TA( — 7a)v)

* We introduce 75, = PMZ'PTM = P(PTMP)~*PT M,
= the infy [] is attained a w such that ma(v —w) = 75v, i.e,
AZ'PTAV —w) =M 'PTMv = we=A"PTAv — MZ'PT Mv.
= Pwe=maw =W = (14— 7p)V

20/58



Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

WTMW
Kre = inf 2 7%
e Sl\];pw:vzl(rll—wA)w v Av
inf [(maw + (1 — 70)v) T M(maw + (1 — WA)V)]
P (1= 7aV)TA((I — 7a)v)

* We introduce 75, = PMZ'PTM = P(PTMP)~*PT M,
= the infy [] is attained a w such that ma(v —w) = 75v, i.e,
AZ'PTAV —w) =M 'PTMv = we=A"PTAv — MZ'PT Mv.
= Pwe=maw =W = (14— 7))V = 7maW+ (| = wa)v = (I — 75,)v.

20/58



Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

T~

w' Mw
K1c =su inf _—
e va:vz(l—wA)w vl Av

~sup ((I — 7TA~/,)V) ™M ((I — ﬂ'M)V)
v ((I=ma)v)TA((l = ma)V)

® We introduce 7, = Pl\Nﬂc_lPT/\N/I — P(PTMP)_IPTM,
= the infy [] is attained a w such that mo(v —w) = 75v, ie.,

AZPTA(V —w) = M'PTMy = we=A'PTAv— M_'PT Mv.

= Pwe=maw =W = (14 — 7))V = 1AW + (| = wa)v = (I = 75,)v.
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Two-grid preconditioner: convergence

For the two-grid case we have J =1, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

. wT Mw
KTG _b%pwzvzl(IlliﬂA)w vT Av
T~ -
((I=mg)v) " M((I —7f)v) ~ sup vIM(I =75V
v vl Av

P (= ma)TA(I = 7a)v)

* We introduce 7, = PM1PTM = P(PTMP)PT M,

o (I—m)P=P—P(PTMP)'PTMP =0 = (I —n5)(I — ma) = | — 75,
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Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

) wT Mw
Kre _Sgpwzv:l(IllfwA)w v Av
. -
((I=mg)v) " M((I —mf)v) ~ sup vIM(I =75V
v vT Av

= Su
W (=7 TA( = 7a)v)
* We introduce 7, = Pl\Nﬂc_lPT/T/I — P(PTMP)_IPTM,

o (I—m)P=P—P(PTMP)'PTMP =0 = (I —n5)(I — ma) = | — 75,

((1=7p)v) T M ((1 = 75,)v) < s v M(I - v
vT Av v vT Av

Krg = sup
v=(l—ma)v
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Two-grid preconditioner: convergence

For the two-grid case we have J = I, M = M a smoother for Aand D =B = PTAP.
We apply the previous theorem and find:

.
w' Mw

K1¢c =su inf _—
e va:v:(lfTrA)w vl Av

g =) M= m)v) VT = )
U= ra) A= ma)v) W WTAv

* We introduce 75, = PMZ'PTM = P(PTMP)~*PT M,
o (I—m)P=P—P(PTMP)"'PTMP =0 = (I —n5)(I — ma) = | — 75,
e vIAv > vT A(l — 4)v and thus the opposite inequality holds:
VTM(I—TFM)V VT/\Nﬂ(/—TI'M)V
vl Av

< — " = K.
=P vIA(l — a)v e

sup
v
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Two-grid preconditioner: convergence

&= The first take-home message

The Theorem we have just seen shows that

vIM(I - i)V

1 Sup VTAV ’ ey T
1 _ _ v S —1
p(Erg) =1 _KTG7 Kre = (1 — PR)VH% T = P(P"MP)—"P"M,
sup D) A47
v Ivlia

for M =MT(M+ MT — A)~'M, and R = (PTMP)~'PTM.
@ Observe that RP is the identity on the coarse space.
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Two-grid preconditioner: convergence

Working with the symmetrized smoother M is useful for proving estimates, but not so
much for estimating constants.

Corollary

Let M be spectrally equivalent to an SPD matrix D, i.e., such that
dei, 0 >0 : clvTDv < v Mv < c2vTDv Vv.
Then, with m1p = P(PTDP)~'PT D the following estimate for K¢ holds

vID(I —7p)v vID(I—7p)v

c1su < Kig < @su
Le%p vl Av =176 = @™ vl Av
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Two-grid preconditioner: convergence

Example

If M is SPD and such that M — A is positive semidefinite, M = M2M — A)_lM is
spectrally equivalent to M such that

1 -
ivTMV < v Mv < VTMV,

thus ¢; = 1/2, and ¢ = 1.
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Two-grid preconditioner: convergence

Example

If M is the Gauss-Seidel iteration matrix, i.e., M= D — L, then M = (D — U)D~*(D — L)
is spectrally equivalent to D with

1 ~
ZVTMV < v Mv < H2VTMV,

thus ¢; = /4, and ¢ = Kk the maximum number of nonzero entries of A per row.

We know how to estimate these quantities for both Jacobi and Gauss—Seidel type methods.
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Increasing the number of levels

We have described the two-grid method as

s [ M O] [MT+M—-A™1 O][MT AP T
B_[PTA /H 0] Ao 1] PEA=PAPR
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Increasing the number of levels

We have described the two-grid method as

X [ I O] [M(I\/ITJrI\/I—A)—lMT OH/ M-TAP

_ _ _ pT
B=lpram—1 | 0 Ac| |O I ] D=Ac=FP AP,

® For the following discussion is better to represent it by having the block triangular
matrix with unit diagonal,
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Increasing the number of levels

We have described the two-grid method as

sg_[ 1 © (MT +M—A)~IMT O1[1 AP
“|PTA o Al O 1

}, D=A.=PTAP,

® For the following discussion is better to represent it by having the block triangular
matrix with unit diagonal,
® Assume that we have £ > 1 levels and define
* A=A
® Py Viy =R%1 = Vi = R interpolation matrix PV, C Vi,
® Aki1 = P AcPy coarse-grid k + 1 matrix,
® M a convergent smoother for Ay, i.e., ||/ — A:(/Ql\/lk_lA;/QH < 1.
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Increasing the number of levels

We have described the two-grid method as

B _ / O] [Mc(M] + My —A)IM] O 1[I M, TAPk
KT PTAMY o) Bii1| |O /

® For the following discussion is better to represent it by having the block triangular
matrix with unit diagonal,
® Assume that we have ¢ > 1 levels and define
* A=A
® Pp: Viy =R™1 = Vi = R interpolation matrix PV, C Vi,
® Apy1 = PkTAkPk coarse-grid k 4+ 1 matrix,
® M, a convergent smoother for Ay, i.e., ||| — A/*M *A%|| < 1.
® With this ingredient we define a MG as a recursive 2 x 2 block-factorization
preconditioner B! = [/, Pk]EZI[I, P
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Increasing the number of levels

At the coarsest level set By = Ay, the action of B;lr is given by;

Solve for My x, =r; /* Presmooth */
Compute the residual d =r — Agxy = (I — AkMk_l)r;

Compute x411 = B,;llPkT(/ — AM D /* Coarse grid correction */
Update x, = x + Pxi1 = M, 't + P B Pl (1 — AcM D

Solve for I\/I,Z—y =1 — ArXy; /* Postsmooth */

Set Bk_lr =Xi+Yy.
Algorithm 4: Generic MG Algorithm
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Increasing the number of levels

At the coarsest level set B, = Ay, the action of B;lr is given by;

Solve for Myx, =r; /* Presmooth */
Compute the residual d =r — Agxy = (I — Akl\/l;l)r;

Compute x411 = Bk__&lPZ(/ Akl\/l_l) /* Coarse grid correction */
Update x, = xx + Pxx1 = M 't + PiB L, Pl (1 — AcM; D

Solve for MkTy =1 — ArXy; /* Postsmooth */

Set B;lr =Xk +Yy.
Algorithm 5: Generic MG Algorithm
That is:

Blr= M1+ M T — MITAMT + (1 — M Ak)PkBkHPk(I—AkMk_l))r
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Increasing the number of levels

At the coarsest level set B, = Ay, the action of B;lr is given by;

Solve for My xy, =r; /* Presmooth */
Compute the residual d =r — Agxy = (I — AkMk_l)r;

Compute x411 = Bk__&lP,Z—(I — Akl\/lk_l)r; /* Coarse grid correction */
Update xx = x4 + Pxx11 = Mk_lr + PkBk_ijkT(l — Akl\/lk_l)r;

Solve for MkTy =r — AkXg; /* Postsmooth */

Set B;lr =Xk +y.
Algorithm 6: Generic MG Algorithm

That is: _—
Bll=M, +(I- Mk_TAk)PkBk_ijkT(l — AMh),

for M the symmetrized smoother and B, = A,.
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Increasing the number of levels

At the coarsest level set B, = Ay, the action of B;lr is given by;

Solve for My xy, =r; /* Presmooth */
Compute the residual d =r — Agxy = (I — AkMk_l)r;

Compute x411 = Bk__&lP,Z—(I — AkMk_l)r; /* Coarse grid correction */
Update xx = x4 + Pxx11 = Mk_lr + PkBk_ijkT(l — Akl\/lk_l)r;

Solve for MkTy =r — AkXg; /* Postsmooth */

Set B;lr =Xk +y.
Algorithm 7: Generic MG Algorithm

That is: _
B;l =M, + (- M;TAk)PkBkilP[(/— Alejl)’

for M, the symmetrized smoother and B, = A,.

We call this method the symmetric V/(1, 1)-cycle Multigrid.
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Sufficient condition for convergence

Proposition

Under the assumption that the smoothers M are convergent in the Ai-norm, the
symmetric V/(1,1)-cycle Multigrid preconditioner By is such that By — Ay is symmetric
positive semidefinite.
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Under the assumption that the smoothers M are convergent in the Ai-norm, the
symmetric V/(1,1)-cycle Multigrid preconditioner By is such that By — Ay is symmetric
positive semidefinite.

& This means that By is a convergent stationary solver already under very non-restrictive
hypothesis.
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Sufficient condition for convergence

Proposition

Under the assumption that the smoothers M are convergent in the Ai-norm, the
symmetric V/(1,1)-cycle Multigrid preconditioner By is such that By — Ay is symmetric
positive semidefinite.

& This means that By is a convergent stationary solver already under very non-restrictive
hypothesis.
= We still don’t know anything about the convergence velocity of the method.
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Sufficient condition for convergence

Proposition
Under the assumption that the smoothers M are convergent in the Ai-norm, the

symmetric V/(1,1)-cycle Multigrid preconditioner By is such that By — Ay is symmetric
positive semidefinite.

& This means that By is a convergent stationary solver already under very non-restrictive
hypothesis.

= We still don’t know anything about the convergence velocity of the method.

= We still don't know how it behaves when employed as preconditioner for the Conjugate
Gradient algorithm. Can we discover under which hypothesis we get a strong cluster
for the eigenvalues?
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Sufficient condition for convergence

Proposition

Under the assumption that the smoothers M are convergent in the Ai-norm, the
symmetric V/(1,1)-cycle Multigrid preconditioner By is such that By — Ay is symmetric
positive semidefinite.

& This means that By is a convergent stationary solver already under very non-restrictive
hypothesis.

= We still don’t know anything about the convergence velocity of the method.

We still don't know how it behaves when employed as preconditioner for the Conjugate
Gradient algorithm. Can we discover under which hypothesis we get a strong cluster
for the eigenvalues?

@ldea

We have just rebuilt the construction without investigating the “high” and “low frequency”
ideas. This will be our next target.
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Stable decompositions

Let V, = Range(Py, ..., Px_1) be the kth-level coarse space viewed as a subspace of the

fine-grid vector space Vo = V.

Stability
We say that a decomposition

vV = ZV,C VZ € Vk,
k
is stable if there exists a level independent constant ¢ > 0 such that

Z(V,C)TA;(V,’E <ov'Av.
k
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Stable decompositions

Let V, = Range(Py, ..., Px_1) be the kth-level coarse space viewed as a subspace of the

fine-grid vector space Vo = V.

Stability
We say that a decomposition

V:ZV,C VZEV;(,
k

is stable if there exists a level independent constant ¢ > 0 such that

Z(V,C)TA;(V,’E <ov'Av.

|

Complementary space

For a space V; we define the subspace ij C Vj complementary to the coarse space Pj\/j+12. /
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Choosing the complementary space

@ The idea from the simple Poisson case

We select VJf so that the symmetrized smoother M; is efficient when restricted to \/Jf, ie.,

Z(v,’i) "Ml <ovT Av
k
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Choosing the complementary space

@ The idea from the simple Poisson case

We select VJf so that the symmetrized smoother M; is efficient when restricted to \/Jf, ie.,

Z(V,C)kavi < v Av = symmetrized smoother is efficient on ij.
k
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Choosing the complementary space

@ The idea from the simple Poisson case

We select VJf so that the symmetrized smoother mj is efficient when restricted to \/Jf, i.e.,

Z(VZ)TW;(VZ < ov' Av = symmetrized smoother is efficient on ij.

|

Vector decomposition

f
Vi

Vi =)+ Pvj = [, P [ka

] with ijE \/ch Vivisit € Vi, j=kk+1,... 0 -1

——1

B =1, PJB [P, 1=GGT = (B 1, PJB ) (B[, B )T,
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Choosing the complementary space

@ The idea from the simple Poisson case

We select VJf so that the symmetrized smoother mj is efficient when restricted to \/Jf, i.e.,

Z(VZ)TW;(VZ < ov! Av = symmetrized smoother is efficient on V.

x-
(.

Vector decomposition

f Vi
Vj =i+ Pivj =[I, Py [ k

ka] with vje \/ch Vivisit € Vi, j=kk+1,... 0 -1

Bl =1, PJB [, PT, 1=GGT = (B*[I,PJB, ") (B I, PJB )T,

Vi ! T Vi s Vk
= ||Glls < 1 and I, P |Bill, P < B .
Il [Vk—H] U Pl B[l P [Vk—i—l] - [Vk—i—l] , [Vk—H]
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Choosing the complementary space

By using the definition of B, we can estimate

0 SVZ_(B/( - Ak)Vk
-1 -
<y [(vaj + AJ-PJ-VJ-+1> (Mj+ M — Ay~ (MJTVJf + AijVjH)]
=k
+ VZ—Ang — VZ—Aka.

If we select the decomposition for which v; = vjf + Pjvj
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Choosing the complementary space

By using the definition of B, we can estimate
0 SVZ_(B/( - Ak)Vk
-1 T
< Z [(MJ-TVJ{ + AJ'PJ'VJ'_H) (Mj + MJ-T - Aj)fl (/\/]J,ijf + AijVj+1>:|
=k
+ VZ—Ang — VZ—Aka.

If we select the decomposition for which v; = vjf + Pjvj

1. Z(vf)Tijf < ov] Ave,
>k
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Choosing the complementary space

By using the definition of B, we can estimate

0 SVZ_(B/( - Ak)Vk
-1 -
< Z [(Mijj + AijVj+1> (Mj + MjT — A (MJTV}r + AijVjH)]
=k
=+ VZ—Ang — VZ—Aka.

If we select the decomposition for which v; = vjf + Pjvj
L. Z(Vj)—rﬂvj < ov] Agvy,
J>k
2.3 v PTAM; + M — AT AP < v Av]

j>k
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Choosing the complementary space

By using the definition of B, we can estimate

0 SVZ_(B/( - Ak)Vk
-1 T
<y [(vaj + AJ-PJ-VJ-+1> (Mj+ M — Ay~ (MJTVJf + AijVjH)]
j=k
+ VZA[V( - VZ—Aka.

If we select the decomposition for which v; = vjf + Pjvj
L. Z(vj)Tijf < ov] Agvy,
J>k
2.3 v PTAM; + M — AT AP < v Av]
j>k
3. v, TAv, < oV FAve.
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Choosing the complementary space

By using the definition of B, we can estimate

O SVZ_(B/( — Ak)Vk
-1 -
<y [(MJTVJ’-’ + AJ-PJ-VJ-+1> (Mj+ M — Ay~ (MJTVJf + AijVjH)]
j=k

+ v Arvy — v Aevic < (0c + 2(0 + ) — 1)v] A

If we select the decomposition for which v; = vjf + Pjvj
L. Z(vj)Tijf < ov] Agvy,
J>k
2.3 v PTAM; + M — AT AP < v Av]
j>k
3. v, TAv, < oV FAve.

27/58



Theorem for the optimal choice

Theorem (Vassilevski , Theorem 5.7)

Given Aj-convergent smoother M;, j =0,...,¢ — 1 for the V(1,1)-cycle MG preconditioner (with
B = By and A = Ayp). If any fine-grid vector v = v allows for a decomposition of the form

vjf:vj_F>jvj+1,j:(),1,...,€—1, such that

Al Stable decomposition: Y .(vi)TMyv! < ovTAv,

A2 Smoother scaling: (1 + 0)v/ Av; <v[(M] + M;)v; = 2v] Mjv;,
A3 Stable coarse component: v/ A;v, < o.vT Av,

A4 Efficiency of the smoothers on the components of A;P;v;;; so that

Z VI PTAM + M — A) APV < v T AV

Then, the MG preconditioner B is uniformly spectrally equivalent to A:

vIAV<v'Bv < (0c+2(0+p)—1)v Av.
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Where are we now?

1. We have now obtained an analogous ot first Convergence theorem we have seen that
uses only the matrix properties.
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Where are we now?
1.

We have now obtained an analogous ot first Convergence theorem we have seen that
uses only the matrix properties.

We now need to compute a stable decomposition for given a matrix A,

Equivalently, finding matrices My and a way of building P for which the assumptions
A1-A4 hold.
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Where are we now?
1.

We have now obtained an analogous ot first Convergence theorem we have seen that
uses only the matrix properties.

We now need to compute a stable decomposition for given a matrix A,

Equivalently, finding matrices My and a way of building P for which the assumptions
A1-A4 hold.

A comes from a FEM
discretization of a PDE
and we can use Sobolev

space and grid properties
to attain stable
decompositions.

We forget about the source
of A and try to build a
black-box approach that
enforces the needed

condition.

We are at a crossroad
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The algebraic idea

Given Matrix A € R"*" SPD

Wanted Iterative method B to precondition the CG
method:

® Hierarchy of systems
A/X:b/, | = 0, e ,Z

® Transfer operators:
Pliy i R™! - R"

Missing Structural /geometric infos

Smoother: “High frequencies”

M : R" — R"

Prolongator: “Low frequencies”

Py : R™ — R+
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The algebraic idea

Given Matrix A € R"*" SPD

Wanted Iterative method B to precondition the CG
method:

® Hierarchy of systems
A/X:b/, | = 0, e ,Z

® Transfer operators:
Pliy i R™! - R"

Missing Structural /geometric infos

Smoother: “High frequencies” Prolongator: “Low frequencies”

M : R" — R" Py R™ — R"+1

Complementarity of Smoother and Prolongator
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R" the coarse space we are targeting.

® Let {9, } be the basis of unit coordinate vectors in R,
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R" the coarse space we are targeting.
® let {d; } be the basis of unit coordinate vectors in R",
= ;, = Pdj., ic =1,...,nc is a basis for the range of my: Ty, = J;.

(=
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R" the coarse space we are targeting.

® Let {9, } be the basis of unit coordinate vectors in R,

® Decompose v = [‘;ﬂ + Pv,, then

VIM( = m5)v [Vﬂ T"N/’("”fw) [ﬂ

Kt =sup = sup
v

v Av v vT Av
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R"< the coarse space we are targeting.
® Let {d, } be the basis of unit coordinate vectors in R,

® Decompose v = [‘;ﬂ + Pv,, then
-

" Vf ~ o Vf
K vIM(l —75)v B [0} M =) [0}

e T VT Av

v " v
L o f
o] #0-m0 3]
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R"< the coarse space we are targeting.
® Let {d, } be the basis of unit coordinate vectors in R,

® Decompose v = [‘;ﬂ + Pv,, then
-
Vf ~ _ Vf
vIM(l —75)v [0} M =) [0}
Kre =sup v Av - Sup v Av
Vf TM(I_ ~) \43
0 ™™ | o
= sup sup

T 2
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R"< the coarse space we are targeting.
® Let {d, } be the basis of unit coordinate vectors in R,

® Decompose v = [‘;ﬂ + Pv,, then
-
Vf ~ _ Vf
vIM(l —75)v [0} M =) [0}
Kre =sup v Av - Sup v Av
Vf 7 M(I - ~) Vf
0 M| o
= sup sup

T 2
L AL (o]
A — APve | [NTPT APy
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Optimal prolongation

Let us assume that P has the form:

-]

and denote by R" the coarse space we are targeting.

e Let {d; } be the basis of unit coordinate vectors in R"e,

A\
® Decompose v = [ f

0} + Pv,, then

Kte < supsup = 3
i ve 157 % i
[Oﬂ A[Oﬂ — || g| APve| NIPTAPV
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Optimal prolongation

Let us assume that P has the form:

[

and denote by R"< the coarse space we are targeting.
e Let {d; } be the basis of unit coordinate vectors in R"e,

® Decompose v = [‘;ﬂ + Pv,, then
T _
Vf ~ | VF
Ktc < supsup 3
Vi Ve T
e M APVc | JvTPTap
0 0 0 Ve ve

=0 V vc and v¢
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Optimal prolongation

Let us assume that P has the form:

and to optimize the bound on K¢ we want

1 T
[Vof] APv. =0 Vv and ¥

32/58



Optimal prolongation

Let us assume that P has the form:

-]

and to optimize the bound on K¢ we want

_ T
\13 Ar Ar| |W _ =
[0} |:Acf ACC][/}VC—O V v and V¢

= Select W such that AgW + A =0
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Optimal prolongation

Let us assume that P has the form:

p_ Wl _ —Ag Are A_ |Ar At
/ / Ao Acc

and to optimize the bound on K¢ we want

T
V¢ Ag Ag | [W . _
NI

Since it gives us

Vel ~ |Vf
M ~
0 0 V;—Mffo 1
K1 < sup - =s — = ~— .
v |Vf A \73 Vi V¢ Afr )\min(Mff Afr)

0 0
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Selecting ¢ and f nodes

&= The second take-home message

A reasonable guideline to construct P is to find for any coarse unit vector d;_ in R, an
approximate solution to

Arwi. = —Ard;,

and build the icth column of P as v, = [WZ,EZ_— T

® We cannot solve exactly the systems for the w both for sparsity and cost reasons,

® We are now left with the problem of finding the coarse nodes.
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Selecting ¢ and f nodes

&= The second take-home message

A reasonable guideline to construct P is to find for any coarse unit vector d;_ in R, an
approximate solution to
Afwi. = —Ard.

and build the icth column of P as v, = [WZ,&Z T

® We cannot solve exactly the systems for the w both for sparsity and cost reasons,

® We are now left with the problem of finding the coarse nodes.

Here begins the fun

What differentiates the available AMG algorithms is the procedure for identifying the coarse
space through a combination of & heuristics, #* brute force and &P clever guesses.
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Ruge-Stuben Splitting Algorithm

Geometrically smooth functions are in the near null
space of A.

Wilog assume A s.t. Amax(A) =1, and let e be a small
normalized eigenmode of A, i.e.,

Ae = e, fle] =1, A < 1

Thus: e’ Ae = Zi<j(—3iJ)(ei - ej)2 < 1.
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Ruge-Stuben Splitting Algorithm

[ ) Assumption:

Geometrically smooth functions are in the near null
space of A.

Wilog assume A s.t. Amax(A) =1, and let e be a small
normalized eigenmode of A, i.e.,

Ae = e, [le| =1, A <1

& Heuristic
Smooth error varies slowly in the direction of relatively
large (negative) coefficients of the matrix.
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Ruge-Stuben Splitting Algorithm

Strong dependence (Ruge and Stiiben )
For a chosen tolerance 6 € (0, 1], we say that a dof i is ~ The (i, ic) entry of P is given by
strongly influenced by j # i if

3ij 2 max(=ak,).

IX7IC
aj Jic + E Eh yix

. ix€S; Z A e
Define: Jc€G
e W;={j€Q :jisweakly connected to j}, a 2i & Z i
X
e S;={j€: jisstrongly connected to j}, ixEW;

® (; set of coarse points that are allowed to
interpolate /.
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Ruge-Stuben Splitting Algorithm

Without delving into the details,
the expression for the interpolation

Strong dependence (Ruge and Stiiben 1987) can be obtained by
For a chosen tolerance 0 € (0, 1], we say that a dof i is 1. Defining a strength matrix, As,
strongly influenced by j # i if obtained deleting the weak

connections in A,

—aj; > max(—axj). . .
W= k;é?i( ki) 2. First pass choosing an

independent set of fine grid

Define: points based on the graph
e W, ={j€e;: jis weakly connected to j}, of As,
® S;={j €Q; : jis strongly connected to j}, 3. Second pass choosing
e (; set of coarse points that are allowed to additional points (if needed) to
interpolate i. satisfy interpolation

requirements.
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Ruge-Stuben Splitting Algorithm

® Copts @ F-pts

1; 1000000000000

09%g 000 3000.

To see the algorithm at work, we test it by means of 1.0 1 ...'.O:.....‘.O .0::.

the PyAMG library (Bell, Olson, and Schroder 2022) 05_... ™ .:O:.‘..:...

on a small problem, specifically we use it to highlight T|lee ey ..".’...O.

C . . . |90 @@ .. o9 _ o

the division in Coarse and Fine dofs of a given grid. > 00g ......Q:... .... S
[ ) @ L ) o ®

_0.5-. o @ .. ®

You can run the example in G Google Colab by using ¢ : .: ..:.......:0

the €) GitHub Gist https://bit.ly/3MToLtN. 1010 g0 0 %0 00 4 0°

00 90 000 0g0®

1000000000000

-15 -10 -05 00 05 10 15
X

34/58


https://bit.ly/3MToLtN

Coarsening via aggregation

' 4 Aggregation idea

The aggregation idea is using an algorithm that splits the set of vertices of the graph of A
or of a re-weighted version of A (sometimes called filtered matrix) as a union of
non-overlapping subsets — aggregates — each of which forms a connected sub-graph.
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The aggregation idea is using an algorithm that splits the set of vertices of the graph of A
or of a re-weighted version of A (sometimes called filtered matrix) as a union of
non-overlapping subsets — aggregates — each of which forms a connected sub-graph.

J
{L..onb={JA, A(A=0i#]
j=1
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Coarsening via aggregation

@ Aggregation idea

The aggregation idea is using an algorithm that splits the set of vertices of the graph of A
or of a re-weighted version of A (sometimes called filtered matrix) as a union of
non-overlapping subsets — aggregates — each of which forms a connected sub-graph.

{1,...,@:91,4,-, A A =0,i #], D"“
.“

For a FEM discretization of PDE on a set 2 this '
. ™S ‘ o~

corresponds to a partition of the domain:
j=1 -G https://bit.ly/3vnAV82

Q=Jo, Q()9=0i#]
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Coarsening via aggregation

Having selected aggregates
J
{1,...7n}:UAj, A,mAjzmvl#Jv
j=1

The prolongator operator is then given simply by posing

P :R" — R", (PX),‘ = Xj, i € .AJ'.

e Since the aggregates are mutually disjoint Vi € {1, ..., n} exist only one index
Jj€{1,...,nc} such that i € C;.

@ “the jth component of the vector x € R™, m = |.4;| will be mapped onto all
components of the vector y € R" indices of which are in A4;"

® P represents a piece-wise constant interpolation operator.
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Coarsening via aggregation

Usually piece-wise constant is not enough...

A = pyamg.gallery.poisson((500, 500), format='csr')
b = np.ones((A.shape[0],1))

standalone_residuals = []

mls = pyamg.smoothed_aggregation_solver(4,

< symmetry='hermitian', smooth=None)
standalone_residuals = []

x = mls.solve(b, tol=1e-10, accel=None,

<> residuals=standalone_residuals)
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Usually piece-wise constant is not enough..

A = pyamg.gallery.poisson((500, 500), format='csr')
b = np.ones((A.shape[0],1))

standalone_residuals = []

mls = pyamg.smoothed_aggregation_solver(A,

< symmetry='hermitian', smooth=None)
standalone_residuals = []

x = mls.solve(b, tol=1e-10, accel=None,

—» residuals=standalone_residuals)

e \We get this Multigrid Hierarchy (that seems
plausible)

MultilevelSolver

Number of Levels: 7

Operator Complexity: 1.262

Grid Complexity: 1.188

Coarse Solver: 'pinv'

level unknowns nonzeros

0 250000 1248000 [79.24%]
1 41750 290584 [18.45%]
2 4704 32370 [2.06%]

3 532 3538 [0.22%]

4 70 424 [0.03%]

5 12 58 [0.00%]

6 3 9 [0.00%]
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standalone_residuals = []

x = mls.solve(b, tol=1e-10, accel=None,

—» residuals=standalone_residuals)

e \We get this Multigrid Hierarchy (that seems
plausible)

e But after 101 iterates we have a residual of
1.8e+02, so we are not converging.
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Usually piece-wise constant is not enough..

A = pyamg.gallery.poisson((500, 500), format='csr')

b = np.ones((A.shape[0],1))
standalone_residuals = []

mls = pyamg.smoothed_aggregation_solver(A,
< symmetry='hermitian', smooth=None)
standalone_residuals = []

x = mls.solve(b, tol=1e-10, accel=None,

—» residuals=standalone_residuals)

e \We get this Multigrid Hierarchy (that seems
plausible)

e But after 101 iterates we have a residual of
1.8e+02, so we are not converging.

MultilevelSolver

Number of Levels: 7

Operator Complexity: 1.262

Grid Complexity: 1.188

Coarse Solver: 'pinv'

level unknowns nonzeros

0 250000 1248000 [79.24%]
1 41750 290584 [18.45%]
2 4704 32370 [2.06%]
3 532 3538 [0.22%]
4 70 424 [0.03%]
5 12 58 [0.00%]
6 3 9 [0.00%]

How can we make things better?
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Smoothed aggregation (Vanék, Mandel, and Brezina )

® We could play around to get better aggregates for getting a convergence constant,
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® We could play around to get better aggregates for getting a convergence constant,

&, Select the weighting in P so that one or more vectors of the near Kernel are preserved
(usually very useful for elasticity problems),
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Smoothed aggregation (Vanék, Mandel, and Brezina )

® We could play around to get better aggregates for getting a convergence constant,

&, Select the weighting in P so that one or more vectors of the near Kernel are preserved
(usually very useful for elasticity problems),

#. Use a procedure to smooth out the basis function induced by the aggregation
procedure by using the smoother, which is, using few applications of smoothing on the
prolongation matrix:

Ps=(I—M1AYP, forsomerv > 1.
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Smoothed aggregation (Vanék, Mandel, and Brezina )

® We could play around to get better aggregates for getting a convergence constant,

#. Select the weighting in P so that one or more vectors of the near Kernel are preserved
(usually very useful for elasticity problems),

#. Use a procedure to smooth out the basis function induced by the aggregation
procedure by using the smoother, which is, using few applications of smoothing on the
prolongation matrix:

Ps=(I—M1tAYP, forsomer > 1.

mls = pyamg.smoothed_aggregation_solver(A,symmetry='hermitian',

— smooth=('jacobi',{'omega':4/33}))

print(mls)

standalone_residuals_jacobi = []

x = mls.solve(b, tol=1e-10, accel=None, residuals=standalone_residuals_jacobi)

That run for 12 iteration with last residual 8.620525e-09
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Smoothed aggregation (Vanék, Mandel, and Brezina 1996)

Hierarchy for unsmoothed aggregation

MultilevelSolver

Number of Levels: 7

Operator Complexity: 1.262

Grid Complexity: 1.188

Coarse Solver: 'pinv'

level unknowns nonzeros

0 250000 1248000 [79.24%]
1 41750 290584 [18.45%]
2 4704 32370 [2.06%]

3 532 3538 [0.22%]

4 70 424 [0.03%]

5 12 58 [0.00%]

6 3 9 [0.00%]

Hierarchy for smoothed aggregation

MultilevelSolver

Number of Levels: 6

Operator Complexity: 1.337

Grid Complexity: 1.188

Coarse Solver: 'pinv'

level unknowns nonzeros

0 250000 1248000 [74.82%]
1 41750 373416 [22.39%]
2 4704 41554 [2.49%]
3 532 4526 [0.27%]
4 65 509 [0.03%]
5 9 65 [0.00%]
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Smoothed aggregation (Vanék, Mandel, and Brezina 1996)

® Smoothed aggregation produces

Convergence History (Smoothed Aggregation)

hierarchies with more nonzero entries, «  Standalone
o i . . 10° A s ccelerate:
® To reduce the fill-in filtering (dropping) ‘ feesteres
strategies are usually implemented, =
Operator Complexity <
2 101
-1 -
_onnz(A <
oo = Sica mz(A)
nnz(Ao)
10-10
e AMG is more often used as 5 ] p s 1 15 1 a2
preconditioner for the CG algorithm that teration

as solver.

You can run this example on Google Colab from € https://bit.ly/30HYKPJ.
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Compatible relaxation (Brandt 2000)

2 First comes the smoother

The approach called compatible relaxation consists in selecting a set of coarse degrees of
freedom based solely on the smoother, the interpolation matrix is constructed later.
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2 First comes the smoother

The approach called compatible relaxation consists in selecting a set of coarse degrees of
freedom based solely on the smoother, the interpolation matrix is constructed later.

From the definition of K1¢ we have that if we find a matrix J, such that
J1 Range(J,) = Range(/ — PR,), R. = (PTMP)"1PTM
we have the inequality: vJ*TI\~ﬂJ*v < Krev JTAJv
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Compatible relaxation (Brandt 2000)

2 First comes the smoother

The approach called compatible relaxation consists in selecting a set of coarse degrees of
freedom based solely on the smoother, the interpolation matrix is constructed later.

From the definition of K1¢ we have that if we find a matrix J, such that
J1 Range(J,) = Range(/ — PR,), R. = (PTMP)"'*PTM
we have the inequality: vJT MJ,v < KrgvT JT Adv

@ dea

J picks a principal submatrix from A and M, the inequality thus means that A has a.
principal submatrix that is spectrally equivalent to the same principal submatrix of M.
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Compatible relaxation (Brandt 2000)

2 First comes the smoother

The approach called compatible relaxation consists in selecting a set of coarse degrees of
freedom based solely on the smoother, the interpolation matrix is constructed later.

From the definition of K1¢ we have that if we find a matrix J, such that
J1 Range(J,) = Range(/ — PR,), R, = (PTMP)"*PTM
we have the inequality: VJIMJ*V < Krgv JTAJv

&b Heuristic
Fix R, then select J such that the constant Kcg in

vIJAIV <vTJTMIv < KepvT JT Adv,

is close to 1.
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Compatible relaxation the idea

Let A be ans SPD matrix, M an A-convergent smoother, one can prove that

(Smoothing property)

~ 1
I — M tA) el g4 < ———]|le||
Take a projection on the coarse space @ being I\~/I—orthogonal satisfying
(1= Q)ellf; < dllella (Approximation property)

Then for any e = (/ — Q)e and any integer m > 1 the following estimate holds

~ 1)
—1 m
(I —=MA)"e|;; < ﬁllellm
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Compatible relaxation the algorithm

We apply our inequality for a solution of the homogeneous system Ax = 0
Input: e random initial iterate
m=1;
Compute ey = (I — Q)e;
Smooth e, = (I — M~ A)e = (I — M*A) (I —= M~ T AJem_1;
if lemlli/lleoll;, is small then
‘ The process has converged, convergence is now fast.;

else
| Use en, to augment the coarse space, build a new Q and try again.

end
Since

~ )
—1 m
0= P A ey < ey

an m large enough for which this procedure converge exists.
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A list of available libraries

As we have discussed implementing these methods efficiently requires some thought.
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A list of available libraries

The good news is that there are several libraries that one can resort to.

hypre is a library of high performance preconditioners and solvers featuring
multigrid methods for the solution of large, sparse linear systems of equations
on massively parallel computers. &C) https://github.com /hypre-space/hypre
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A list of available libraries

The good news is that there are several libraries that one can resort to.

hypre is a library of high performance preconditioners and solvers featuring
multigrid methods for the solution of large, sparse linear systems of equations
on massively parallel computers. &C) https://github.com /hypre-space/hypre

ML - Trilinos The Trilinos Project is an effort to develop algorithms and enabling
technologies within an object-oriented software framework for the solution of
large-scale, complex multi-physics engineering and scientific problems.

DE) https://github.com /trilinos/Trilinos
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A list of available libraries

The good news is that there are several libraries that one can resort to.

PETSc the Portable, Extensible Toolkit for Scientific Computation is a suite of data
structures and routines for the scalable (parallel) solution of scientific
applications modeled by partial differential equations.

QD https://petsc.org/release/
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structures and routines for the scalable (parallel) solution of scientific
applications modeled by partial differential equations.
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AGMG solves systems of linear equations with an aggregation-based algebraic
multigrid method. For this library, several level of parallelism are provided:
multi-threading (multi-core acceleration of sequential programs), MPI-based,
or hybrid mode (MPI+multi-threading). @ http://agmg.eu/
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multigrid method. For this library, several level of parallelism are provided:
multi-threading (multi-core acceleration of sequential programs), MPI-based,
or hybrid mode (MPI+multi-threading). @ http://agmg.eu/
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A list of available libraries

The good news is that there are several libraries that one can resort to.

PETSc the Portable, Extensible Toolkit for Scientific Computation is a suite of data
structures and routines for the scalable (parallel) solution of scientific
applications modeled by partial differential equations.

A https://petsc.org/release/

AGMG solves systems of linear equations with an aggregation-based algebraic
multigrid method. For this library, several level of parallelism are provided:
multi-threading (multi-core acceleration of sequential programs), MPI-based,
or hybrid mode (MPI+multi-threading). @ http://agmg.eu/

PSCToolkit parallel BLAS feature for sparse matrices that are capable of running on
machines with thousands of high-performance cores, and construction of
higher-level iterative solvers and preconditioners.

D) https: //psctoolkit.github.io/

Why all this interest in large and parallel?
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How large is large?

Solve : Ax = b,

where
e Ac R™"is a very large and sparse matrix nnz(A) = O(n),
® x.b € R”",

But what does large mean?
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How large is large?

Solve : Ax = Db,
where
e Ac R™"is a very large and sparse matrix nnz(A) = O(n),
* x,beR"

n~ 10

o

30s 40s 50s 60s 70s 80s 90s 00s 10s 20s

“In a ground wire problem involving a large number of ground conductors, 13 simultaneous equations were
solved..” — Dwight (1930)"
“The second machine, now in operation, was designed for the direct solution of nine or fewer simultaneous

equations.” — Wilbur, J. B. (1936)
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How large is large?

Solve : Ax = b,

where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
* x,beR"

n~ 10 n~ 20

o

30s 40s 50s 60s 70s 80s 90s 00s 10s 20s

“Finally, though the labour of relaxation in three dimensions is prohibitively great, the future use of the new
electronic calculating machines in this connexion is a distinct possibility” — Fox, L. (1947)
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How large is large?

Solve : Ax = Db,
where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x.b e R".

ne 10 N~ 20 n~ 90

~ N\

“The Ferranti PEGASUS computer, with a main store of 4096 words, can solve a maximum of 86
simultaneous equations by its standard subroutine and takes about 45 minutes to complete this calculation.”

— Wilson, L. B. (1959)
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How large is large?

Solve : Ax = b,

where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x.b e R".

n ~ 500

\,

n~10 n~20 M0

~ N )

“..the bound imposed by this is m + n < 474. In addition, this number of equations would fill one standard
(1.800ft) reel of magnetic tape, and the fifty-odd hours taken in the calculation might be thought excessive.”
— Barron, Swinnerton-Dyer (1960)
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How large is large?

Solve : Ax = b,

where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x.b e R".

n~ 10%5
n~90 N~ 500 L

\,

n~ 10 n~ 20

~ N )

“..handling problems involving sets of simultaneous equations of two-thousandth order, and SAMIS available
through "Cosmic” at the University of Georgia, which can treat up to 10,000 simultaneous equations.” —
Melosh, Schmele (1969)
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How large is large?

Solve : Ax = Db,
where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x.b e R".
n~ 1045
Do n~20 n~90 1500 L

~ N N )

“The mini-computer cost algorithm is applied to the same complex shell problem used previously, with 9120
degrees of freedom [..]. The running times, however, are 40 and 70 hr, respectively! It would appear that

improvement of mini-computer speeds is required..” — Kamel, McCabe (1978)
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How large is large?

Solve : Ax = Db,

where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x.b e R".

n~ 1045
n~90 N~ 500 L n ~ 10596

\, \

n~10 n~?20

~ N )

“For instance, Pomerell in 1994 reports on successful application of preconditioned Krylov methods for very
ill-conditioned unstructured finite element systems of order up to 210,000 that arise in semiconductor device
modeling.” — Saad Y., van der Vorst, H.A. (2000)
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How large is large?

Solve : Ax = b,

where
e Ac R™"is a very large and sparse matrix nnz(A) = O(n),
° x,becR"

n~ 10%5 67
ne1p n~20 N~ 90 n ~ 500 L n~10%6 n~10%

30s 40s 50s 60s 70s 80s 90s 00s 10s 20s

“As a second example, we show results (Table VIII) for a problem arising in ocean modeling (barotropic
equation) with n = 370,000 unknowns and approximately 3.3 million nonzero entries..” — Benzi, M. (2002)
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How large is large?

Solve : Ax = b,
where
e Ac R™"is a very large and sparse matrix nnz(A) = O(n),
* x,beR"

n~ 10%5

ne~ 105,6 n~ 106’7

n~90 N~ 500

SN S

30s 40s 50s 60s 70s 80s 90s 00s 10s 20s

“Problem: Large, mesh size: 180 x 60 x 30, f unknowns (in simulation): 1,010,160, Solution time 45.7 h" —

Wang, de Sturler, Paulino (2006)
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How large is large?

Solve : Ax = Db,
where
e Ac R"™"is a very large and sparse matrix nnz(A) = O(n),
e x,bcR"
n~ 10%° 10677
5,6 N~ )
n~10 N1~20 n~in~500 L an{@ CL

30s 40s 50s 60s 70s 80s 90s 00s 10s 20s

“The parallel GMRES was tested on the Tesla T10P GPU using a set of matrix data from the oil field
simulation data of Conoco Phillips. The order of the system ranges from ~ 2000 to ~ 1.1 million.” — M.

Wang, H. Klie, M. Parashar, H. Sudan (2009)
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How large is large?

Solve : Ax = Db,
where
e Ac R™"is a very large and sparse matrix nnz(A) = O(n),
e x,bcR"
n ~ 10%° 6q N~ 1078
~90 N~ 500 n~10%6 n~10%
ne10 N~20 N~ 90 L \@ i CL

~ N\
50s  60s

30s 40s 70s 80s 90s 00s 10s 20s

The exascale challenge, using computer that do 10 Flops, targeting next-gen systems

doing 10'® Flops to solve problems with tens of billions of unknowns.
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The philosophy behind the effort

“As miniaturization wanes, the

TheTop silicon-fabrication improvements at the
b *@ Bottom will no longer provide the predictable,
Softvere broad-based gains in computer performance
T;: ety that society has enjoyed for more than 50
e . years. Software performance engineering,
e —— development of algorithms, and hardware
oTheBgtom streamlining at the Top can continue to make
(Leiserson et al. 2020) computer applications faster in the

post-Moore era.”
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Where we want to solve it!

System Cores Rmax (TFlops/s)
1 Fugaku 7,630,848 442,010.0
2 Summit 2,414,592  148,600.0
3  Sierra 1,572,480 94,640.0
18 Marconi-100 347,776 21,640.0
20 Piz Daint 387,872 21,230.0
74  MareNostrum 153,216 6,470.8

® Machines with hundreds of MPI cores,

® Hybrid form of parallelism: MPI, OpenMP, CUDA/OpenCL, ..

1TOPS500 list, November 2021 — https://www.top500.o0rg

Piz Daint - CSCS

46 /58


https://www.top500.org

What do we ask to it?

Solve the preconditioned system:
B~ 'Ax = B71b,

with matrix B! ~ A~! (left preconditioner) such that:

Algorithmic scalability max; A;(B~1A) ~ 1 being independent of n (all the work we did on the K
constant!),

Linear complexity the action of B! costs as little as possible, the best being O(n) flops,

Implementation scalability in a massively parallel computer, B~! should be composed of local
actions, performance should depend linearly on the number of processors employed.
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PSCToolkit — psctoolkit.github.io

Two central libraries PSBLAS and AMG4PSBLAS:

® Existing software standards:

* MPI, OpenMP, CUDA ® (Par)Metis,
® Serial sparse BLAS, e AMD

® Attention to performance using modern Fortran; Qe

Research on new preconditioners;

® No need to delve in the data structures for the user;

Tools for error and mesh handling beyond simple algebraic operations;

Standard Krylov solvers
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PSCToolkit — psctoolkit.github.io

Two central libraries PSBLAS and AMG4PSBLAS:

® Domain decomposition preconditioners

® Algebraic multigrid with aggregation schemes

® Parallel coupled weighted matching based aggregation
® Parallel decoupled smoothed aggregation (Vanék, Mandel, Brezina) Qe

® Parallel Smoothers (Block-Jacobi, DD-Schwartz, Hybrid-GS/SGS/FBGS,
£y variants) that can be coupled with specialized block (approximate)
solvers MUMPS, SuperLU, incomplete factorizations ((H)AINV,
(H)INVK/L, (H)ILU-type)

® \/-Cycle, W-Cycle, K-Cycle
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PSCToolkit — psctoolkit.github.io

Two central libraries PSBLAS and AMG4PSBLAS.

©) Freely available from: https://psctoolkit.github.1io,
D Open Source with BSD 3 Clause License. e
People involved: S. Filippone, P. D'Ambra, F. Durastante. Q
Contributors: Soren Rasmussen, Zaak Beekman, Ambra Abdullahi Hassan,

Alfredo Buttari, Daniela di Serafino, Michele Martone, Michele Colajanni, Fabio
Cerioni, Stefano Maiolatesi, Dario Pascucci
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What is our recipe?

® The smoother M is a standard iterative solver with good parallel properties, e.g.,
£1—Jacobi, Hybrid-FBGS, Hybrid-SGS, CG method, etc.
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(adjacency) graph of A.
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What is our recipe?

® The smoother M is a standard iterative solver with good parallel properties, e.g.,
£1—Jacobi, Hybrid-FBGS, Hybrid-SGS, CG method, etc.

® The prolongator P is built by dofs aggregation based on matching in the weighted
(adjacency) graph of A.

® The coarse solver is again a preconditioned CG method.
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What is our recipe?

® The smoother M is a standard iterative solver with good parallel properties:
GS A=M— N, with M= L+ D and N = —LT, where D = diag(A) and L = tril(A) is
intrinsically sequentiall
HGS Inexact block-Jacobi version of GS, in the portion of the row-block local to each process
the method acts as the GS method.
¢1-HGS On process p =1,..., np relative to the index set (2, we factorize
App = Lpp + Dpp + L], for Dy, = diag(App) and L, = trilu(Ap,) and select:

My, —Hes = diag((Me, —Hes)p)p=1,...np>
(MZrHGS)p :Lpp + Dpp + Délpa

(de)2y = layl-

icQnb
JEQ
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What is our recipe?

® The smoother M is a standard iterative solver with good parallel properties:
GS A=M—N, with M=L+ D and N=—L", where D = diag(A) and L = tril(A) is
intrinsically sequential!
HGS Inexact block-Jacobi version of GS, in the portion of the row-block local to each process
the method acts as the GS method.
¢1-HGS On process p =1,..., np relative to the index set €2, we factorize
App = Lpp + Dpp + L] for Dy, = diag(Ap,) and L, = trilu(Ap,) and select:

My, —Hes = diag((My, —Hes)p)p=1,...np>

AINV Block-Jacobi with an approximate inverse factorization on the block = suitable for GPU
application!
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What is our recipe?

® The prolongator P is built by dofs aggregation based on matching in the weighted
(adjacency) graph of A.

Given w € R", let P € R™" and Pr € R™ " be a prolongator and a complementary
prolongator, such that:

R"™ = Range(P) at Range(Pr), n=nc+ nys

w € Range(P): coarse space Range(Ps): complementary space

PTAP PTAP Ac A
- B £ . c cf
[P,Pf] A[Pvpf]_<PfTAP PfTAPf>_<Afc Af )

Ac: coarse matrix As: hierarchical complement

Sufficient condition for efficient coarsening

Ar = PfTAP,c as well conditioned as possible, i.e.,
Convergence rate of compatible relaxation: pr = ||| — M; ' Af|a, < 1
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But how we achieve it?

Weighted graph matching

Given a graph G = (V, &) (with adjacency matrix A), and a weight
vector w we consider the weighted version of G obtained by
considering the weight matrix A:

A 2a; iw;w;
P Y
(Aij=aij=1- —3"——,
aj,iw;’ + aj,;jw;
® a matching M is a set of pairwise non-adjacent edges,

containing no loops;

® a maximum product matching if it maximizes the product of
the weights of the edges e;; in it.
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But how we achieve it?

Weighted graph matching

Given a graph G = (V, &) (with adjacency matrix A), and a weight
vector w we consider the weighted version of G obtained by
considering the weight matrix A:

e

(A= oy = 1 — — 220 Wi%; H
i = e = B B CR i "

L aJvJWj JLE LS APk vva¥a¥a Va A Va VAV AVAVAY,
® a matching M is a set of pairwise non-adjacent edges, We divide the index set into

matched vertexes
Z =2, Gi, with
® a maximum product matching if it maximizes the product of Ging =0ifi#} and

. .. unmatched vertexes, i.e., ns
the weights of the edges e;; in it. singletons G;.

containing no loops;
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From the matching to the prolongator

We can formally define a prolongator:

We, 0 0
0 0
0 0  we,
. P
P = P

0

0

0 o
+
Q
<
[a\l
[
<
0
0 s
W"5/| W |

1

ns 44

w

ne=np+ns=J

- O _p17"'7pJ7 We =

1 |:W,':|
W+ VK? i

= The M on A produces As with diagonal entries ajj for (i,j) € M of maximal product.
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From the matching to the prolongator

We can formally define a prolongator:

p_ {g VOV] = [p1....pJ)-

Then the preconditioner is the linear operator corresponding to the multiplicative composition of
I —BiA = (I — (M)~ TA)(I — PiBia(P)TA) (I — MY A) VI < nl,

where A/+1 = (P/)TA/P/ for | = 0,. cey nl —1.
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From the matching to the prolongator

We can formally define a prolongator:

P = {"5 O] =[p1,---,pJ]

o w
Then the preconditioner is the linear operator corresponding to the multiplicative composition of
I—BiA = (I— (M)~ TA)(I — PiBia(P)TA) (I — MY A) VI < nl,
where Aj 1 = (P)TAP for | =0,...,nl —1.

® To increase dimension reduction we can perform more than one sweep of matching per step,

® To increase regularity of P; we can consider a smoothed prolongator by applying a Jacobi

smoother,
P = (I —wD; *A) Py, for D; = diag(A)).
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From the matching to the prolongator

We can formally define a prolongator:

p_ {g VOV] = [p1,...,pJ-

Then the preconditioner is the linear operator corresponding to the multiplicative composition of
I —BiA = (I — (M)~ TA)(I — PiBia(P)TA) (I — MY A) VI < nl,
where A/+1 = (P/)TA/P/ for | = 0, ey nl —1.

® To increase dimension reduction we can perform more than one sweep of matching per step,

® To increase regularity of P; we can consider a smoothed prolongator by applying a Jacobi
smoother,

® To increase the robustness we can use a non stationary solver as smoother.
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Comparison with Hypre - CPU Runs - MareNostrum

Comparison with the preconditioners available in the Hypre, a state of the art
preconditioning library from LLNL.

& Run on the MareNostrum machine up to 8192 cores
¥ Test: 3D Constant coefficient Poisson Problem with FCG
@ DoF: 256k unknown x MPI core

Sty nnz(A)

Y Measures: Operator Complexity opc = oA and Solve Time (s).
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Comparison with Hypre - CPU Runs - MareNostrum

Comparison with the preconditioners available in the Hypre, a state of the art
preconditioning library from LLNL.

¥ Run on the MareNostrum machine up to 8192 cores
i Test: 3D Constant coefficient Poisson Problem with FCG
& DoF: 256k unknown x MPI core

S, nna(A))

Y Measures: Operator Complexity opc = W and Solve Time (s).

Scaling

There are two common notions of scalability:
® Strong scaling is defined as how the solution time varies with the number of processors for a

fixed total problem size.

® Weak scaling is defined as how the solution time varies with the number of processors for a
fixed problem size per processor.
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Comparison with Hypre - CPU Runs - MareNostrum

Giving a name to preconditioners with many parameters:

K PMC3 I1HGS PKR

Cycle Aggregation Smoother Coarsest solver
K Unsmoothed Parallel Hybrid Gauss-SeidelPreconditioned
\Y Matching 3/4 h—Hybrid Krylov Method

Smoothed Parallel Gauss-Seidel

Matching 3/4 Hybrid INVK

Smoothed VBM h—Hybrid INVK
l1—Jacobi

For Hypre we test HMIS and Falgout coarsening schemes.
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Comparison with Hypre - CPU Runs - MareNostrum

Operator Complexity Iterations

U
| |

gipn\aim
| |

| |
SNV TTAN TS STATS SN N YV Y Do Y D,0 Ny D O
NY OV LOHENIIFOO NY OV LOHENIIFFOO
VYIITSS VIISSSE
number of MPI cores number of MPI cores
==in VFLGHGS1DS === VHMISHGS1DS VHMIS1IHGS1DS

=@= KPMC3HGS1PKR == VUVBMHGS1PKR
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Comparison with Hypre - CPU Runs - MareNostrum

Execution Time for Solve (sec.) Speedup of the Solve

B — q [ L —

107 | E
10" | E

10° T O S I N R B
v 0 © N O 0O VYD O N
SRR I E T T T

nitmhear af MPI rarac number of MPI cores
simin VFLGHGS1DS sss VHMISHGS1DS VHMISH1GS1DS

=@= KPMC3HGS1PKR == VUVBM1HGS1PKR
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Weak Scalability - CPU/GPU Runs - Piz Daint

The resulting performance of the multigrid preconditioner in term of implementation
scalability depends also on how effective the coarsening procedure is, and on how well
balanced is the distribution of the coarsest matrix.

& Run on the Piz Daint machine up to 28800 cores and 2048 GPUs
& Test: 3D Constant coefficient Poisson Problem with FCG
& DoF: 256k/512k /1M unknown x MPI core and 3M/6M per GPUs

Y Measures: execution time for solve
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Weak Scalability - CPU/GPU Runs - Piz Daint

Execution Time for Solve (s) - K-PMC3-HGS1-PKR vs VS-PMC3-L1JAC-PKR

T T TTTT] T T TTTT] T T TTTT] T T TTTT] T T T TTTT] T T T T 1717
163
il 4006192 27000
I . |
100 F =
I =@= 6M dof x GPU
I =@= 3M dof x GPU
- 256k dof x MPI core
B migm 512k dof x MPI core
1 ‘ 1 ‘ ‘ ‘ wigim 1M dof x MPI core
08 10° 107 10° 10° 1010 10"

dofs
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Weak Scalability - CPU/GPU Runs - Piz Daint

Execution Time for Solve (s) - VS-PMC3-HGS1-PKR vs VS-PMC3-L1JAC-PKR

10t |
5 27000 ]
i 30 64128256512 ]
i g 16 |
100 F -
- =@= 6M dof x GPU
B =@= 3M dof x GPU
[ 256k dof x MPI core
- w512k dof x MPI core
L ‘ 1 ‘ ‘ ‘ wigim 1M dof x MPI core
10— L | L L | L L1 L L1
10° 106 107 108 10° 1010 101t

dofs
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A Large Eddy Scale simulation inside Alya

® Model: 3D incompressible unsteady Navier-Stokes
equations for the Large Eddy Simulations of
turbulent flows,

® Discretization: low-dissipation mixed FEM (linear
FEM both for velocity and pressure),

Bolund is an isolated hill situated in Roskilde
Fjord, Denmark. An almost vertical
escarpment in the prevailing W-SW sector
ensures flow separation in the windward edge
resulting in a complex flow field.

Alya is a simulation code for high performance computational mechanics. It solves coupled
multiphysics problems using high performance computing techniques for distributed and shared
memory supercomputers, together with vectorization and optimization at the node level.

® Time-Stepping: non-incremental fractional-step for
pressure, explicit fourth order Runge-Kutta method
for velocity.
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Bolund Test Case - Strong Scaling - Pressure Eq.

Fixed size problem with n = 5,570, 786;43, 619, 693;345.276.325 dofs, 100 time steps

Strong Scaling: systems size 5570786

3
~6-vsove 1o
—+—=VSCMATCH|
AlyaDefCG | 5
L
g
2
102 F E
Py o
a7 95 191
number of MPI cores
5 Strong Scaling: systems size 43619693
-6-vsbve 10°F |
—+—=VSCMATCH|
AlyaDefCG | 5
£
E
©
10? T
383 767 1535
number of MPI cores
Strong Scaling: systems size 345276325
-6~ VsDvB 3 : ]
—+—vscmaTCH| |, 10
AlyaDefCG | 5
2
©
10%
3071 6143 12287

number of MPI cores

Total number of linear
iterations is smaller and
stable for increasing
number of cores,
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Bolund Test Case - Strong Scaling - Pressure Eq.

Fixed size problem with n = 5,570, 786;43, 619, 693;345.276.325 dofs, 100 time steps

Strong Scaling: systems size 5570786
T

—©-VsDVB T
—VSCMATCH| oyt - o\\% i

AlabefCG | £ F i

w?l ; ‘ Total number of linear
47 95 191 . . .
rumoerof WPl res iterations is smaller and
Strong Scaling: systems size 43619693

—©-VvsDVB !

S vsewre| —_ | stable for increasing
AlyaDefCG E — ]
T ] number of cores, the

time needed per each

Time x lteration

wh ‘ : - . .
st R s iteration decreases for
— Sewsgeesesres increasing number of
eberce —o cores.
6143 122‘87

number of MPI cores
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Bolund Test Case - Strong Scaling - Pressure Eq.

Fixed size problem with n = 5,570, 786;43, 619, 693;345.276.325 dofs, 100 time steps

Strong Scaling: systems size 5570786

—6-VvsDvB
—— VSCMATCH
AlyaDefCG

Total Solve Time
3 @
i
|

ol — Total number of linear

47 95 191

iterations is smaller and

Strong Scaling: systems size 43619693
T

30 ¥ . .
S VeATeH| s g5 i stable for increasing
AlyaDefCG

s20- - number of cores, the
7 | time needed per each
5 LI 1535 iteration decreases for
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